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THE ERGODIC THEOREM 
By NorsBert WIENER 


1. Ergodic theory has its roots in statistical mechanics. Both in the older 
Maxwell theory and in the later theory of Gibbs, it is necessary to make some 
sort of logical transition between the average behavior of all dynamical systems 
of a given family or ensemble, and the historical average behavior of a single 
system. This transition was not carried out with any rigor until the theory of 
Lebesgue measure had been developed. The fundamental theorems are those 
due to Koopman, von Neumann, and Carleman, on the one hand, and to Birk- 
hoff, on the other. A careful account of them and their proofs is to be found 
in Eberhard Hopf’s Ergodentheorie (Berlin, 1937) in the series Ergebnisse der 
Mathematik und threr Grenzgebiete. The bibliography of that monograph is 
so complete that it relieves me from all need of furnishing one on my own ac- 
count. It is important to point out, however, that Birkhoff’s first paper (Proc. 
Nat. Acad. Sci. (1931)) contains Theorem IV of this paper. 

The fundamental theorems of ergodic theory, which emerged in the epoch 
1931-32, are recognized as theorems pertaining in the first instance to the ab- 
stract theory of the Lebesgue integral. Much of this paper will be devoted 
to new proofs of these known results and to their proper orientation mutually 
and with respect to the rest of analysis. They have several variant forms, but 
perhaps the simplest form of the von Neumann theorem reads: 


THEOREM I. Let S be a measurable set of points of finite measure. Let T bea 
transformation of S into itself, which transforms every measurable subset of S into 
a set of equal measure, and whose inverse has the same property. Let f(P) be a 
function defined over S and of Lebesgue class L’. Then there exists a function 
fi(P), also belonging to L? and such that 


No 


Birkhoff’s theorem reads: 
TuHeorEM II. Let Sand T be asin TheoremI. Let f(P) be a function defined 
over S and of Lebesgue class L. Then, except for a set of points P of zero measure, 


; 1 < 
(1.02) f(P) = lim 75 2 S(T" P) 
will exist and belong to L. 


These theorems have continuous analogues. These are, respectively: 
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TuEoreM I’. Let S be as in the hypothesis of Theorem 1. Let T” satisfy the 
conditions given for T in the hypothesis of Theorem I, for every real value of i, 
and let 


(1.03) T (TP) = TP. 
Let f(P) be a function defined over S and of Lebesgue class L’, and let f(T*P) be 


measurable in the product space of } and P. Then there exists a function f,(P), 
also belonging to L’ and such that 


(1.04) lim ‘fCP) _ rh f(T" P) an! “aVp = 0. 


TuroreM II’. Let S and 7” be as in the aeatial of Theorem I’. Let f(P) 
be a function defined over S and of Lebesgue class L, and let f(T*P) be measurable 
in the product space of Nand P. Then, except for a set of points P of zero measure, 


(1.05) f(P) = him 5, [ser P) an 


will exist as a function in L. 


Theorem II’ has a very close formal analogy to the fundamental theorem of 
the calculus. One form of the latter reads: 


TuHeoreM III. Let f(x) belongtoL. Then, for all values of x with the exception 
of a set of zero measure, 


(1.06) lim 7 Ric +d) ar = f(z). 


This analogy becomes even closer if we substitute for Theorem III 


TuHEoreEM III’. On the hypothesis of Theorem II’, except for a set of points P 
of zero measure, 


(1.07) f(P) = lim : [ “(T* P) dr. 


It will be seen that the only difference between the pattern of Theorem II’ 
and Theorem III’ is that in the first case N — «, while in the second case 
¢— 0. This suggests the existence of a central theorem in which we suppose 


A 
neither the one nor the other, but deal with j [ f(T*P) dd for all values of A. 
0 


Birkhoff in fact has proved a theorem of this type.’ A sharper form of it is 
the following: 

TueoreM IV. On the hypothesis of Theorem II, let f(P) = 0 on S and let 
(1.08) f(P) = lub. 7 by she Sr" P); 


1 Cf. G. D. Birkhoff, Proc. Nat. Acad. Sci., vol. 17(1931), pp. 650-660; also N. Wiener, 
The homogeneous chaos, Amer. Jour. Math., vol. 60(1938), p. 907. 
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or on the hypothesis of Theorem II’, let 
1 A 
(1.09) f*(P) = lub. = [ f(T" P) dx. 
0<A<@ A 0 


In either case, if a > 0, the measure of the set of points P for which f*(P) = a 
does not exceed 


(1.10) 1 | Py avr. 
aJs 
It also does not exceed 
(1.11) a f(P) dV p. 
Q@ Jf(P)zhe 


The importance of Theorem IV has been much neglected in the subsequent 
literature and can be properly appreciated only by a direct reference to Birk- 
hoff’s own work. Asa corollary of Theorem IV, we have 


THEorEeM V. If we define f*(P) as in Theorem IV, then if f(P) belongs to 
L” (p > 1), so does f*(P); while if 


(1.12) [xm log” f(P)dVr < ~, 


then f*(P) belongs to L. 


This last theorem is intimately connected with an inequality of Hardy and 
Littlewood.’ 

All of the theorems so far quoted have analogues in which the group 7” is 
replaced by an Abelian group with more than one generator. Theorem I 
becomes 


THEoreM I’. Let S be a measurable set of points of finite measure. Let 
T)'T? ..- T% satisfy the conditions given for T in the hypothesis of Theorem I, 
for every set of real values of (1, --- , An), and let 


(1.13) TYT? --- TTT --- TSP) = TE ... TP. 


Let {(P) be a function defined over S and of Lebesgue class L’, and let f(T?! --- T*P) 
be measurable in the product space of (A1, --- , An) and P. Then there exists a 
function f,(P), also belonging to L’ and such that’ 


j2 


(1.14) lim ‘|fP) - re J fsa . TP) dy «+: mar 


Amo Js 





+2 <a’ 


2 Cf. Hardy, Littlewood, and Pélya, Inequalities, Cambridge, 1934. 
3 Here we use V(r) for tize volume of a sphere of radius r in n-space. 
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Theorem II becomes 


TueoreM II”. Let S and T}' --- T'* be as in the hypothesis of Theorem 1”, 
and let f(P) be a function defined over S and of Lebesgue class L. Let f(Ty' --- 
TP) be measurable in the product space of (i, --- , An) and P. Then, except 


for a set of points P of zero measure, 


(1.15) fi(P) = lim ry i f f(T? oocs FP Me --» Me 


Ao 
$<? 
will exist. 
Theorem III’ will become 


THeEorem III’. On the hypothesis of Theorem III’, except for a set of points 
P of zero measure, 


(1.16) f(P) = lim ria ie | se -++ TP) dm --- dda. 


B+: a2 ca? 


Theorem IV will become 
TueoreM IV’. On the hypothesis of Theorem IL”, let 


1 ay Xn es 
(1.17) S*(P) = Lub. Vi) / wee / S(Ty --- TPP) dd - ++ adn. 
ota sa? 


0<A<@ 


If « > 0, the measure of the set of points P for which f*(P) = a does not exceed 


(1.18) Bs | 9) dVp, 
a Js 
where B, depends only on the number n of dimensions. It also does not exceed 
(1.19) 2B. f(P)dV. 
a JiPi2te 


The generalization of Theorem V has verbally the same statement as The- 
orem V itself, with the exception that the definition of f*(P) is made as in 
Theorem IV’ instead of as in Theorem IV. We shall call this theorem The- 
orem V’. 

The order of proof will be the following: we shall first establish the theorems 
of the I type.‘ Then we give a completely autonomous proof of the theorems 
of the IV type. Theorems of the III and the V type result from theorems of 
the IV type alone, while theorems of the II type result from the combination 
of theorems of the I and the IV type. 


* Theorem I has been established in a very direct way in a recent unpublished paper 
by F. Riesz, and Theorem I’’ by Dunford. 





er 
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2. In the proof of theorems of the I type, the following lemmas are of great 
service: 


Lemma A. Let ¢x(x) belong to L’ forl1 sk <n. Let 


(2.01) | | ox(x) P dx = A 

for all admissible values of k. Then 

(2.02) | : d gulz)| dz < A. 
1 


Lemma A’. Let $(z, y) be measurable in x and y, and let 


(2.03) | | o(a, y) P dx = A for all y. 
Let W(y) belong to L. Then / o(z, y)W(y) dy belongs to L’, and 


(2.04) / | o(z, y)¥(y) dy de < | | | v(y) | ay] A. 


Lemma B. Let ¢;(x) be a set of functions of Py for! Sk sn. Then there 
exists a value of k, say ky , such that 


(2.05) / | $x, (z) - 1 x(a) dx s / | bx, (x) ? dx — / 1 gu(2) | dz. 


Lemma B’. Let $(x, y) be measurable in x and y, and let / | o(ax, y) |° dx be 
uniformly bounded in y. Let ¥(y) be a non-negative function of class L such that 
¥v(y) dy = 1. Then there exists a value of y, say y: , such that 


[loam - foe, vwaray) aes f \6G,u0 Pas 


- [| [ oe nv ay| ae 


In all these lemmas, the limits of integration when left blank may be given 
any suitable values. 
To establish Lemma A, we notice that 


[|22oe| a2 = EEE | oeon de 
|nm 1 nN j=l k=l 
(2.07) os ; 
sé rxi{/ | @(2) Par [ | x(x) P ac} = A. 


* jal bol 


(2.06) 
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As to Lemma B, we may obviously choose k, so that 
n | n 2 
(2.08) R / (2 DL ¢:(z) ) az = / = Do oe(x) | de. 
1 k=l TN k=l 
Otherwise we should have 


(2.09) R* 3 aie(? > o,(2)) dz < / | = > ox(z) | dz, 


j=l 


and this is a contradiction. Then 
J ox, (2) — : } x(x) “de 
= / | de, (2) ['de — an | $:,(2 > ox(2)) dx 
+ [io 
s | lente) pac f |* Xone ‘dz. 


Lemmas A’ and B’ are proved in an exactly analogous manner. 
We now turn to the proof of Theorem I. Let us put 


(2.10) 2 
dz 





1 2k_1 , 
(2.11) fw (P) = = dL ST P). 
fs 
We then have fork > m 
1 i 
(2.12) Sw(P) = 5, 2 Som(T*'P). 
7=0 


Thus by Lemma A, the numbers [ | f»(P) |? dVe form a decreasing sequence 


of positive terms, so that 
(2.13) F = lim [ | fay (P) ? dV > 
ko JS 


exists and is non-negative. By Lemma B, if k > m > 0, there exists an integer 
j in the range 0, 2°" — 1 such that 


| Sm (T?'P) — fuy(P) dV > I on (1? P) 'dVp — [ Ifay(P) PdV > 
8 8 8 

(2.14) 
Ss [ | fem) (P) ' dV p = F, 





r 





~ 
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since 7’ preserves measure. Also 
(2.15) [ | fom (T” P) — f(T” "i P) PdVp < I \fom(P) |? dVp — F. 
8 8 


Now let m, be so large that 


(2.16) [ |fom(P) ?dVp < 2% + F. 
It will follow that there exists a sequence of numbers », such that 
(2.17) [ | fom,y(T"*P) — fom,4y(T"**' P) > dVe < 2". 
Then if u >, 

alli 
(2.18) [ [Fong (TP) — fom(T”P) 'dVe S 3 - 
Thus, by the Riesz-Fischer theorem, there exists a function f,(P) such that 
(2.19) lim [ \fi(P) — fom,)(T”* P) |?dVep = 0. 

Again, 

(2.20) tim [ [f(TP) — fomy(T"*™' P) dV = 0. 
Now, 


[ | fim, (T”* P) — Sim, (T"*™ P) ?dVp 
(2.21) = [ |\2-™f(T"* P) — rrr P) dVp 


sv [ \f(P) ?dVe. 


Thus 

(2.22) lim [ | fom, (T"* P) — fimy(T”*™ P) |? dVe = 0, 
and | 

(2.23) [ \fi(P) — fi(TP)  dVp = 0. 


Hence for all n 

(2.24) fi(P) = fi(TP) = fi(T"P). 
Now let us put 

(2.25) SP) = f(P) — filP). 
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Then there exists a sequence {m,} such that 


(2.26) lim [ | form, (P) ?dVr = 0. 
pow JS 
However, as in (2.13), 
(2.27) lim [ | focw(P) |? dVe 
exists. Thus 
(2.28) lim I \fa(P) — fil(P) PdVp = 0. 
Now, let the integer N have the development 
v—1 
(2.29) N=2)+ Da,2 (a, = Oor1;a, = 1) 
p=0 


in the binary scale. Then 


[ ftP) - 7 f(T" P)| aV> 
8 k=0 } 


v 4)\2 
< ‘x Sef if Ifi(P) — fw (P) pave} . 


This establishes (1.01) and Theorem I. 

Theorem I’ may be established in a like manner. We shall proceed to the 
more general case of Theorem I”. Here we shall prove in the first instance 
that there exists a function f,(P) of L’ such that 


lim f(P) — 1 / er f(T? — T P) 


A>o /s (2rA)*” 
“NE eo 
-exp | — > — }ddy +--+ dkn| dVp = 0. 
T 2A 


(2.30) 


Let us notice that 
1 2 ey . . S ni 
[2r(hi + so tt ‘ sana anid promk- ¥ satay) ™ 
1 
(2.32) --- dha = oom Ozh) [- of exp (- 2 Man -++ Na (2mAz)™ 


[i [ re .. : . Txt p) he > ge) du; --- dun. 


By Lemma A’, 


1 fo E a. - ( n =) |2 
sak we. J - -++dd,| dV 
(2.33) [ (QnA) I. [iar TP) exp x =; dry dn | dVp 





1€ 
ce 


0. 
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is monotone decreasing in A and has a non-negative limit F. Thus by Lemma 
B’, if A > A, > 0, there exists a set (u:, --- , un) such that 


1 x Po) , me ‘ $x 
hlaae L. oR, i “P)exp(— 3 SM) an dy 


n 2 
Arte Antin Ak 
~ Ge mL ti f(T --- Tr" P) exp ¢- > ) dr, 


(2.34) 
° AL An D 
are dVp s [ oe. f f(T: --- TP) 
r 2 
-exp (~ > — dVp — B. 
1 2A, 
As in the proof of (2.19), we may choose the vectors (u,,, --- , #»,) and the 


numbers A, in such a way that the sequence 
] ‘ wee Antirn ; “4 
(2.35) (rk) [. wee [sm oo. Tyree P) exp ( z oA. dd; --+ adn 


converges in the mean in the L’ sense to a function f,(P). 
The argument corresponding to (2.21)—(2.23) proceeds as follows. We have 


yd et + Mey + be) 
a Gas )" i [| ene (- 2A, ) 





(2.36) ; 
— exp (~ a ne + Be te) ads =» hy = 0 
Again, 
1 * “ " = 
wea fo [ute ... remo 
AitHy, My Antiyn rz - 
(2.37) — HP Tx" P)} exp (- >} 2A, -) a dy 


An (An + (Ae + My ux) 
= ope | f. Ai ++. PsP) {exp (— 2 hy :) 
_ exp (- 2! Os a te ‘ha os 


Thus by Lemma A’, 


Athy te p An tiy atin 
= Llaa | (QaA,)* )in [- ff Ace a i 


“eh > aa . 


Mateo, AntHrg 
n x 
buts > tas adn 


2A, 


(2.38) 


2 


dVp = 0. 
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The argument of (2.23)—(2.28) is duplicated without substantial change. 
To proceed from (2.31) to (1.14), let us notice that if S,(A.1, ---, An) is the 


characteristic function of the sphere Ai +AZ + --- +2 < A’, we have 
lim . [--- F|s.0 72+) Xe) 
pee V(A) = - A 1) ’ n 
1 Po) 2 
(2.39) = (2x1) [ ale [ S,Qu + ae An + Ln) 


2 


dy, --- dd. = 0. 


exp (- XA a dun 





Thus, by Lemma A’, 


lim [av [ ef (AT! ... TeP) 
Ao 8 —20 —2 


— f(T! -- . Tx P)} ww {$u0s, +++) An) 


(2.40) , © 
— Gray [- a a scniialendilinitlecss 
2 2 
exp ( > me) da} dh.| =0 
T 2Ai 


Hence by (2.31) 


lim [ fi(P) - ria i. - f(T --- T2P)&--- Dn | dVp 


A--2 
i+ +n? <a’ 
" > 1 P ry ™>n 
(2.41) < jim [ fi(P) - (QnA, [ ee p AT -o. PP) 
n nz 2 
ew (- > DA an -++@dn| dVp = 0. 


Theorems I, I’, and I” deal with functions of the class L’. From these, 
similar theorems arise concerning functions of the class L. If in the hypothesis 
of any of these theorems we assume f(P) only to belong to L, we shall show 
that (1.01) may be replaced by 


(2.42) tim fi(P) — 9 : > sr" P) | dVp = 0; 


(1.04) by 


N 
(2.43) im [ fi(P) — vi f(T P) dv|\dVp = 0; 
0 


N--o J8 





FF = = CC lO 


he 








THE ERGODIC THEOREM ll 
and (1.14) by 


(2.44) Jim [ i(P) _ rm / whe / f(T? .-. TP) dry --- dd, | dV p = 0. 


2 2 2 
Ait: +Alsa 





As all the proofs are exactly alike, we shall establish (2.42). We may approxi- 
mate in the Z sense to f(P) with any desired degree of accuracy by a bounded 
function g(P), which obviously belongs to L’. Next we form g:(P) as we have 
formed f,(P) in the L’ case. By the Schwarz inequality, 














(2.45) tim [ o(P) — NEI i > g(t" P)|dVp = 0. 
Again 
wei P) — -~—— ar” P)|aVe s [ime — g(P)|dVp. 
Thus 
A wer SAT") - wn Yar"P)| re 


< 2 | f(P) — g(P)| dV. 


Since g(P) converges in the mean in the L sense to f(P), the right side of (2.47) 
tends to 0, so that we may replace it by 0. If we now use the L form of the 
Riesz-Fischer theorem, (2.42) follows at once. 


3. We now turn to the proofs of Theorems IV and IV’. For Theorem IV’ 
we need a lemma of the Vitali type:* 


Lemma C’. Let S be a set of points of finite outer measure in n-space. Let 
each point P of S be the center of a sphere =(P). Then there exists a finite set of 
spheres =(P), non-overlapping, and of total volume exceeding A,m,.(S), where An 
is a positive absolute constant depending only on the number n of dimensions. 


To establish this lemma, let us notice that it is trivially true unless the radii 
of the spheres =(P) have a finite upper bound. If they have such a bound, let 
it be B. Let S, be that subset of S for which the spheres 2(P) have radii < 
2'”B and >2”’B. Let S; = S;, and let us define by mathematical induction 
S; as that part of S, which is more remote than 5B from any point of S; , more 
remote than 5B-2™ from any point of S;, and so on, being more remote than 
5B.2~’* from any point of S,.. 

Let us lay upon S,; a mesh of cubes with side 5B, and if any cube of this 
mesh contain a point of S,, let us pick out one of these points, P,,. Then the 


5 Cf. E. W. Hobson, The Theory of Functions of a Real Variable, vol. 1, Cambridge, 1927, 
§136. Cf. also Titchmarsh, Theory of Functions, $11.41. 
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sum of the volumes of the spheres =(P,,) will be more than a fixed fraction of 
the sum of the meshes of the cubes corresponding to them, and hence more than 
a fixed fraction of the volumes of these cubes, together with all adjacent cubes. 
None of these spheres can overlap a sphere whose center is not in an adjacent 
cube, and hence each can overlap at most a fixed finite number of spheres. 
Thus if we-enumerate these spheres in any order, and discard in turn every 
sphere overlapping a sphere which we have not already discarded, we shall 
ultimately obtain a finite set of non-overlapping spheres whose total volume 
will exceed a fixed submultiple A}, of the volume of all the cubes containing 
points of S,, together with all adjacent cubes. These cubes contain every 
point of S,, together with all the points which are in any S,, but fail to be 
included in S, by virtue of their vicinity to points of S;. 

We now cover S; with a mesh of half the linear magnitude, and proceed as 
above. We shall find a finite set of spheres with centers at points of S2, obvi- 
ously not overlapping any sphere of the previous set, not overlapping one 
another, and with a total volume exceeding A;, multiplied by the total volume 
of all the cubes containing S:, together with all adjacent cubes. These cubes 
together with the similar set obtained from S, contain S,, S:, and all the 
points in later S, , but are excluded from the corresponding S, on account of 
their propinquity to S; or S:. 

By continuing this process, we obtain a denumerable set of spheres =(P), 
exceeding in volume A,m,(S) and non-overlapping. We may clearly take a 
finite number of these with total volume exceeding A,m.(S), if An < An. 

In the one-dimensional case, Lemma C’ is replaced by the somewhat more 
precise 

Lemma C. Let S be a set of points of finite measure on the line. Let every 
point P of S be the right-hand terminus of an interval I(P). Then there exists a 
finite subset of intervals I(P), non-overlapping, and of total length exceeding 
(1 — «)m,(S), where ¢ is any positive number. 

This lemma is due to Sierpinski (see footnote 5) and is completely elementary. 

From Lemma C and Lemma C’, respectively, we may deduce 


Lemma D. Let f(x) belong to L on the infinite line. Then the set S. of values 
of x for which 


(3.01) tad. 4 [ ” If) |dE >a > 0 
o<acoA Joa 


does not exceed [ | f(é) | dé in measure. 


Lemma D’. Let f(ai, --- , n) belong to L in infinite n-space. Then the set 
S. of points (y:, --+ , yn) for which 
(3.02) Lub. =» i eee i \f(ti + yi, +++, an + Yn) (dt --- dz, >a>O0 
0<A<@ V(A) 


ai+-+-+23sa? 








és 


set 
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does not exceed 


(3.03) | af \f(ai, «++ , tn) |day --- dxq 
aAy J« —20 


in measure. 


The proof is the same in both cases. In Lemma D, we can pick out a finite 
set of non-overlapping intervals, of total length exceeding (1 — «)m(S.) and 
such that the integral of f(z) over each interval exceeds a multiplied by its 
length. Thus 


(3.04) a(1 — )m(S.) < [ If(@) | de, 


where = is a finite set of non-overlapping intervals. 
The discrete analogue of Lemma D is 


Lemma E. Let >>| A,| < ©. Then the number of values of v for which 


k= 
(3.05) lub.t S |Ar]>a>0 
O<p<o M k=y—pt+l1 


does not exceed : > | Ax}. 
a —a« 


Here the proof goes exactly as in Lemma D. The discrete equivalent of 
Lemma C is trivial. 

We proceed to the proof of Theorem IV. It is clear that, for a particular P, 
the number of values of vy on (0, N) for which 


k=v 


(3.06) lub.t SS (TP) >a>O 


O<usv MB k=v—pt+1 
does not exceed 


(3.07) >> f(T P). 


If we now integrate over S with respect to P, we see that the sum of the meas- 
ures of the sets of values of P for which 


k= 


(3.08) lub.t SS f(T*P)>a>0 (=1,2,---,N) 
O<usy M kmv—ptl 
will not exceed 
(3.09) C5 [ f(P) dVp. 
a 8 
Since 7”” is an equimeasure transformation, we get 


N 
2 b ( measure of set of values of P for which 


(3.10) % *=1 yom : 
lub. S (TP) >a> 0) 2 [ f(P) dVp. 
O<us» Mh k=O a Js 
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We now use the simple lemma that if B, is an increasing sequence for which 


1 N 
a <= y 
(3.11) Wri LB, <B forall N, 
then 
(3.12) B,<B for all v. 


Thus for all values of », 


O<psv KM k=0 


p—l 
(measure of set of values of P for which l.u.b. 2 > f(T" P) >a> 0) 
(3.13) 


me [ f(P) dVp, 
Q Js 
which gives us 
(measure of set of all values of P for which 
(3.14) ie 
Lub. 2S (TP) > a > 0) < t | iP) avr. 
0<u<@o Mh k=O a Js 


Let us now turn to Theorem IV’. In Lemma D’, let 


KT? ...TSP) if2i+--- +54; 
(3.15) f(am,---,2%.) = ; 
otherwise. 
Then if we integrate with respect to P over S, we see that in the product space 
of (u:, --- , #n) and P, the measure of the set of points for which 


(3.16) Lu.b. via) [| (Tp... TP) dy --- Dn >a > 0 
<A<@ 


2 2 2 
Ait +A SA 
(Ayu) 2+ + (Antin) 2S A? 


does not exceed 


(3.17) =| | | st -T*P)dr, - dhe = VO) fp) dV». 


i+ +3 <a’ 
Since 7{' --- 7%" is an equimeasure transformation, we may replace the measure 


of the set for which (3.16) holds by 


/ vee sg -++ dun {measure of the set of values of P for which 
(3.18) 


Lu.t wT. ... TePid--- a > > o}, 
peer ad "cy fe J AM drs * 
+n? 2s? 
mf *+Orntun)*sA? 





P; 


ce 


re 








THE ERGODIC THEOREM 15 


A fortiori, 


/ see du; --- dun {measure of set of values of P for which 


2 2 2 
ut . “+H, sta 


(3.19) l.u.b. rw a p f(T? .-. TP) da --- dn > a> o} 


O<AS}A 
so [ f(P) aV>. 
aA, Js 


+2 on” 


Thus 
{measure of set of values of P for which 
3.20 lu.b. Tr... FeP dy --- Me 0 
( ) conan ya) is | t( ) 1 > a@ > } 
+02 <a" 
< 7 | sp) avr. 
a aA, 8 


If we now put B, = A,2 -", Theorem IV’ follows at once. 

Theorems IV and IV’ have the secondary conclusions (1.11) and (1.19), 
respectively. To obtain these, let us introduce the function A(P) which is 
f(P) when this exceeds $a and is 0 otherwise. Clearly 
(3.21) f*(P) S h*(P) + 3a. 

Thus in Theorem IV 
{measure of set of values of P for which f*(P) > a} 
< {measure of set of values of P for which h*(P) > 4a} 


s2 | h(P) dVp = 2 i f(P) dVp. 
Q@ Js Qa S(P)2ztea 


This yields (1.11), and (1.19) may be obtained in the identical manner. These 
are similar to certain results of Hardy and Littlewood, but are somewhat 


weaker. 
Let us now turn to the proof of Theorem II. By (2.42), we may choose N 


so large that 


(3.23) [| S(P) - N ; i > Kr" P)) av ree, 


(3.22) 


lA 


Then by Theorem IV, except for a set of values of P of measure not exceeding e¢, 
we shall have 


(3.24) Lud. | 9-1 = ps E (T"P) — F + yar "P) || <« 
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We have, for large A, 


A 


4 1 mrn TD 
miner "sander kM P) 


(3.25) 
= ee] Ysr"P) re 


Thus, except for a set of values of P of measure not exceeding e, we have 


(3.26) lim fi(P) — Hr "P)| <e. 

Ae A + 1 n=0 
Since ¢ can be given consecutively values from a convergent series, we see that, 
except over a set whose measure does not exceed the remainder of this series, 
we have uniformly 


(3.27) f(P) = lim 4 + Ls "P). 
This establishes the Birkhoff ergodic theorem. The parallel Theorems II’ and 
II” are proved in exactly the same way. 

Theorem III and its n-dimensional analogue, which is the particular case of 
Theorem III” which we obtain when the group reduces to the n-dimensional 
translation group, may be proved on the basis of Theorems IV and IV’, or even 
on the basis of the Lemmas D and D’. Every function of class L is the sum of 
a continuous bounded function and a function of small Z-norm. Let f(z) be 


the sum of ¢(z) and y¥(x), where ¢(z) is continuous and | W(x) |dx < 3e’. 


Then 


II 


— z+n | 
lim | f(x) — - :f f(€) dé | = lim | ¥(x) — | v(E) dé | 
(3.28) 79 td a 


\y(x) | + v*(z), 


lA 


where 
Czt+n 


(3.29) v*(z) =1ub.t | |y@ lade. 
0<n<o 7 


z 


By Lemma D, the set of points for which y* (x) > ¢ has a measure not exceeding 
}¢, and the same is clearly true of | ¥(z) |. Thus, except for a set of points of 
measure not exceeding ¢«, we have 


(3.30) lim f(x) - 7 fle) dé | Se. 


The proof now proceeds as in Theorem II. Theorem III”, as far as the trans- 
lation group is concerned, is proved in the same way. 





ao fs ft « & 


iat, 
ies, 


ng 
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To prove Theorem III’ and the general case of Theorem III”, let us note 
that, for a fixed P, the set of values of \ for which we fail to have 


1 A+n 
(3.31) f(7" P) = lim = [ f(T*P) dé, 
70 7 Jd 
or the set of values of (A; , --- , An) for which we fail to have 


(3.32) f(T! ...D*P) = lim 74) [- J KT ... TP) das «++ dye 


ait . -+u2sa® 


are sets of zero measure. Thus in the product space of these spaces and P, 
the corresponding sets of values are of zero measure. That is, for almost all 
values of \ or (Ai, --- , An), the set of points P for which we fail to have (3.31) 
or (3.32) valid is of zero measure. Therefore, for at least one of these values, 
the set is of zeromeasure. The result follows by an equimeasure transformation. 

We finally come to Theorem V. Let M(x) be the measure of the set of points 
over which f(P) > z, and let M*(x) be the measure of the set of points over 
which f*(P) = xz. We shall have 


[ snare -[ s(x) dM(z); 


(3.33) 


[ s(f*(P)) dVp -[ s(x) dM*(z). 


By Theorem IV, we have formally for vy > 0 


[ m*(x)2’ dx < const. de | ydM (y) 
0 0 z 


a o 
const. | ydm(y) | x” dz 
0 0 


= const. f y’** dM (y). 
0 


(3.34) 


Thus if [ y’*' dM(y) is bounded, it will follow that 
0 


2 
(3.35) 0 = im [ m*(x)a’ dx = lim M*(2¢)¢”"'. 
gE E00 


—-—-0 


We may hence integrate by parts in (3.34) and obtain 


(3.36) -[ x’ dm*(z) < —eonst. | y"*' dM(y). 
fy 0 





a a aT 
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- sc ¥ dz 
m*(x) dz < —const. ydM (y) 7 
1 1 1 


— const. i y log ydM(y). 
1 


Similarly, 


(3.37) 


Il 


As before, if [1m log* f(P) dV is bounded, 


(3.38) -| zdm*(x) s const. [ y log ydM(y). 
1 1 


These theorems, apart from the less accurate constants, are the same as 
theorems given by Hardy, Littlewood, and Pélya (loc. cit.). 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY. 

















THE MEAN ERGODIC THEOREM 
By GarReETT BIRKHOFF 


1. Introduction. Von Neumann’s Mean Ergodic Theorem will be given an 
elementary proof below in the following generalized form: 


THEOREM. Let X be any uniformly convex Banach space, and T any linear 
operator on X such that | xT | S| 2x\|forallz. Then the ‘‘n-th means”’ 


go =F + fT + +++ +57") 


of the transforms fT" of any f « X, under powers of T’, converge to a limit. 


Uniform convexity is understood in the sense of J. A. Clarkson to mean that 
|x| Sly| S$ land |z—y| 2 ¢ imply | (7+ y)| S |y| — ule), where 
u(e)>Oife>0O. Equivalently, |z|s |y|sSland|y|—|#(e7+y)| Se 
imply | z — y| S w(e), where w(e) | Oase | 0. Clarkson gives’ an elementary 
proof that the spaces L, (p > 1) are uniformly convex. 

The author has had access to the following unpublished papers: F. Riesz, 
Some mean ergodic theorems; N. Wiener, The ergodic theorem (published in 
this issue of this Journal; 8S. Kakutani, Weak convergence in uniformly convex 
spaces; K. Yosida, Mean ergodic theorem in Banach spaces. 

The author’s proof is most closely related to Wiener’s, which alone does not 
depend on the non-elementary theorem that the unit sphere in Hilbert space 
is weakly compact. It is more general and somewhat shorter than Wiener’s, 
which applies only to isometric transformations of Lz , or Riesz’, which is only 
sketched for L, (p # 2). It is much shorter than the proofs of Kakutani and 
Yosida, although less general. 


2. Verbal argument. The key point is that unless g,7"" is very near gn, 
| 4g, + gn7”") | must by uniform convexity be appreciably less than | gp |. 
Hence the norm of the mean of the $(g, + gn7"")T"", forh = 0, --- ,k — 1, 
will also be appreciably less than | g, |. But this mean is 


1 n—n 
u (gn + gnT + +++ +9nT™”")| = | geen |. 
| 2k 
It follows that if | g, | is chosen sufficiently near its infimum M, then every 
gn7”” will be arbitrarily near g,. Hence so will every gma , being the mean of 


Received December 29, 1938. 
1J. A. Clarkson, Uniformly convex spaces, Trans. Am. Math. Soc., vol. 40(1936), pp. 
396-414. In Hilbert space, | z+ y|?+|2— y|? = 2(|z|?+|y|*), whence if |z| s | y|, 
laz+yP?slyP?—l|se—y) |, and |i(z+y)| S ly| -—t2-—ylifly! s1. 
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the g,7"" fork = 0, ---,m— 1. But if is large, then g; will be very near 
9mn for that largest integral multiple mn of n not exceeding 7. Hence every 
g: (t very large) will be near g,. Consequently, the g, form a Cauchy sequence. 


3. Formal proof. First, in any linear metric space 
(1) © (ay + e+ + ty) | S max | 26, 


From this we see that | g,7" | < 1 for all n and i. 
Again, without loss of generality, we can assume | f | = 1. Now let M be 
the infimum of the | g, |. Given « > 0, for some n,|g.|< M+e. Let am 


i 


denote | g,7"" — g» |; then 


(2) 13(gn + gn T”) | <M +. — ula) 
by uniform convexity, whence 
14@Qn + gn T")T™"| <M + — ulcx) for all h, 
and 
1 k—1 ! 
(3) | geen | = |= p> (gn + gn T”)T" |; 


by grouping terms 
| Geen | <M+e-— u(ax) 


from (1). But | geen | 2 M; hence u(ax) < ¢, and 
(4) |gnT*" — gn| S wle) for all k. 
Further, since gmn = m ‘(gn + gal” + --- + gnT””" "), 


(5) \gun — gn| = |2 2 aT — gn) | S wOe 


from (4) and (1). Finally, since g,.; = r(r + i) "ge + (r + 4) "(fT" + - 
srr. 


1 1 2 
(6) lous — 91 S lol + lls Gls 


Combining (6) with (5), we see that if0 < 7 < n, then 
= | 2 
(7) | gmnti — gn | ~ | gmnti — Jmn| + | gma — gn | < 7 If + wl. 


Hence from a certain point on, every g; is within e + w(e) of g, , and so within 
2e + 2w(e) of every other such g;. But by choosing ¢ appropriately, we can 
make 2e + 2w(e) as small as we please. Consequently, the n-th means of f 
form a Cauchy sequence. The theorem follows directly from this. 


Harvarp UNIVERSITY. 
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THE ANALYTIC PROLONGATION OF A MINIMAL SURFACE OVER A 
RECTILINEAR SEGMENT OF ITS BOUNDARY 


By Jesse DouGias 


1. Schwarz proved the theorem that if a minimal surface contains a straight 
line in its interior, then this straight line must be an axis of symmetry of the 
surface.’ All proofs so far given of this theorem make essential use of the 
supposition of the interior position of the line with respect to the minimal 
surface. 

For certain interesting applications (see §6) it is important to have stronger 
information. Suppose the straight line segment / is part of the boundary of a 
portion M of a minimal surface. Let M be rotated about 1 through 180°, 
producing M’. Is then M’ the analytic prolongation of M across I? 

In other words, can symmetry with respect to a straight line be employed 
as a principle for the analytic prolongation of a minimal surface, and not merely 
figure as a property of the surface when already prolonged so as to contain the 
straight line in its interior? 

The present paper gives a proof of the validity of the stated prolongation 
principle. In §6 an application is presented to the construction of a minimal 
surface bounded by two given interlacing circles. §7 poses the general problem 
of the analytic prolongation of a minimal surface across an analytic arc. 


2. Let H denote the interior of the upper half of the (u, v)-plane (v > 0), 
while ab denotes an open segment (a < u < b) of the axis v = 0. Suppose 
that x(u, v), y(u, v), z(u, v) are any three functions which have the following 
properties: 

(i) they are defined and continuous on H + ab; 

(ii) they are harmonic in H: 


(1) Tun + to = 0, Yuu Yoo = 0, = uu + 20 = 0; 
(iii) they obey throughout H the relations 

(2) mtytaasuntyta, 

(3) Tule + YuYo + Zue = 0; 


(iv) for (u, v) on ab, ie., a < u <b, v = O, the point of codrdinates 


Received October 28, 1938. 
1H. A. Schwarz, Gesammelte Mathematische Abhandlungen, vol. 1, p. 181. For another 
proof, see the tract by T. Radé, On the Problem of Plateau, 1933, p. 30. 
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(4) t=2(u,v), y=ylu,r), 2 = 2(u,»v) 
always lies on a given straight line 1.’ 

Then the equations (4) define a minimal surface M contiguous tol. By (2), 
(3), M is in conformal representation on H, and our method of analytic pro- 
longation will preserve this conformal representation of M on the (u, v)-plane, 
as well as the character of M as a minimal surface. 

Without loss of generality we may suppose / to be the z-axis, since the condi- 
tions (1), (2), (3) are invariant under any rigid motion of the (z, y, z)-space. 

Then on ab (a < u < b) we have 


(5) z(u,0)=0, y(u, 0) = 0. 


It follows by the well-known symmetry principle of Schwarz applied to the 
harmonic functions z(u, v), y(u, v) that the formulas 


(6) z(u, —v) > —2x(u, v), y(u, —v) _ —y(u, v) 


define an analytic prolongation of these functions across the segment ab into 
the lower half H’ (v < 0) of the (u, v)-plane. Thus, x(u, v) and y(u, v) are 
regular also on ab, so that their partial derivatives z,, 2, yu, Y» exist and 
are continuous jointly in (u, v) for 


(7) a<u<b, v = 0. 
On account of (5), we have on the open segment ab, or (7), 
Zu = 0, Yu = 0. 


It follows from these remarks and from the fact that (2), (3) hold in H, 
that as we approach any fixed point P of ab from H—.e., 


(8) uu, v(>0)—-0, 
where a < uw < b—we have 

(9) z(u,v) — 24(u, v) — xe(uo, 0) + ys(uo , 0), 
(10) Zu(u, v)-Z(u, v) — 0. 


Forming then (9) squared plus four times (10) squared, we get 
[zi (u, v) + 25(u, v)]° > [xs(uo , 0) + ys(uo, OD, 
and since the quantity in each bracket is non-negative, it follows that’ 


(11) zu(u, v) + 22(u, v) > 24(uo, 0) + yi(uo, 0). 


2 The correspondence so established between ab and a segment of | need not be one-one. 

3 If 2? — a’, it does not follow necessarily that either z — a or z — —a, since z may oscil- 
late between a and —a as limits of indetermination. But if, besides, zis always of the same 
sign asa, then z—+a. A good deal of the reasoning of the present paper is concerned with 
inferring z — a from z* — a?, under the actual auxiliary circumstances. 
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By taking the semi-sum and semi-difference of (9) and (11), we then find 


(12) 2u(u, v) — te(uo , 0) + ye(uo , 0), 
(13) z(u,v) > 0. 

The latter, of course, implies simply 

(14) 2,(u, v) > 0. 


3. We now prove—what is the essential point of our entire argument—that 
Zu, 2 actually exist ON the segment ab and are continuous on the set H + ab. 
Indeed, it will be shown that on ab these partial derivatives have the values 
which are indicated by the limiting relations (12) and (14), namely: 


(15) Zy(uo, 0) = 0, 
(16) 2u(uo, 0) = +Vz2(up, 0) + y2(uo, 0). 





The choice of sign in (16) for each particular value of uw is such as to be con- 
sistent with the stated continuity property of z,, . 
Proof of (15). By the law of the mean, 


z(uo, h) z(uo, 0) = 2y(uo, Oh), 


where 0 < 6 <1. This applies with full validity, since z(w , v) is continuous 
as a function of v for 0 S v S h, while z,(u , v) exists for0 <v <h. It follows 
by (14) (with reference to (8)) that z,(w , 0) exists and has the value zero, as 
expressed by (15). 

Continuity of z, on H + ab. This is an immediate consequence of (14) (with 
(8)) and (15). 

Proof of (16). We have by the continuity of z(u, v) that* 





2(wo + h, ¢) — 2(uo, €) _, 2(uo + h, 0) — 2(wo, 0) 
h h ' 
when ¢ > 0 tends to zero. By the law of the mean, then, 


(17) salen + th, ) -» SU TAS 


where @ is a function of e such that 0 < @ < 1. We can make e—> 0 ona 
sequence e¢, so that @ tends to some particular value 6, where 0 S % S 1. 
Then the point (wo + 0h, €) tends to (uo + Oh, 0); consequently by (12),° 


z4(uo + Oh, ©) > xi(uo + Ooh, 0) + y2(uo + Oh, 0). 


‘ Throughout this reasoning, h is supposed to be so small that uo + A still belongs to the 


segment ab. , 
5 uo + Ooh is a point of ab, according to the preceding footnote. 
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Therefore, on account of the continuity of x, , y, on ab, it follows that as h — 0 


(18) [i + h, . — 2(uo, 9) | > x2(uo, 0) a ys (uo, 0). 





If x,(uo , 0) = yo(uo, 0) = 0, the result (16) is immediate. We therefore lay 
this case aside and suppose 
(19) 25 (uo, 0) + ys(uo, 0) > 0. 

Let now h — 0 on an arbitrary particular sequence A,. It follows from 
(18) that the difference quotient 
z(uo + ha, 0) — 2(uo, 0) 

—— Ld 








Atha) = 





either does not approach a limit,* or it approaches +V 23(w, 0) + y2(uo, 0), 
or it approaches _~V 22(u, 0) + y:(w, 0). According to (19), the values 
++/ and —+/ -are distinct. 

Now, the total class of limits approached by the difference quotient of a 
continuous function, relative to a given fixed point, is never empty,’ and never 
consists merely of two distinct values such as ++/ and —~+/ , but is always either ) 
a proper closed interval (finite or infinite) of values, or else a unique value— 
in the latter case, the function is differentiable at the given point with a deriva- 
tive equal to the unique value of lim A(h,). 

It follows that z,,(uo, 0) exists and has at each point w one of the values 


expressed by (16). ( 
Continuity of z. on H + ab. We have to prove that if (u, v) approach (uo , 0) 
from H, i.e., in accordance with (8), then t 
(20) Zu(u, v) — Zu(uo, 0). ( 
If this can be done, it will follow easily by general continuity principles 
that z, is also continuous at (uw , 0) with respect to approach along ab; i.e., e 
z 
(21) zu(u, 0) — zu(uo , 0) when u — wd. 
In order to see this particular point, let f(u, v) be any function’ defined for (: 
v > 0, and suppose that when th 
(22) uUu— WW, v (>0) > 0, se 
we have for every point uo in the open interval ab th 
su 
(23) f(u, v) — ous). cs 
6 See here footnote 3. (3 
7 If we include + @ as permissible limiting values. 
If 


§ Distinct end-points. ; | 
* Not even required, for the present specific purpose, to be continuous. fo! 
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Then (I say) g(ue) must be a continuous function of w on the open interval ab. 
For let uo denote a particular point of ab, while 
p = distance of (u, v) from (uo , 0). 


Then for arbitrary « > 0, there exists 6 > 0 such that if 


(24) p<6, vw>QO, 
then 
(25) e(us) — € S f(u, v) S g(uo) + «. 


This is exactly what is expressed by (23) (with (24)). 
Suppose that uo is any point of the interval 


(26) uo — 8 < te < uo + 6. 


Then by (23) and (25), o(uo) is the limit of a variable all of whose values belong 
to the interval (g(us) — €, g(uo) + ©); hence, g(uo) also belongs to this interval: 


(27) g(uo) — € S o(uo) S o(uo) + «. 


But that (26) implies (27) is precisely the definition of the continuity of g(t) 
at the arbitrary particular point uo . 

Thus, it will suffice to prove (20) for the mode of approach (22) of (u, v) 
to (uo, 0). 

To this end, we remark first that certainly, by (12) and (16), 


(28) zu(u, v) > 2.(wo, 0). 


If zu(uo, 0) = 0, the desired result follows immediately. We therefore lay 
this case aside and suppose 


(29) zu(uo, 0) ¥ 0. 


If (un, vn) denotes any sequence tending to (uw , 0), it follows from (28) that 
either (a) zu(un, vn) tends to no limit, or (b) zu(un, Un) — Zu(ue, 0), or (ec) 
Zu(Un , Un) > —2u(uUo, 0). 

It is readily seen that if for a particular sequence (uw, , v.) we have case (b): 


(30) Zu(Un , Un) — Zy(uo , 0), 


. . ” ” 
then we have this case for every sequence. Otherwise, let (u,, v,) be a 
. . ” ” . . 

sequence for which we have either case (a) or (c). If (un, v,) is in case (a), 

. ° ° . mr mt ° 
then certainly it is not in case (b); therefore, a subsequence (u, , v, ) exists 

7 uf . . . . . . 
such that z,(u, , v.) tends to a limit different from z,(uo, 0), and this limit 
can only be —z,(uo , 0): 
‘ mot 
(31) Zu(Un , Un ) — —Zu(to, 0). 
7 ” . . . . 

If, on the other hand, (u, , »,) is in case (c), then we have (31) immediately 

* ” vr 
for the original sequence (un , 0, ). 


nl ONT 
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From (30), (31), and (29), it follows that, if we neglect only a finite number 
of values of n at the start, z.(u,, v,) and z,(u, , v, ) will always have opposite 
signs. Therefore, on each line segment joining (u., v.) and (u, , v, ) there 
will be a point (u,’, vs") such that z,(us", v.") = O—for z.(u, v) is continuous 
on H. Thus z,(u,’, vn.) — 0. But then, as we see by (29), the sequence 
(u,”, vn’) is in none of the cases (a), (b), (c), and this is impossible. Thus 
the proof of the proposition at the beginning of the preceding paragraph 
is complete. 

Accordingly, we have only to show the existence of one particular 
sequence obeying (30). This is done as follows. By definition of derivative, 
we can find an arbitrary small h > 0 such that the difference quotient on the 
right of (17) is within an arbitrary 6 > 0 of zu(uwo, 0). Then by (17) we can 
find an arbitrary small « > 0 so that z.(wo + 6h, €) is within 6 of this difference 
quotient. Then (uw + 6h, €) is a point arbitrarily close to (wo, 0), while 
Zu(uo + 6h, €) is arbitrarily close to (within 26 of) z.(uo, 0). This implies the 
existence of the desired sequence obeying (30). 

If we combine all the preceding reasoning, it results that every sequence 
(un , Yn) must be in case (b), which expresses the required continuity property 


(20) of z,. 


4. Let z(u, v) be prolonged into the lower half-plane H’ (v < 0) by the formula 
(32) z(u, —v) = 2(u, v). 


Then z(u,v) is defined on the set H + ab + H’, i.e., in the complete plane 
slit along the u-axis from a (inclusive) to — © and from b (inclusive) to +. 
We shall denote by S the open region formed by this slit plane: S = 
H + ab + H’. 

It is evident that the values (15), (16) of z,(wo, 0), zu(uo, 0), which apply 
to z as defined on H + ab, are valid also for z as defined on S. It is therefore 
plain that z(u, v) is of class C’ in S, that is, continuous with its first partial 
derivatives z,, 2». 

We now apply the following criterion of Bécher and Koebe” to prove that 
z(u, v) is harmonic in S. 

CrITERION. A necessary and sufficient condition that a function z(u, v) of 
class C’ in an open region S be harmonic in S is that 


(33) [za 7“ 
x On 


for every circumference K contained in S. 

It is easy to show that the condition (33) (where 0/dn denotes differentiation 
in the direction of the normal to K) is obeyed by our function z(u, v). Evi- 
dently, we have to consider only circles K which traverse the axis-segment ab. 


” See O. D. Kellogg, Foundations of Potential Theory, 1929, p. 227. 
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Let AB, A,B, be the chords of any such circle which are intercepted from 
the lines v = +e, respectively. These divide the circular disc bounded by K 
into an upper segment ¢, a lower segment o’, and a curvilinear quadrilateral 
g(e) = ABB,A;. We shall denote by the same symbols the boundaries of 


these regions. 
[ [ [ [ . 
K on o a’ ae) 


Then 
In view of the harmonic character of z(u, v) in H, containing o, and in H’, 
containing o’, the first two terms on the right vanish by Green’s theorem, 
so that 


(34) S be [ oP a 
q( 


We write 


and allow ¢ to tend to0. Then each term on the right tends to zero. For AB 
and B,A;, this follows from (14)" and the bounded lengths of AB, B,A,. 
For BB, and AA, we observe that their lengths tend to zero while the integrand 
stays bounded. 

Accordingly, as « — 0, 


(35) [ SS te «> ©, 
a(e) on 


The condition (33) follows from (34), holding for every sufficiently small «, 
and (35). 


5. In summary, under the stated hypotheses (i)—(iv) of §2, the formulas (6) 
and (32), i.e., 


(36) x(u, —v) = —x(u, v), y(u, —v) +) —y(u, v), z(u, —v) _ z(u, v), 


define an analytic prolongation of the harmonic functions z(u, v), y(u, v), 
z(u, v) across ab. That the other conditions (2), (3) for a minimal surface are 
satisfied by these prolongations is obvious, since, by differentiation of (36), 


zu(u, v), 


ru(u, —v) - —2zy(u, v), yulu, —v) = — yuu, v), Zu(u, —v) 


Yo(u, v), z(u, —v) = —2Z,(u, v). 


2,(u, —v) - t(u, v), Yo(u, —v) 


The approach there indicated is, of course, uniform on every inner partial segment 
a’b’ of ab; this follows from the continuity of z, . 
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The formulas (36) therefore define the required analytic prolongation of the 
minimal surface M.” 


6. An application. Some years ago the author proved the following theo- 
rem: If any two contours interlace, they are the boundaries of a doubly-connected 
minimal surface M. 

The result of the present paper may be used to give the following simple 
construction of M in the case where the given contours are two interlacing 
circles in an appropriate relative position. 

Let any two distinct planes 7; and 72 intersect in a line L, on which choose 
any four points A;, Az, B;, B, located in that order. In 7 construct a semicircle 
A,C,B, on A;B, as diameter, in 72 a semicircle A2C2B, on A2B: as diameter. 
Then form the contour Tl = A,;A2C2B2,B,C,A1 , consisting of the two semicircles 
and the two line segments A;A2, B,B;. By. the one-contour theory,‘ ! bounds 
a simply-connected minimal surface M’. Let M’ be rotated about the line L 
through 180°, to give M”. Then M = M’+ M” is a doubly-connected minimal 
surface, which is bounded by the two interlacing circles that result by com- 
pletion of the original two semicircles. Along the line segments A,A2, B,B, 
the surface M presents no sharp edge or any other type of singularity, but 
rather a perfect smoothness and regularity. For the portions M’, M” of M 
which are on opposite sides of A,A2 and of B,B; are analytic prolongations of 
one another, as has been proved in this paper.” 


7. The general problem, of which the one solved in the present paper is a 
special case, concerns the analytic prolongation of a minimal surface M con- 
tiguous to a given analytic” arc C across this analytic arc. That is, in the con- 
dition (iv) of §2, the straight line / is replaced by a general analytic are C, and 
we inquire then as to the possibility of prolonging the harmonic functions 
z(u, v), y(u, v), z(u, v) across ab. In the case where C is a plane analytic curve 
(z = 0) and M a contiguous region of this plane, given in conformal representa- 
tion on the half-plane H (according to (1), (2), (3), where z(u, v) = 0), the 


2% The proof just completed can be considerably shortened as follows. From (14) it fol- 
lows that the harmonic function z, can be prolonged according to the formula z,(u, —v) = 
—z,(u, v). This implies, by partial integration as to v, the analytic prolongation of z 
according to the third formula (36). (Suggestion of Professor Marston Morse, in whose 
seminar this paper was presented by the author.) However, the auxiliary facts brought 
out by the procedure actually followed here seem of considerable interest for themselves. 

18 J. Douglas, The problem of Plateau for two contours, Journ. Math. Phys., Mass. Inst. 
of Tech., vol. 10(1931), p. 351. 

4 J. Douglas, Solution of the problem of Plateau, Trans. Amer. Math. Soc., vol. 33(1931), 
pp. 263-321; T. Rad6é, Math. Zeitschrift, vol. 32(1930), pp. 762-796. 

16 Evidently, the reasoning of this article gives two doubly-connected minimal surfaces 
bounded by the given linking circles; one in each pair of opposite dihedral angles formed by 
the intersecting planes. 

Or one might assume some other appropriate degree of regularity. 
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analytic prolongation of x(u, v), y(u, v) is always possible, being accomplished 
by Schwarzian reflection in C. This would seem to lend some plausibility to 
the possibility of the analytic prolongation of M (and of its conformal repre- 
sentation on H) in the three- (or n-) dimensional case. However, as far as we 
know, no investigation of this interesting question has so far been published. 


INSTITUTE FOR ADVANCED Stupy. 











SURFACES IN FOUR-SPACE OF CONSTANT CURVATURE 
By NATHANIEL CoBURN 


1. Introduction. We shall divide the work into two parts: (A) ruled surfaces 
V2 imbedded in four-space of constant curvature S, ; (B) surfaces V2 imbedded 
in four-space of constant curvature S, and such that the normal curvature 
locus of V2 is linear.’ 

In (A) we classify the ruled V2 in S, by means of the normal curvature locus. 
Two possible cases exist: (1) the normal curvature locus consists of axial points; 
(2) this locus consists of planar points. If the locus is axial, then by Struik’s 
extension of Segre’s theorem,’ these V2 are either ruled V2 in S; or developable 
V2 in S,. If the locus is planar, then we show a one-to-one correspondence 
exists between any ruled V2 in S; and a set of ruled V2 in S,, where S; and S, 
both have the same curvature K.* 

In (B) we shall discuss a class of surfaces V2 in an S, of constant curvature K 
which can be placed into a one-to-one isometric correspondence with any V2 
in an S; of constant curvature K + L’. 

Finally, we shall show that correspondence theorems of the type mentioned 
here furnish us with a method of giving existence proofs. 


2. Notation. In an S, we introduce the coédrdinate system 
(2.1) y" (x, A, w = 1, 2,3, 4). 
By means of the equations 
(2.2) y* = y‘(u’) (a, b, c = 1, 2) 


containing the two essential parameters u’, u’, we introduce a two-dimensional 
manifold in S,. If the tangent two-dimensional planes FE, of the surface do not 
cut the null cone of S, in more than a finite number of lines at any point of the 
surface, then a Riemannian metric is induced in the surface and it can be called a 
V:. This last means that we assume the rank of the first fundamental tensor 
a., of the V2 is two. On the V2, we introduce two orthogonal non-isotropic 


Received March 21, 1938, and July 1, 1938; in revised form, December 3, 1938. 
1 Schouten and Struik, Hinftihrung in die neueren Methoden der Differentialgeometrie, 
Batavia, vol. II, 1938, p. 108. We shall refer to this volume as II. 
7 II, p. 99. 
3 I am deeply indebted to Professor D. J. Struik for his aid in revising part A of this 
paper. 
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congruences with unit tangent vector fields 


i mes (not summed on c; c, b = 1, 2), 
(2.3) 
e= +1. 


The sign of ¢ is positive if * lies in the + domain of a., ; negative if 7* lies in the — 
c c ec 


domain. At each point P of the V2, there exists a normal plane FE; , in which 
we introduce the two orthogonal non-isotropic unit vectors 


t = et (p, a= 3, 4), 
(2.4) ° - 
e= +1. 


Pp 


We denote the first fundamental tensor of S, by 


(2.5) Dy- 

If the connecting affinor of the V2 with respect to S, is given by 
« ay" « ts) x A p* 

(2.6) B, = au OY ; % = au’ i = B, Bz, 

then 

(2.7) Are = Brean, 

(2.8) By = tty. 


c 


Pp 
The second fundamental tensors ha of the V2 are related to the relative curvature 
tensor H,,“ of the V2 with respect to the Sy, by the equations 


" Pp P 
(2.9) Ay." - hyet _ heet’, 
P Pp 
where 
Pp 
(2.10) hse = € hee = —BVaix, 
Pp Pp Pp 


V, denoting the covariant differentiation operator of S, (a,). If the Riemann- 
Christoffel affinor of the V2 is Kacy. , and K is the curvature of S, , then the Gauss, 
Codazzi, Ricci relations’ are 


Pp P 
(2.11) } => (ius —= haha) + K (Gap ea = QgaQer), 
Pp P 
(2.12) Vie hoja = —V {ec heya, Vic heja = Ufc hej, 
3 4 4 3 
; 4 
(2.13) Vic M) = hte hoje, 


‘II, pp. 130, 131. 
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where V, is the covariant differentiation operator with respect to aj. and v» 
is a vector field of V2 given by 


(2.14) » = By (¥-3") i = —B (¥.*") a 


It is to be noted that these last equations are valid only if 7‘, 7° lie in the same 
3.4 
domain of directions. Otherwise signs must be changed. 


A. Ruled V2 in S, 


3. Fundamental relations. If V2 is a ruled surface, then it contains a con- 
gruence of geodesics of S,. Let 7 be the unit vector field tangent to the geo- 
1 


desics of this congruence. Thus 


(3.1) hat = Ate, 
pi p2 
(3.2) 70 = 0, 
1 1 


where a are scalar coefficients. The first equation expresses the fact that the 
Pp 


rulings have normal curvature equal to zero; the second equation states that the 
rulings are geodesics of the Vz. As an immediate consequence of (3.1), it 
follows that the tensors ha, can be expressed as follows: 

p 


(3.3) he =@¢ (it + ictv) + bit, 
p p\l 2 21 p22 


where b are scalar coefficients. From (3.3), we see that if the tensor H~ of V2, 
Pp 


(3.4) Ha = a ‘he a a ‘he, 


3 3 4 4 
is different from zero, it is of rank 1. Hence we have two cases: 
(3.5) Ha = 0, 
(3.6) Hat = 0. 

1 

Let us study (3.5). In this case, the equations (3.4) state that the tensor 
he is a multiple of ha. Hence we have axial points on V2. From Struik’s 
3 4 


extension of Segre’s theorem’ the ruled V2 in S, of the first type have axial points and 
hence either lie in S; or are developable Vz. Let us now study case (3.6), the case 
of planar points. Here, there exists a second fundamental tensor of V2 which is 
proportional to Hz. To construct this tensor, we introduce into the normal 


* II, p. 95. 
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E, the orthogonal vectors 


si ; ar eo 
(3.8) i =p (oe + as’), 


where p is defined so as to make these unit vectors. Then from (2.10) we see 
that the corresponding second fundamental tensors ha , ha are given by 
3 4 


(3.9) hes => pHa, 


3 
(3.10) he =p (2 ‘ha ta ‘ha. 
4 4 3 3 (4 


We shall now drop the bar on the A’s but use this set of second fundamental 
tensors in the remainder of the paper. Thus 


(3.11) hat’ = 0, 
3 1 

(3.12) hat = pte, 
4 1 2 


where uz is a scalar coefficient. Hence 


(3.13) he = tet, 
22 


3 


(3.14) he 


4 


M (iets + icte) + V tet, 
12 21 22 


where X, v are additional scalar coefficients. From (3.2) it follows that 


o «a . 
(3.15) Vit = —eK Hr, 
1 2 22 
where XK is the geodesic curvature of the congruence 7*. Covariant differentia- 
2 2 


tion of (3.11) gives 


(3.16) (Vehee) i + heaVie = 0. 
3 1 3 1 
By use of (3.15), the equations (3.16) become 
(3.17) (Vehva) i — 6K hai, &* = 0. 
3 1 223 22 


Alternating on c, b and using the Codazzi relations (2.12), we find that the set 
(3.17) becomes 


(3.18) Vie hej 1” = 0. 
4 1 


By (3.12), these equations become 


(3.19) He tay = 0. 
2 
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This last equation has two solutions 
(3.20) pnp = 0, 
(3.21) e=zwker, 


2 


Il 


where k is a scalar coefficient. For the case (3.20) from (3.13), (3.14), we see 
that hs is a multiple of h,. This is the case of axial points. Equations (3.21) 
3 4 


lead us to ruled V2 with planar points. 


4. A one-to-one correspondence. In this section, we shall be concerned with 
ruled V2 possessing planar points. By substituting (3.21), (3.13) and (3.14) 
into the Gauss, Codazzi, Ricci relations (2.11), (2.12), (2.13), the latter become 


4 4 

(4.1) Cache = (hah - haha) + K(apac — Gia Qs), 
(4.2) Vic hija = —Kk wipe te) ta, 

3 S & & 
(4.3) Vie hoje = 0, 

4 
(4.4) Vic kin) = Au tte ts) - 

2 1 2 


Also from (3.2) and (3.12), we find 


(4.5) hoot? =ph, Uc = 0. 
4 1 2 1 1 


Now (4.1), (4.3) are the Gauss, Codazzi relations for a V2 in S; of same curvature 
K as S, and with second fundamental tensor ha. Hence these conditions and 
4 


(4.5) determine a ruled V2 in S;. If we can show that the equations (4.2), 
(4.4) have solutions for arbitrary ha (that is, u, v), then these last equations 
4 


will not condition ha and we have the following theorem: 
4 


There exists a one-to-one correspondence between any ruled V; in S; and a special 
set of isometric ruled V2 in S, of same curvature as S; in such a way that the second 
fundamental tensor of V2 in S; is identical with one of the second fundamental 
tensors of V2in S,. 

We now show that (4.2), (4.4) have solutions for arbitrary u, v. The equa- 
tions (4.2) can be written as 


(4.6) O _ 4) 4 ks = 0 
ds 2 


1 
by use of (3.13) and (3.14). Likewise (4.4) can be written as 
dk — Kk — dp = 0. 


d 8 2 
1 


(4.7) 
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By choosing parameter lines along the geodesic 7° and along 7°, (4.6) and (4.7) 
1 2 


become a system of simultaneous linear differential equations with independent 
variable u' and dependent variables k, }. Such a system has solutions for all u. 
Note that v does not enter these equations. Hence our theorem is proved. 
This theorem shows that the metric properties of ruled V2 in S; and ruled V~ 
in S, are identical when S; and S, have the same curvature K. 
5. The curvature vector of the ruled V2 in S,. Consider a unit tangent 
vector field on V2 which is determined by the equation 


1 2 b 


(5.1) e=it+ir =i. 
1 2 b 
If the directions 7° and 7° both lie in either the + or the — domain of directions 
b 


of the fundamental tensor a,,, then 
b 

(5.2) i = cos (2, *). 

To this direction 7*, there belongs a normal curvature vector u“ which is per- 

pendicular to the V2 at this point. This vector is the curvature vector of the 

geodesic curve in the direction 7* on the V;. We determine this vector by 

means of the relation 


a> 
€=—2%,. 


(5.3) us = eHy,‘t4%*, 
From (5.1) this last equation becomes 
ba 
(5.4) uk = (eH 71) ii. 
ba 
If a., is positive definite,’ then 


(5.5) ué = $(u" + u*‘) + 3 (u — u’) cos 26 + ui‘ sin 24, 
1 2 1 2 12 


where by (2.9), (3.13), (3.14) 


1 2 
(5.6) zt = cos q, t= sin @, 
(5.7) u‘ = Hy‘? = 0, 
1 1i 
(5.8) ui = Hye = vt + vt, 
2 22 3 4 
(5.9) ui = Hye = pt 
12 7s 4 
Hence 


(5.10) u= € 2 cos 24) “+ (5 - = cos 2 + uw sin 24) .. 
3 


4 


* II, p. 105. 
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Let us study the asymptotic directions on the ruled V2, that is, the directions 
for which u“ vanishes. We have two possible solutions 


(5.11) @ = 0, 


(5.12) =0, cot¢= —s 
2u 


The case (5.11) leads us to the conclusion that 7* is a unit tangent vector in an 
1 


asymptotic direction. In order to determine whether other asymptotic direc- 
tions exist, we analyze (5.12). From (4.2) and (3.13), we find that the two 
possible solutions are 


(5.13) p= 0, 
(5.14) k = 0. 
In case (5.13), from (3.14) we find that both second fundamental tensors are of 


rank 1. From Segre’s theorem, these V2 are developable. If (5.14) is satisfied, 
by use of (5.12), (3.13), (3.21) we find 


(5.15) he = 9, ve = 0. 
3 


These Ve lie in a.” 
In the case where a., is indefinite, a similar analysis leads to the same results. 
Our conclusions can be summarized as follows: The only case in which a ruled 
V2 in S, has, apart from its rulings, a second set of asymptotic lines is when the V2 is 
imbedded in an S;. In particular, all doubly ruled V2 in S, are V2in S;. 


B. Surfaces with linear points 


6. V: in S, with linear non-axial points.’ If we let z, y represent the pro- 
jections of the normal curvature vector u* on 7, 7", then 
364 


(6.1) t= ui, = hat?’, 
3 3 

(6.2) y = ui, = hei ?. 
4 4 


In the case of axial points, these V2 are developable or V2 in S;. If the locus 
consists of linear non-axial points, then for all 7“ (arbitrary unit vectors on V3) 


(6.3) y—mr+b=0 (b # 0). 

This equation can be written 

(6.4) (he — mhe + ba:s) vi? =0, 

(6.5) hep — mho + ba, = 0. 
7 HI, p. 50. 


* II, p. 108, A5; p. 109, B5. 
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When we transform from one set of orthogonal vectors 7“ in the normal E; to 
Pp 


another set 7", we obtain the equations 
Pp 


(6.6) t =at. 


Pp P@ 


From (2.10), we find 


(6.7) Nea = ot hea. 


Pp P@ 


If we write (6.5) in the form 


(6.8) pba. = p (ma _ ha), 
3 4 

where 

(6.9) p= (1+ m’)+, 


and define a by 
Pp 


3 7 
a = pm, a ey 
3 3 
(6.10) 
3 4 
a = p, a = pm, 
4. 4 
then (6.7) becomes 
(6.11) hea = phar. 
3 


We shall drop the bar in our future work but use the set of normal vectors ** 
Pp 


for which (6.11) is valid. Furthermore, we replace pb by L and write (6.11) as 
(6.12) hea => La. 
3 


From elementary geometry, we easily see that 
(6.13) L = pb 


is the perpendicular distance from the origin to the line (6.3)—-assuming 7, ** 

364 
both lie in the same domain of directions (+ or —). We shall study those V2 
for which the quantity L is constant over V;. These V2 are characterized 
by the fact that their normal curvature loci at various points P of V: consist of 
the tangents to a circle of constant radius L in the normal E£, . 


7. A correspondence theorem for these V;. Substituting (6.12) into (2.12), 
we obtain 


(7.1) —vjc hoa = 0, 
4 
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since L is constant. But (7.1) implies either 


(7.2) wv = 0, 
or 
(7.3) hea is of rank 1. 
4 

For the case (7.2), the Gauss, Codazzi, Ricci relations become 

4 q 
(7.4) Kiae = (ha - hua) + (K+ L’)(anats — Gina), 
(7.5) Vie hota = 0. 


But these are the Gauss, Codazzi relations for any V2 (he arbitrary ) in S3 of 
4 


constant curvature K + L’. If (7.3) is valid, then the Gauss equations show 
that Vis of constant curvature K + L?. Hence, we have the following theorem: 


There exists a one-to-one correspondence between any V2 in an Sz; of constant 
curvature K + L’ and an isometric V2 in an Sq of constant curvature K, whose 
normal curvature loci consist of the ~* tangent lines to a circle of radius L about P 
in the normal E; , unless V2 is an S2 of constant curvature K + L?. This cor- 
respondence is of such nature that the second fundamental tensor of V2 in S; is 
identical with one of the second fundamental tensors of V2 in Sy. 


Since all our work in §§6 and 7 depended on the properties of the normal EF; , 
these last results are valid when V; is replaced by Vm, S3 by Smsi, and S, by 
Smi2- 

In concluding, we wish to point out that correspondence theorems of the type 
discussed in this paper furnish us with a method of giving existence proofs. The 
question arises: “Do V2 in S, of the type discussed in §§6 and 7 exist?” By our 
work, the existence of these V2 in S, depends on the existence of isometric V2 
in a certain S;. From Schlafli’s’ theorem into any S; any metrical V2 may be 
imbedded. Hence, our V2 in S, exist. Furthermore, these V2 in S, are “met- 
rically unlimited”; their metric tensor is arbitrary. Similarly, Vn in Sms 
(of curvature K) with the same normal curvature properties exist. However, 
these V,, are ‘‘metrically limited” to those metrics which a specific Sm4, (curva- 
ture K + L’) will admit. 


UNIVERSITY OF TEXAS. 


*II, p. 142. 








THE CHARACTERIZATION OF FLAT PROJECTIVE SPACES 
BY THEIR DIFFERENTIAL INVARIANTS 


By Rosert SINGLETON 


Introduction. For the ordinary projective space, Veblen has derived a flat 
projective connection” * and certain differential conditions satisfied by this 
connection. He has shown that these differential conditions are sufficient to 
characterize locally the ordinary projective space. T. Y. Thomas, in lectures at 
Princeton University in the fall of 1937, proved that the connection could be 
defined over a space homeomorphic to the ordinary projective space. In this 
paper it is shown that the ordinary projective space is completely characterized 
by the above differential conditions on the projective connection. This is done 
by finding a set of projective coérdinate systems extending to the entire space. 
Difficulty is encountered in extending the coérdinate systems uniquely since the 
space is not simply connected. The only other point of possible difficulty 
comes in showing that the codrdinate systems assume each arithmetic value 
only once as they cover the space. 

I want to express my gratitude to Professor T. Y. Thomas for his material 
aid with criticisms and suggestions during the writing of this paper. 


1. Consider an n-dimensional space, P,, which is homeomorphic to the 
straight lines through the origin in an (n + 1)-dimensional number space, An4: . 
P,, is coérdinated with spherical coérdinate systems such that the transforma- 
tions between coérdinate systems in the overlapping regions are analytic; and a 
projective connection II is defined on P, with components IIz, [Greek indices 
range from 0 to n, Latin from 1 to n] which are analytic functions of the co- 
ordinates x‘ of the space, and transform mechanically like an affine connection. 
That is, for the transformation 2‘ = 2‘(2), 


ne Of. as” Oz” + a2” 
az az® az’ ~~ az’ az’ 


where the derivatives which include an 2° are defined by 


éx* > ax” 1s p(2) 
ae CO” 
Received May 23, 1938. 

10. Veblen, Projektive Relativitdtstheorie, Ergebnisse der Mathematik, vol. 2, 1933. 

20. Veblen, Generalized projective geometry, Journal of the London Mathematical So- 
ciety, vol. 4(1929), p. 140. 


az sp(Z) az’ 
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p(2) being an arbitrary analytic function’ of 2’, 2’, .-- , 2”. Furthermore, 
Is, = Wye; IIo = 55 
and 


all;, all 5s 





Rays = rr —_ ax? aa II, es - IT 35 I, = 0. 
In this definition 
all, aa 
ox 


It is to be shown that in the space of structure given above, preferred co- 
ordinate systems can be defined which satisfy the axioms for a projective space. 
Specifically, preferred coérdinate systems are those which have the following 
properties :* 

1. In a preferred coérdinate system each point is represented by at least one 
arithmetic point in a space of dimension n + 1, and each arithmetic point other 
than the origin represents just one point. 

2. Two arithmetic points other than the origin represent the same point if 
and only if they lie on the same arithmetic straight line through the origin. 

3. Any preferred coérdinate system can be transformed into any other by a 
linear homogeneous transformation. 

4. Any coérdinate system obtained from a preferred coérdinate system by a 
linear homogeneous transformation is preferred. 


2. The preferred coérdinate systems arise from the equations 


aZ « OZ 
Ga) axeaat ~ Ma? ay 
aZ 


Equation (lb) shows that solutions are of the special form Z = e*'f(x'), and 
hence the relationship between solutions is linear homogeneous instead of the 
general linear. 

The properties of IIz, and the coérdinate systems assure that a solution for 
equations (1) exists in a sufficiently small neighborhood of any point x’ of P, 
as an analytic function of z°, --- , x", determined uniquely by choosing an 2° 
and initial values for @Z/dzx* [that is, 2Z/dx' and Z]. Any n + 1 such functions 


*T. Y. Thomas has shown for the flat case that a gauge x° may always be selected such 
that, in each transformation between coédrdinate neighborhoods, p(x) = (#/x), the Jacobian 
of the coérdinate transformation. T. Y. Thomas, Recent Trends in Geometry, in Semi- 
centennial Addresses of the American Mathematical Society, vol. 2, New York, 1938. 

* Veblen and Whitehead, Foundations of Differential Geometry, Cambridge University 
Press, 1932. 
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Z° are independent if the n + 1 initial values Z*/az" are independent vectors. 
Any solution Z is related to an independent set Z* by Z = p.Z*, and any such 
homogeneous linear combination is a solution. Z* = p2Z* are independent if 
Z* are independent and | p| # 0. Hence, independent sets of solutions of equa- 
tions (1) have properties 3 and 4. 

From the form Z = e* f(z‘) it is seen that the choice of initial conditions 
determines f as an analytic function of the coérdinates in the neighborhood of the 
initial point. Thus, we may say that f(z‘) is determined uniquely by the choice 
of initial values for af/dax‘ and f, and Z is determined by that choice, except for 
the arbitrariness permitted by the factor e. Independence of solutions is not 
disturbed by this change in point of view. 

A solution Z'(x) which exists in a neighborhood N(z;) about a point 2; may be 
shown to exist at every point of P, , the usual extension of such functions being 
used as a definition of Z'(x) at points outside N(x). A point 22 C N(2) 
[called a “center of extension”) is selected, and by the theory of the preceding 
paragraph a function Z°(x) for which f*(22) = kf'(22) and 


af'(za) _ , Af (a) 
az ox* 





can be found in a neighborhood N(z2), and hence coinciding with Z'(x) in the 
connected part of the intersection of N(z:) and N(z2) containing z,. Z’ is 
called an extension of Z' to points of N (x2) outside N (a). 

There is no point to which Z’ can not be extended by this method. Let any 
such points be denoted by y, and the points te which Z' can be extended by z. 
Then because of the method of extension by neighborhoods, {zx} is open. 
Hence {y} is closed. Hence in every neighborhood of some point y; exist points 
of {x}. Since every point may serve as an initial point for equations (1), in 
some N(y;) there exist n + 1 independent solutions of (1), Z*(z') and also a 
point 2» at which Z’ exists. Then set 


a, 220) _ BE) B(x) = ZMar). 
ox" ox" 


Since Z* are independent, these equations may be solved for a, , and hence 
Z = a,Z* is an extension of Z'. Then Z’ is extended to y , since Z exists at y1 , 
contrary to hypothesis. No points y: can exist, the space being connected. 

We note here that P, is arewise connected, compact and bicompact, since it is 
homeomorphic to the lines through the origin of an (n + 1)-dimensional arith- 
metic space. 

This extension does not disturb the independence of an originally independent 
set of solutions. If at a point, J = | aZ*/ax* | ¥ 0, dJ/dt can be integrated 
along a curve 2'(t) to give 


II" dx’ 
J() = m 5 J (to) exp | fin a at], 
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3. In considering uniqueness of extension we need a notion of two different 
kinds of sets of neighborhoods. Suppose a function Z at an initial point x 
to be extended to a point z2 through two different sets of neighborhoods. It is 
necessary to prove that the same element at z2 results from both extensions, 
Since P, is not simply connected, a curve without double points joining x; and 
2 lying entirely within one set may or may not be deformable into such a curve 
in the other set of neighborhoods. No more complicated case arises, for it can 
easily be shown that a curve can be deformed into any other curve lying in the 
same set of neighborhoods, each neighborhood being spherical. 

The problem of uniqueness of extension from 2x; to 22 is equivalent to the 
problem of whether or not the functional element of Z in N(x) produces the 
same element in N(z,) after extension from N(z;) to N(2z:) through neighbor- 
hoods outside N(x). The set of neighborhoods is termed “bounding” or ‘‘non- 
bounding”’ according as every simple closed curve lying in the set of neighbor- 
hoods is or is not a bounding cycle. 

It is easily seen that extension through a bounding set of neighborhoods 
reproduces the same element in N(z,). A closed curve lying on each of the 
centers of extension may be deformed to lie entirely in N(x,). <A set of curves 
may be selected from the positions of this deformation, and centers of extension 
on each curve so selected, in such a way that the set of neighborhoods asso- 
ciated with each curve overlaps the set of the preceding curve, and hence 
produces the same element as the preceding set. Since the curve eventually 
lies within N(z,), the extension must in each case reproduce the original Z. 

Where the set of neighborhoods is not bounding, the proof is not casual. 
We prove that from each point issue curves (straight lines) of a family, and a 
unique hypersurface (hyperplane) along which f'/f* maintains a constant value 
in extension, e”’f' and e*'f* being two independent solutions of equations (1). 
These curves and surfaces are then shown to be non-bounding by use of an 
auxiliary curve. 

To simplify the work, we show first that gauges and coérdinate systems can be 
found in which II?; = 0, Mj; = 0 everywhere on P,. Under the gauge trans- 
formation @’ = x° — log p(z'), If; transforms by the law 


il’; = Ii; _ Wisox — OC; + Cij, 
where 
1 dp 00; 
= -—, i; = — 
p ox" Ox! 


If fl; is to be zero, o must satisfy 
oii = Wijor + oi0; — IIi;. 
The integrability conditions for these equations are 


00%; OGik 


= an 
art ar = Og lvijk Rijx 0 





fo 
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which are satisfied since R3,, = 0. Thus, o,’s and hence functions p exist 
everywhere on P,,, such that II{; can be made zero by the appropriate gauge 
transformation. 

Under the coérdinate transformation z' = 2'(x), Ij; transforms as an affine 
connection and II{; as a quadratic covariant tensor. If fj; is to be zero, we 
need functions 2° satisfying 

ey _ pe oy 


aziax’ = az* 


for which the integrability conditions are 





OY; = Yi _—- Ys ops 
yn , ER, 
aw in” 


which are satisfied since Rj,; = 0. Hence n independent solutions exist in a 
neighborhood of every point; if we set @' = y'(z), then Ij, = 0. Since Mj; 
is a tensor in coérdinate transformation, if it was made zero first by selecting a 
proper gauge, it will remain zero in the new codrdinates. 

We now use the functions f(z‘) in the solutions Z = e*'f(x") of equations (1). 
From these equations f is given in each coérdinate system and gauge by 





(2) fg = Wish. + Wiss, 
where 
_ of _ of 
f= ax’ fi = ax‘ az’ * 


With the definition (2) f is a scalar under coérdinate transformation, but under 
the gauge transformation z” = 2° + log p(x) we have f = pf. Furthermore, 
along any curve z'‘(t), f is given [from equations (2)] by 

f = fe + Miya’ e’) + fa’, 
where the dots stand for ordinary derivatives with respect to ¢; for f transforming 
by f = pf this equation is invariant. However, the straight lines will arise from 
solutions of 


(3) # + Iij2° 2 = 0, 


an equation which is invariant under coérdinate transformations, but by the 
gauge transformation z° = z° + log p(x) goes into 


# + Iija'e’ = = pa’. 
p 


Hence when we define curves by (3) in a particular gauge, we will understand 
that after transformation to another gauge the curve will be defined as just given. 

Suppose, then, that gauges and coérdinate systems have been selected so that 
Ili; = 0, 11;; = 0 everywhere on P, , and consider in any codrdinate neighborhord 
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the curves defined by #* = 0 [equation (3)]. A curve of this family is determined 
by an initial point 7) and an initial direction &'; then 2° = £t + 2). Also 
} = f.z° = O along the curve, and f = f.(x)&'t + f(xo) = at + b. 

Now suppose we have two independent solutions f' and f’ of (2), whose initial 
conditions are given at x with Ff ~ 0 at x, and consider the function ¢(z) = 
f'/f’; @ is invariant under all transformations which are admissible. Along 
the curve 2’ = tt + 2), 


at+b . ab—a’d 
(4) atte 0° = @is ey 


¢ is constant if ¢ = 0;i.e., if a’ = kb’, a” = kb’. Thus, the initial directions for 
curves issuing from 2 along which ¢ is constant are the solutions £; of 


Efi (20) = kf" (ao), 
Ef i(xo) = kf*(a). 


Since some determinant 


tae nn 

or 

f fi fi Si 
is not zero, f' and f being independent, there exist n — 1 linearly independent 
homogeneous solutions {}, ka (a = 1,---,n — 1), and A*E,, A*ka is also a 


solution for any n — 1 constants \*. Thus along all curves 
(6) a = dtt + 20 
¢is constant. If \* = pd* andt = pt, then 

x’ = Et + 2 = NE + 20. 


Hence all solutions proportional to one solution determine the same curve, with 
different parametrization. 

Fixing ¢ at a constant value sufficiently small so that the points of (6) for that 
value remain in the coérdinate neighborhood, and absorbing it into the ’, 
we have from (6) 


(7) e=NE+ 2, 


and letting \° take all values, we have the same set of points as is given in (6). 
Thus, (7) are the equations of the (n — 1)-dimensional hypersurface on which ¢ is 
constant. It is (n — 1)-dimensional everywhere since || dz°/dX* || = || £3 || is of 
rank n — 1forany point \*. Also, at any point the surface satisfies 

dp a Az" 


are az* Ad® 








or 


it 
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However, if n is any vector such that n' ¥ p*é, for any set of constants p’, 
then (d/dx")n’ ¥ 0 at any point of the surface. Otherwise for some point 


6 a6 
ax” : ax' 


and hence a¢/ax' = 0. From this, f*fi — f'f; = 0, and f} = kf’, fi = kf’, 
which is impossible if f' and f° are independent. But (d¢/dz')n’ is the derivative 
of @ in a direction 7’ away from the surface. Hence for a sufficiently small 
open set in P, about any point zr‘ of the surface, the surface passes through all 
points at which ¢ has the value ¢(z’). 

If the initial point 2) is sufficiently close to points at which f' = f° = 0, on 
each one of the curves (6) the point for which ¢ = —b'/a’ = —b’/a®? = —1/k 
is such a point. Furthermore, any point zj at which f' = f° = 0 also lies on 
one of the curves, if it is sufficiently close to 2. A direction n‘ can be found 
for which the curve z'(t) = n't + 2) passes through 2;, and along this curve also, 
f=at+0',f = at + B’, for some a’, a’, b', b*. Since z'(t;) = x; for some 
value ¢; , and since at 2}, f' = a't, + b' = 0, and f’ = a’t, + b* = 0, we have 
that t, = —b'/a' = —b’/a’. Hence a'b’ — a’b' = 0, and from (4), ¢ is constant 
along x‘(t). Thus zj lies on the surface (7) generated by curves (6), and so the 
surface issuing from 29 passes through all such points for a sufficiently restricted 
neighborhood. 

Let now 2} be a point at which f' = f? = 0. At 2), ¢ is indeterminate, anda 
value may be assigned depending on the path of approach. For one of the 
curves which are solutions of #* = 0, from (4),¢ = a'/a”’ = &'fi(x0)/t*f;(ao), and 
if it is desired that @ have the value m/n, then as before there are n — 1 inde- 
pendent solutions of 


t= 0 


E'fi(xo) = mk, 
E'fi(xo) = nk 


similar to (5), and along the curves x‘ = é't + 2), @ has the value m/n. There 
are, however, n — 2 independent directions for which é'fi(ao) = &'fi(xo) = 0, 
and these lie in the (n — 2)-subspace which is the intersection of the surfaces 
f = Oandf* = 0. Furthermore, the surface z' = \°E; + 2), determined by 
n — 1 independent solutions £ , ke of (8) also passes through this intersection. 
For there are n — 2 sets of constants \° satisfying \*k. = 0, and for these, 
Nei fi(ao) = 0, X°E:f7(xo) = 0. Thus, the curves in the directions \°E} lie in the 
subspace f' = f’ = 0. We have that at the point 2), where f' = f° = 0, any 
direction é' gives a curve x’ = £'t + x) along which ¢ is constant or indeterminate; 
and that all surfaces arising from such curves in the manner of the surface (7) 
[whether or not the generating curves issue from 2] pass through z) and the 
intersection of the surfaces f' = 0, f° = 0 if they pass through points sufficiently 
close to x). 

From the above it is seen that we can impose a two-point boundary condition 


(8) 
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on the solutions of #* = 0, to find the solution [and hence also the surface of 
form (7)] issuing from 2 [where f' = f’ = 0], and passing through any other 
sufficiently nearby point. Since the solutions are analytic functions of param- 
eters giving the initial direction, such a point is in an open set of points of 
P,,, to each of which solutions can be found issuing from 2). The solutions, 
and hence the surfaces, are also analytic functions of parameters giving the 
initial point. 

Now let us take any non-bounding linear cycle y‘(t) for which y‘(0) = y‘(1) = 
x). Then by the above development, a surface of the linear pencil generated by 


f' = 0, f° = 0 can be found including both x) and any nearby point of the curve | 


y'(t), possibly only up to a point y} , at which we suppose not both f' and f* are 
zero. Let ¢ have the value ¢; at y,. Since y; is a boundary point of the linear 
open set of points y* through which surfaces can pass from 2 , there exist such 
points in every neighborhood of y;. Let such a point sufficiently near to y; be ye. 

There exists a surface S; issuing from y; along which ¢ has the constant value 
¢:, and by our assumption S, does not contain z. Since a surface coming 
sufficiently close to x passes through 2 , there exist closed sets N containing 8, 
but not containing 2). However, since surfaces generated by the family of 
solutions of #' = 0, some of which generate S,, are also given by analytic 
functions of parameters yu, v, - -- determining the initial point, if ye is sufficiently 
close to y: , values of yu, v, - - - can be found for which y: is the initial point, giving 
rise to the surface S, ; and open sets M containing S, can be found which also 
contain S, and are contained in N for any desired regions of S, and S:. But 
there is only one such surface through y2 and this passes through 2 , y2 being a 
point of that character. From this we have the contradiction N 2p 2 and 
N2>M2>x2. Hence nosuch point y; can exist, unless at that point f' = f° = 0. 
But if this happens, y; possesses the same properties as 2 and so a surface can be 
found issuing from y; containing y2 and hence also 2 . 

Thus, a surface along which ¢ is constant can be found issuing from 2» and 
containing any point of the curve y(t), in such a manner that two surfaces lie 
as close together as desired if the points of the curve to which the two were 
issued are sufficiently close. Let us designate the surface containing the point 
y(m) by S,, , and select a curve C,, lying in S,, joining x to y(m). It is seen that 
C., and the portion of y(t) between y(0) and y(m) form a bounding cycle, since 
it can be shrunk to xz by reducing m continuously. Then fort = 1, y(1) = %, 
and so C; is a cycle, but is not merely the point 2, since the curve y(t) is not 
bounding but y(t) plus C; is bounding. For this reason also, C; is not bounding. 

Now ¢ remains constant as f' and f° are extended to points of C;. Hence, 
in extension from any point of C; back to the same point, through sets of neigh- 
borhoods which contain C,, f' > kf’, f?’ — kf*. Since y(t) could be any non- 
bounding cycle, the extension through any set of non-bounding neighborhoods 
produces the same result. Since on a projective manifold twice any non- 
bounding linear cycle is bounding, k* = 1. 

This can be made to apply to any pair of the functions {*; hence, in extension 
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through any set of non-bounding neighborhoods, the f* are changed at most in 
sign, and if so, simultaneously. This will not affect the desired homeomorphism 
between points in P,, and lines in Aj, . 


4. The properties 1 and 2 in §1 may be replaced by the equivalent properties: 

la. Each point is represented by the arithmetic points of one line through the 
origin in an arithmetic space of n + 1 dimensions, in each case excluding the 
origin. 

2a. Each line through the origin in an arithmetic space of n + 1 dimensions 
represents just one point. 

Thus, the space which we are using is the ordinary arithmetic space, but with 
the zero point removed. Let this be called B,4: . 

We have represented the points of the manifold by z*. Represent by Z* 
whatever arithmetic points are denoted by the values Z* = + e**f*(z'), where 
éf*(x') is a particular set of n + 1 independent solutions of (1), as x‘ covers P, 
and — « < 2° < + ow. The set Z* has already been shown to have the 
property la, because of the form of solution, e*'f(z'), since it is defined uniquely 
everywhere on P,, and since not all f* = 0 at once. To show property 2a it is 
sufficient to show that the values which Z* take on fill B,4; , and that no two 
points x have the same or proportional Z coérdinates. 

For ease in discussion we call any pair of lines in B,4; , which by the addition 
of the origin form one straight line in A,4; passing through the origin, a central 
line, and a line neighborhood will mean the set of points of an open set of central 
lines. 

First, since Z“ are analytic functions of the z’s, and the Jacobian is everywhere 
different from zero, there is a one-to-one correspondence between the central 
lines passing through the points of a neighborhood of any point Z* and the points 
of a neighborhood of a corresponding point z*. The set of values in B,,1 which 
Z* takes on is therefore open. This set, because of the form of Z, is the interior 
of a cone or cones with central lines as elements. Consider a line on the 
boundary of this cone: to a sequence of central lines approaching the boundary 
line from within there corresponds at least one sequence of points in P, , which 
has a limit point since P, is compact. But because of the continuity of Z the 
limit point must correspond to the boundary line in B,,,. Thus, the boundary 
also belongs to the set. Hence the set of points corresponding to values of Z* 
is also closed, and so it is the whole space B,,4, . 

As the points of B,,, were represented by Z* = +e*'f*(zx'), so the central 
lines can be represented by f*, + e*’ being merely a parameter running along the 
line. There remains to prove that no two points in P,, correspond to the same 
central line. Suppose there were two such points, zi and x}, corresponding to 
ff and fz with ff and fz proportional. The two points can be connected by a 
continuous curve x(t) (0 < ¢ < 1) and it is supposed that no point on z‘(t) 
separating z,; and 22 corresponds also to Aff. This situation can always be 
obtained, for on any arc there can be but a finite number of such points. Having 
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an are which contains at least two, we can select a pair which are not separated 
by any other such point. 
To the curve z'(¢) there corresponds in B,,; a closed cone given by 


Z"(2°,1) = "f(a" (O)-k) = he“ PW), A) = 1 — ( _ fi). 
2 
with f*(0) = ff , f°) =f. 
Then consider the family of cones 


Z°(x°, t; %) = re (k(t) — ft) + eft (0<\ S 1). 


This is a family of cones lying inside the original cone, Z“(x’, t; 1), and closing 
down on the generator ff as \ — 0. For any particular value, \, the corre- 
sponding cone can be enclosed in a system of line neighborhoods such that the 
central lines of the line neighborhoods are in one-to-one correspondence with the 
points of a system of neighborhoods in P, , and in each the z’s are expressible as 
analytic functions of the Z’s. Each of the cones, therefore, has an image curve 
z'(t, \) in P,, for whieh z'(0, 4) = x; but the other end point, z'(1, A), may vary 
with A. In the family, z'(t, 1) = 2z'(¢), the originally selected continuous curve. 

However, if \ is a particular value of \ as in the preceding paragraph, there 
is a range \ — « < \ < \ + e for which the corresponding cones all lie in the 
system of line neighborhoods enclosing Z“(z’, t; \). For this range of X, all the 
image curves have the same second end point [i.e., z‘(1, 4) = x‘(1, 4) fork — e < 
d < X + ¢| since in the neighborhood of that end point there is but one point 
corresponding to the generator fy and Z*(z°, 1; A) = eft for all X. 

For the original cone, Z“(z’, t; 1), the second end point of the image curve 
z(t) is x}. However, about the generator ff there exists a line neighborhood N 
whose central lines are in one-to-one correspondence with the points of a neigh- 
borhood N, about 2} , not including z}. A value ¢ can be found such that for 
\ < € all the cones Z“%(z’°, t; d) lie in the line neighborhood N, and hence their 
image curves lie entirely in the neighborhood N,. It follows from the unique 
correspondence that the second end point of this set of image curves is 2} , and 
so these curves do not join z; and 3 . 

There exists, then, a first value X of A, such that z'(t, \) joins zj and 2} for all 
\ > X; but for any 7 > 0, and A > X\ — 7 some image curves do not join z} and 
z:. Hence, for\ —»<A<X+7, 2'(1,A) is not independent of >. But this 
is contradictory to the result just established that for any value of \ there exists 
a range about it such that the end points are independent of \ in that range. 

Thus, no two points z correspond to the same central line in B,,;, and the 
set of solutions is shown to have the property 2a. The solutions described, 
therefore, form a set of preferred coérdinate systems for projective geometry, 
extending to the entire space. 
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THE WARING PROBLEM WITH SUMMANDS <x”, m =n 
By Mary HaABERrZETLE 


In the original Waring problem the summands considered are positive integral 
n-th powers. By using different types of summands one obtains various modifi- 
cations of the problem. In this paper those of the form x”, m 2 n, are used. 
If a positive integer is a sum of u such summands with z 2 0, it is said to be a 
sum of u “values”. Ifn = Q9andr < 2” —k —3,J = 2" + k — 1 values are 
necessary and sufficient to represent every positive integer; r is defined by 
3” = 2"°¢ + r, q = [($)"], and k = [.584963n]. The notation [xz] denotes the 
largest integer S xz. For9 < n S 400 it is shown that the inequality r < 2” — 
k — 3 is satisfied. 

This problem was suggested by L. E. Dickson. 


1. Representation of integers < 2"9. Write 3" = 2"9+7r,1 ar < 2”, 
q = [($)"). 

Lemma A. Every positive integer < 2° — 1 is a sum of at most x — 1 terms 
a 

The lemma may be verified for z = 1, x = 2. Assume, therefore, that it is 
true for integers < 2° — 1 and prove by induction. The integer 2” — 1 is 
equal to 1 +2-+ --- +2” ‘and hence requires z terms. The integers 2” + 1, 
2+ 2,...,2°** — 2 are each the sum of 2” and an integer < 2° — 1. Hence 
all < 2*** — 1 are sums of at most x terms 1, 2, --- , 2°. 

Let k be the maximum positive integer such that 2”** < 2"9. Then k is the 
largest integer for which 2° < q = [(3)"], that is, 


k = [(n log $)/log 2] = [.584963n]. 


Lemma 1. All positive integers S 2"q are sums of I = 2" + k — 1 values. 
The integer 2"** — 1 requires exactly I values. 


Let B = 2"47+y,0S5y 5 2"—1,0S52<q. Thenz < 2" —1 and by 
Lemma A is a sum of at most k terms 1, 2°, --- ,2*. Hence B is a sum of 
2" + k — 1 values. Since g < 2**' — 1, 2"¢ is a sum of k + 1 values. The 
integer 2"** — 1 is equal to 2"(1 + 2 + --- + 2°") + 2” — 1 and henee is a 
sum of 2" + k — 1 values and not fewer. 


2. Results from the asymptotic theory. The following theorem, whose 
proof is due to Vinogradow' and L. E. Dickson,’ is stated here with an improved 


Received June 9, 1938. 
' Vinogradow, On Waring’s problem, Annals of Mathematics, vol. 36(1935), pp. 395-405. 
?L. E. Dickson, Proof of the ideal Waring theorem for exponents 7-180, American Journal 
of Mathematics, vol. 58(1936), p. 525. 
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value for N. The improvement is due to some later refinements’ made in the 
theory by Dickson. 
TueoreM 1. Let ko be the least integer exceeding — log r;/{log (1 — v)], where 
= n’(6n = 9) 
: n—d ’ 
Take k, = 2ko , logio N = .8n°. If n = 9, every integer = N is a sum of 4n — 
2 + 3h, integral n-th powers = 0. 


2 3 
d = 1 + 2nz, z= yy”, and v =n, 


3. Ascent and solution for 9 < n < 400. Since 4n — 2 + 3k; < 2” +k, it 
follows from Theorem 1 and Lemma | that all positive integers S$ 2"q and = N 
are sums of J = 2” + k — 1 values. The following theorem will be proved by 
ascent. 

THEorREM 2. For9 < n S 400 all positive integers are sums of I = 2” +k —1 
values. 


The following lemmas are required. 


Lemma 2. All integers in the interval (2"q, 2"q + 2”) are sums of E values, 
where E = max (k + r, 2” — r). 

Since 2"q is a sum of k + 1 values, 2"9, 2"¢ + 1, --- ,2"¢ +r — 1 are sums of 
k+rvalues. The integers 2"¢ +r =3",--- ,2"¢+2”"—1=3"—r+2" -1 
are sums of 2" — r values. Also q + 1 < 2**.. Hence 2"¢ + 2” is a sum of 
k + 1 values. 

The interval in Lemma 2 can be extended to (2"q, 2"q¢ + 2"q) by adding on 
multiples of 2", that is, 2"z,1 < x <q. By application of Lemma A it is seen 
that at most k additional values are required to make this extension. Hence 
all in (2"9, 2"q¢ + 2") are sums of EF + k values. As in the preceding paragraph 
the integers in (2"¢ + 2"q, 2"¢ + 2"¢ + r — 1) can be shown to be sums of 
k + rand hence of E values. The integer 2"¢ + 2"¢ + r = 2"q + 3" isa sum 
of k+2< E+ k values. This proves 

Lemma 3. All integers in (2"q, 2"q¢ + 3") are sums of E + k values. 


Lemma‘ 4. Let L, p, n, z, w be positive integers. If all integers in (L, L + p"2) 
are sums of m values, then all in (L, L + p"(z + w)) are sums of m + w values. 

This with z = 1 and Lemma 3 give 

Lemma 5. All integers in (2"q, 2"¢ + 3"(1 + w)) are sums of E+k+w 
values. 

Take w = [(4)"]. Then 1 + w > ($)”. This proves 

Lema 6. All integers in (2"q, 2"q + 4") are sums of E + k + [(4)"] values. 

By induction one obtains 

3L. E. Dickson, Universal forms y > a,x’, and Waring’s problem, Acta Arithmetica, vol. 2 


(1937), pp. 186-191. 
‘ Dickson, Proof of the ideal Waring theorem for exponents 7-180, op. cit., p. 526. 
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LemMa 7. All integers in the interval (2"q, 2"q + (n + 1)") are sums of E+ k + 
((4)"] + (()"] + --- + (Cn + 1)/n)"] values, and hence are sums of E + k + 
(n — 2)[($)"] values. 

Lemma’ 8. Let v = (1 — I/Lo)/n,v"Lo 2 1. If all integers between 1 and Lo 


inclusive are sums of Q values, then all between | and L, inclusive are sums of 
Q + ¢t values, where 


t 
(1) logio Li = (—*5) (logio Lo + n logy v) — n logio v. 


For N in Theorem 1 it is desired that L; > N. Hence ¢ is to be determined 
such that 


t 
(2) (*,) (logio Lo + n logiv) — n logiov > .8n°. 
Take 1 = 3" and Io = (n + 1)”. Then the interval (I, Lo) is included in the 
interval of Lemma 7. Also, the inequality v"L) = 1 reduces to v(n + 1) 2 1 
and hence to (3(n + 1))"” = 3, an inequality which holds if n = 4. 

Case n = 9. Here logw Lo = 9, logw v = 1.0457488. Increase .8n° to n° 
in (2). Thené = 120. Alsok = 5,r = 227. Hence E = max (k + r, 2” — r) 
= 285. By Lemma7 and the preceding all integers between 2" and N inclusive 
are sums of 


(3) t+E+k + (n — 2)(()') 


values. Since [(4)*] = 13, (3) is equal to 501 < J = 516. 

Case n = 10. Now logw Lo = 10.413927, log v = 2.9999990 and from 
(2), = 140. Fromk = 5,r = 681, it follows that E = 686. Also [($)"*] = 17. 
Hence (3) is equal to 967 < J = 1028. 

When » = 11, »v = n™ to seven decimal places. From the series for 
log (1 + 2), logi Lo — n logy n is the product of n by logw (1 + n“") > 
M(n- — 4n°*), M = .4343. Then L, > N if 


t 
(4) (* i) M(1 — 3n*) > n', op) maa 
If the denominator 2n is replaced by 22, (4) will follow from 
t log —" > .3824138 + 6 login. 


The coefficient of ¢ is the product of M by 
1 1 1 1 


5L. E. Dickson, Recent progress on Waring’s theorem and its generalization, Bulletin of 
the American Mathematical Society, vol. 39(1933), p. 711. 
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Hence L, > N if 


(5) t > M‘n(.3824138 + 6 log n), n= ll. 
In (3) first let E = 2” —r. Then (3)is SJ = 2" +k —1if 
(6) i F(n), F(n) = ~~ 4% —. 
ya = q 


Next let EH =k+pr. The like conclusion holds if 


(7) r <1- F(n) - 5. 


- 

Cases n = 11, 12, 13. Let nm = 11. From (5), ¢ = 168. Then F(n) = 
.187170 and .187170 s r/2” <= .809900. Since F(n) decreases when n increases, 
Theorem 2 will hold for any n = 11 for which r/2” lies between these decimals. 
Note that r/2” is the decimal part of ($)"._ The condition holds for n = 11, 12, 
13 but not for n = 14. 

Cases 14 S n S 28. When n = 14 the decimal in (5) reduces to .3780043, 
and it suffices to take t = 234. F(n) = .055580. Hence .055580 < r/2” s 
.943932. This condition is satisfied for n = 14, 15, --- , 28. 

Cases 29 S n S 162. Let n = 20. The decimal part in (5) is reduced to 
3732056. Take t = 377. Then .005773 < r/2” S .994216. This condition 
is satisfied for n = 20, --- , 162. 

Cases 163 S n S 400. Let n = 100. The decimal in (5) is reduced to 
3643871. Take t = 2847. F(n) begins with at least 14 zeros, k/2” begins 
with 27 zeros, and hence (7) with at least 14 nines. The decimal r/2” lies 
between these limits at least as far as n = 400. 


4. Solution for n => 35. The results of this section together with the preceding 
will show that for n = 9 every positive integer is a sum of J values except when 
r=>2"—k-—2. It can be seen from the preceding section that the inequality 
r = 2” — k — 2 does not hold for 9 S$ n < 400. Whether the inequality is ever 
satisfied has not yet been determined. 

Let q = [(3)"], f = [(4)"], 9 = [(4)"], ands = f + 2g. 

Lemma 9. [If all integers in the interval (L, L + 2”) are sums of m values, 
then all in (L, L + (n + (n + 1)")) are sums of 


m+k+1+f+g+l[($)']+ 4 [EY] 
values. 


The interval (L, L + 2") can be extended to (L, L + 3”) by adding on multi- 
ples of 2”, that is,2"z,1 << 2<q. The final integer so obtained is L + 2"(q + 1) 
> L+3". The integer z is a sum of at most k + 1 terms 1,2, --- , 2°. Hence 
in ascending to L + 3” at most k + 1 additional values are required. To 
complete the proof of Lemma 9 apply Lemma 4 as in the proof of Lemma 7. 
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Lemma 10. Ifn = 35, L S 3-4", and all integers in the interval (L, L + 2") are 
sums of m values, then every integer => Lis a sum ofm +s +k — 1 values. 


Since 4n — 2 + 3k, is less than s + k when n 2 35 and hence less than m + 
s+ k, it follows from Theorem 1 that all integers > N aresumsofm+s+k-—1 
values. It will be proved that all integers > L and s N are sums of m + s + 


k — 1 values by ascent. By applying Lemma 8 for n 2 35 as in §3 for n 2 11, 


‘but now with 1 = 3-4", Lp = (n + 1)”, and Lemma 9 instead of Lemma 7, it 


suffices to show that 


8) +2tt@it-+[(**4)] sto 
where t > M~'n(.3684214 + 6 log n). 

Multiply (8) by (¢)”. The resulting inequality need be verified only for n = 35 
since np”, np” logis n, and p” decrease when n increases and n = 7,0 <p & #. 
Take ¢ = 777. Then 





a(t +241] 4-04 1(” + y}) < .9224296 < [(9)"|($)", n = 35 


n 


Hence (8) is satisfied. 


Lemma ll. JIfn = 35ands Sr S 2”—k— 8, every positive integer is a sum 
of I values. 


The integers 2"g, --- ,2"g +r — laresumsofk+r< 2” — svalues. The 
integers = 2"¢ + r = 3” and < 2"(q + 1) and hence S 3” + 2” — r — 1 are 
sums of 2” — r S$ 2” — s values. Finally, 2"(¢ + 1) isa sum of k + 1 values. 
Apply Lemma 10 with L = 2"q, m = 2” — s to obtain the result that every 
integer = 2"qisasum of J values. Apply Lemma 1. 

The following lemma is required in the proof of Lemma 13. 

Lemma 12. If 1 < w S (2” — 1)r™’, all integers in (3"w, 3"w + 3”) are sums 
of M; values, where M, is the maximum of A = 2” —-wr+k+w-—landB= 
wk+1+r)+k. 

Those integers S w3” + 2” — wr — 1 are sums of w + 2” — wr — 1 values. 
The next integer is equal to 2"(qw + 1). To this add 1, 2,--- , wr — 1 and 
obtain 3°w + 2” — 1 as the final integer. Therefore all those = 2"(qw + 1) 
and < 3"°w + 2” are sums of w(k + 1 + r) values. 

If we add 2"z, 1 S x < gq, to each integer in (3"w, 3"w + 2”), the interval is 
extended to 3°w + 2g. At most k additional values are required in making 
the extension. Hence all in (3"w, 3"w + 2g) are sums of M;, values. The 
integers in (3"w + 2g, 3°w + 3”) require at most w + k +r < B values. 


Lemma 13. Ifn = 35 andr < s, every positive integer is a sum of I values. 


Since 3 belongs to the exponent 2” * modulo 2”, r = 1 would imply that n is 
divisible by 2”*, whence n < 4. Ifr = 3, then3”” = (32"q) +landn—1S 
2. Hencer 2 5. 
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For z = 0,1, --- , u(3" — 2"q) — 1 = ur — 1, 2"qu + zisasum of (k + l)u 
+a s (k+1)u+ ur —1 values. If 2” > ur, there exist integers => 3”u and 
< 2"qu +2" —1=3"u + 2” — 1 — urandeachisasum of u + 2" — 1 — ur 
values. The latter and (k + 1)u + ur — 1 will be s 2” — sif 


(9) oe 


Decrease r to 5 on the left and increase r to s on the right to obtain the sub- 
interval, 
2 —s 


(10) U s k+1+es 


Thus any u satisfying this inequality will satisfy (9). Sincek+1+s>s>r, 
2 —s y 


k+1+s is rT: 
Hence, 2” > ur. 
There will exist an integer u satisfying (10) if the difference between the 


limits is = 1, and therefore, if 2" = R, 
R = 28 + 38° + (1 + 4s)(k + D. 
But k + 1 S .584963n + 1 ands < 3(4)”. Hence 2” = Rif 
4-2” = 24($)” + 948)" + 4(k + 1) + 3()"(K + DD. 
Multiply both sides by (35)". Then 
4(§)" = 9 + 24(3)” + 4(%)"(k + 1) + 3(9)"k + 2D). 


Since the right side decreases as n increases, it suffices to verify the inequality 
for a particular n < 35. For n = 20 it becomes 42.196 > 9.* and hence holds 
forn 2 20. 

Thus all integers in (2"qu, 2"qu + 2") are sums of 2” — s values. By Lemma 
10 every integer = 2”qu is a sum of J values. 

It remains to show that every positive integer < 2"qu is a sum of J values. 
By Lemma 1 and the proof of Lemma 2 this is true for integers S$ 3". It remains 
then to prove it for integers between 3” and 3"U, where U is the least integer 
satisfying (10). Lemma 12 is made use of. 

For w < U — 1, it can be shown that B < A. Hence, apply Lemma 12 
with M, taken equal to A. If 2” - wr + k+w S 2" + k, and hence if r 2 1, 
A <I. Therefore all integers in (3"w, 3"(w + 1)) are sums of J values. Let 


w=1,2,---,U—1. The proof of Lemma 13 is now complete. 
Lemma 14. If n = 35 and 2" —k—s <r 3X 2” —k — 3, every positive 


integer is a sum of I values. 
For z = 0,1,---, 3" — 2"(uq+u—1) —1 = 2” — u(2” — r) - 1, 
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2"(uqg + wu — 1) + zis a sum of C = 2" — u(2" — r — k — 2) — 2 values. 
The integers => 3"u and S 2"(ug + u) — 1 = 3°u + u(2” — r) — 1 are sums 


of D = u+u(2" —r) — 1 values. ThenC and Dare each S 2” — sif 


8 2*—s8 

(12) --7-b-t”” ~~ S-741 
Increase r to 2" — k — 3 on the left and decrease r to 2” — k — s + 1 on the 
right to obtain the subinterval, 
2"- 8 
k+s- 

Note that the greatest zx is positive if wu < (2" — 1)/(2” — r); this follows 
from (12). There will exist an integer u satisfying (13) if the difference between 
the limits is 21, and hence if 


2">%2+k+8'+k. 


Since s < 3[(4)"], the above inequality is true if 2" > 6(4)" + 3($)"k + 978)" + 
k. Multiply each side by (7%,)” to get (2)” > 6(3)" + 3(3)"k + 9 + k()”. 
This holds for n = 20. Thus all integers in (2"(ug + u — 1), 2"(ug + u — 1) 
+ 2") are sums of 2” — s values. It now follows from Lemma 10 that all 
integers = 2”(ug + u — 1) are sums of J values. 

It will next be shown that the latter is true also of the integers in 


(3"w, 3"(w + 1)) forw = 1,2, ---,U — 1, 


(13) ssu 


IIA 


where U is the least integer satisfying (13) and hence is equal tos. Then it will 
have been proved that all integers = 3” are sums of J values. Since all < 3” are 
by Lemma 1 and the proof of Lemma 2 sums of J values, the proof of Lemma 14 
will be complete. 

The inequality 
(14) 2" => wk + ws+s8 


will be assumed true for the present and later shown to be satisfied for n = 35. 
From (14) it follows that 2” > w(k + s), whence 


wr > w(2” — k — s) > (w — 1)2", w(2” — r) < 2”. 


Consider now J = (3"w, 3"w + 2”) and the equations: 


Difference Weight 
j{—3" + (q + 1)2"} = 3(2" -— 7) v-r gk 
(j = 0,1,---,w— 1) 
w{—3" + (¢ + 1)2"} = w(2” —1r) 2” — w(2" — 1r) wk. 


To difference + weight — 1 add w since w-3”" must be added to get decomposi- 
tions. For j < w — 1 the largest sum is F = 2” — r + (w — 1)(K +1). For 
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the final equation the sum is G = 2” — w(2” — r) + w(k + 1) — 1. Then 
G = F if (w + 1)r 2 2"w — k. This follows from (14) and a hypothesis in 
Lemma 14. Hence every integer in the interval J is a sum of G values. Extend 
J to be K = (3"w, 3"(w + 1)) by adding 2"z, 1 S z S gq, to each integer in J. 
Then all in K are sums of G + k + 1 values. If 

(15) w(2" —r—k—1) 21, 

G+k+1s I. From a hypothesis in Lemma 14, 2” —r — k —1 2 2, and 
(15) is satisfied. 

It remains to show that (14) is trueforn 2 35. Noww+1s U =s < 3(4)". 
Hence (14) will follow from 2” > 3k($)" + 9(48)". Multiply each side by 
(%)". Then ($)" > 3k(3)" + 9. This holds for n = 20. 

Lemmas 11 to 14 yield 

TueoreM 3. Ifn 2 35and r S 2" — k — 3, every positive integer is a sum of 

= 2" + k — 1 values. 

Letr > 2" —k-—2. Ifr = 2" — 1,3" =1 (mod 2"). Since 3 belongs to 
the exponent 2’ modulo 2”, 2n would be divisible by 2”, and n < 4. If 
r = 2" — 3,3"" = (2"(¢ + 1)/3) — 1, whence n S 5. Since r is odd, it then 
follows that r S$ 2" — 5. Thus 
(16) 5s Ssk+2, S=2"-—,r. 

Ascent will be made from an interval containing 4". Let 

(17) 4" = 3°f + 2"h + j, 0s 2+ j < 3’, 0sj < 2”. 
Thus f = [($)"]. To determine A and j in terms of q, r, and f, replace in (17) 
3" by 2"g +r. Thenj + fr = 0,7 —fS = 0 (mod 2"). But fS s f(k + 2) < 
fa < (4-%)". Hence fS and j are numbers z for which 0 S z < 2”. Thus 
|\j —fS| < 2° andj =fS. Then 

(18) 4" = 2" (fath+f), h=2"—-fa-—f. 

If E; = max (A = 2" — f(q — S)—1, 2” — fS), every integer in the interval 
(3"f + 2h, 3°f + 2"(h + 1)) is a sum of E, values as shown by 

3° +2h+2 (cx = 0,1, --- ,fS — 1), 
“+9 (y = 0,1,---,2" —fS — 1). 


By Lemma 9 and the above all integers in (4", (n + 1)") are sums of EF, + k +1 
+ [(4)"] + --- + [((n + 1)/n)"] values. Let n = 35 and ¢ be the least integer 
such that t > M~'n(.3684214 + 6 logy n). 

Take EZ; = 2" —fS. Then all integers = 4” are sums of 


(19) t+2°-fS+k+1+f+X 


values, 


X=(@] +--+ 1(" +t] < (n — 3)(9)". 














fsS-le2 
creases as 7 
4.37704. Since S = 5, the number of values is Ss J. 


Next let E, 
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(¢ + 2)(2)” + (nm — 3)(4)”, (19) is < I. The right side de- 
increases if n > 15. For n 2 35, this inequality gives S = 


= A. Then all integers => 4" aresumsoft+A+k+1+f+X 


values. This will be SJ if fq — S — 1) >t + X + 1, and hence for n = 35 


But Ssk+2<q-—6. This proves 


THEOREM 4. If n 2 35 andr = 2” — k — 2, every integer = 4” is asum of 


] = 2” + k — 1 values. 


UNIVERSITY OF CHICAGO. 











ISOMETRIC EMBEDDING OF FLAT MANIFOLDS IN EUCLIDIAN SPACE 
By C. TompkKINs 


1. If 21, ---,2e, represent a set of normal orthogonal coérdinates in a 
Euclidian space of 2n dimensions, and if ug (a = 1, 2, --- , ) is a set of param- 
eters which may be reduced modulo 27, the equations 


(1) Zea-1 = COS Ua, eq = SIN Ug 


represent an n-dimensional torus (the product of n circles) embedded in the 
Euclidian space. Furthermore, the metric induced on this torus is flat; with 
the given choice of parameters it is clear that ga, = 6. , where gas represents the 
fundamental metric tensor induced on the torus and 6,5 is zero if a differs from 
b and one if a and b are equal. This shows that there exists a flat n-dimensional 
manifold which may be sometrically embedded in 2n-dimensional Euclidian 
space. 

The object of this note is to show that it is impossible to embed a closed 
n-dimensional manifold in Euclidian space of less than 2n dimensions so that 
(1) the manifold admits a representation by Frenet equations with coefficients 
satisfying Gauss equations’ and (2) the metric induced on the manifold is flat. 
This result is already known for the case where n is two.” 

For purposes of convenience, indices chosen from the first part of the alphabet 
will have the range from 1 to n, and those from the last part have the range 1 to 
(n — 1). Latin indices, even when repeated, are not summed. Greek indices 
are summed. 


2. Algebraic lemmas. Let A be a matrix of n rows and n columns whose 
elements a.» are vectors in a real space of a fixed number of dimensions. A will 
be said to satisfy condition I if and only if 


(2) AacAba = Aad Qe, 


where the multiplication means the scalar product. A will be said to satisfy 
condition II if and only if the vanishing of any linear combination of any one 
diagonal element and any set of non-diagonal elements implies that the coeffi- 
cient of the diagonal element is zero; i.e., each diagonal element is independent of 
the non-diagonal ones. 


Lemma 1. If the matriz A satisfies both conditions I and II simultaneously, the 
elements aa lie in a space of at least n dimensions. 


Received July 15, 1938. The author is a National Research Fellow. 

1See H. Weyl, Mathematische Zeitschrift, vol. 12(1922), pp. 154-160; C. Tompkins, 
Bulletin of the American Mathematical Society, vol. 41(1935), pp. 931-936. 

2 L. P. Eisenhart, Differential Geometry, New York, 1909, p. 156. 
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Proof. Suppose the lemma false. Then there exists a matrix A satisfying 
conditions I and II, whose elements lie in an (n — 1)-dimensional space. Since 
these vectors all lie in an (n — 1)-dimensional space, at most (n — 1) of the 
vectOrs Gi, are linearly independent. Suppose a of them form a maximal set of 
linearly independent vectors; these a can be supposed to be the first a vectors 
of the row, for ay is surely included (because of condition II) among any set of 
linearly independent vectors of the row and others can be moved to arbitrarily 
chosen positions on the row by interchanging pairs of columns and the cor- 
responding pairs of rows alternately, a procedure which leaves the matrix 
satisfying conditions I and II. The vectors in the last (n — a) positions of the 
first row can be expressed as linear combinations of those in the first a positions; 
or, what is the same thing, some linear combination of the first a columns of the 
matrix can be added to each of the last (n — a) so thateach of the last (n — a) 
elements of the ‘first row becomes zero. Concerning the process of adding one 
of the first a columns to one of the last (n — a) columns of the matrix, it is 
important to observe that the process leaves condition I intact and condition II is 
satisfied by the matrix A; with (n — a) rows and columns in the lower right-hand 
corner of the new matrix. 

Now, condition I states that every vector of the matrix A, is perpendicular to 
eery vector of the first row of A. For, if aw is a vector of A; (i.e., a < a,b), 
condition I states that 


(3) Gab Ac = Acc Arp . 


The right member of this equation is zero since ay = 0 if b > a. Equation (3) 
states then that a» is perpendicular to a. for any allowed choice of indices. 
This is the assertion of this paragraph. 

However, there are supposed to be exactly a independent vectors in the first 
row, so vectors of A; must belong to a space of (n — a — 1) dimensions. Ay; is 
seen to satisfy both conditions I and II also, and the same reduction can be 
applied to it and a new and definitely smaller matrix obtained also satisfying 
the conditions. This leads to an obvious absurdity. Thus the assumption 
that the proposition is false is not valid. 


Lemma 2. Let A* (z = 1, 2,---, — 1) represent a set of (n — 1) real sym- 
metric’ matrices each with n rows and columns and denote by ai the elements of 
these matrices; suppose that the equations 


(4) Qac Aba = Gad Ae 
are satisfied for all choices of indices. Then the determinant of each matrix A* 
vanishes. 


Proof. If all the matrices A’ are simultaneously multiplied from the left by 
an orthogonal matrix, and from the right by the transpose of this matrix, a 
new set of matrices is obtained, and the elements of this set satisfy (4), and the 


3A. P. Morse has pointed out that these matrices do not have to be symmetric; elemen- 
tary transformations rather than rotations may be used in the proof. 
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determinants are the same as the original ones. By such a transformation 
any of the matrices may be made diagonal. 

Now suppose the proposition is false. Then there is a set of matrices A’ 
satisfying (4), and the determinant of one of these matrices differs from zero, 
By the procedure outlined above this matrix may be made diagonal, and none of 
the diagonal elements vanish. Now if we group corresponding elements of all 
the matrices into vectors, one matrix A can be constructed with elements which 
are vectors in a space of (n — 1) dimensions. Equations (4) state that this 
matrix satisfies condition I of Lemma 1 and the fact that one of the original 
matrices was reduced to diagonal form with diagonal elements not zero guaran- 
tees that A satisfies condition II. But this, according to Lemma 1, is impossible, 
for the vectors have only n — 1 components. Therefore Lemma 2 is true. 


3. The geometric theorem. In this section the algebraic lemmas of last 
section will be applied to establish the geometric result of the paper. 


TuHeoreM. A closed n-dimensional flat manifold which admits a representation 
by Frenet equations whose coefficients satisfy the Gauss equations can not be embedded 
isometrically in Euclidian space of less than 2n dimensions. 


Proof. Suppose that the manifold can be embedded in a Euclidian space of 
(2n — 1) dimensions. Then the Frenet equations of the manifold include 
equations 

io = Tada + Liste, 

where pa, represents the set of n vectors tangent to the manifold which are 
obtained by differentiating the vector X which expresses the codrdinates of the 
points of the manifold with respect to the n parameters of the manifold, u’; 
and ¢, represents a set of (n — 1) mutually orthogonal unit vectors arbitrarily 
chosen so that all are perpendicular to the manifold. The coefficients I, are 
the Christoffel symbols of the second kind. If the manifold is flat, the Gauss 
equations state that 


Ie 1 = Lele, . 


Since the manifold is closed, some point on it has a maximum distance from 
the origin; this point is found by finding the point on the manifold where the 
function X* attains its maximum value, where X again represents the vector 
from the origin to the point in question and multiplication is in the sense of 
scalar multiplication of vectors. The theorem will now be proved by demon- 
strating that such a maximum can not exist under the adopted restriction of 4 
(2n — 1)-dimensional embedding space. 

If X’ does attain a maximum value, then at that point the scalar product 


(5) xX 20 


au 
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for every choice of the index a. This implies that at that point the vector X is 
perpendicular to the manifold; the vectors ¢, may then be chosen so that X lies 
along the first one and perpendicular to all the others. The second derivatives 
of the codrdinate function X exist and are expressed through the Frenet equa- 
tions; the second derivatives of the function X° must also exist then, and the 
second derivative along any direction of the manifold must certainly be non- 
positive at the point where X° attains its maximum. This means that if us 
is the point at which the maximum is attained, and if a’ is any set of n numbers 
not all zero, and if corresponding to these numbers a curve passing through 
up is written 





ue = va + wm, 
then 
2 2 
ax <0 
dvdv 
atv = 0. 


Then by a straightforward calculation involving the Frenet equations and 
equation (5) the second derivative may be computed: 

@° x’ 

dvav 





= Wgaga*a” + 2(Xt,)Lesa*a’. 


Because of the choice of the vectors ¢, , the only one of the scalar products 
(Xtz) not zero is (X¢,), and this is definitely greater than zero. Since the 
numbers a* are not all zero, 


Jasa"a’ > 0, 
for the numbers gw are coefficients of a positive definite form. Then it follows 
that 
(6) Lisa*a” < 0, 


where the choice of a* is arbitrary except that not all these numbers are zero. 
Then (6) implies that Li, is the matrix of a negative definite form, but the 
matrices Lj, satisfy the conditions of Lemma 2 of the preceding section, and 
therefore the determinant of L}, is zero; thus L3, can not be the matrix of any 
definite form and a contradiction is reached. 


Tue INSTITUTE FOR ADVANCED Stupy. 











SIMULTANEOUS INVARIANTS OF A COMPLEX AND SUBCOMPLEX 
By C. E. Ciarx 


Part I. Introduction 


1. Let P” (of dimension n) and Q be finite Euclidean polyhedra with Q C 
P =P”. (We use the definitions and notation of P. Alexandroff and H. Hopf, 
Topologie, 1.) Moreover, let P and Q admit of a permissible simplicial division 
K_, , i.e., a simplicial division of P such that some subcomplex of K_, , say L.,, 
is a simplicial division of Q (it is not assumed that the simplexes of K_, are 
Euclidean simplexes). Let K, and ZL, denote the second proper barycentric 
subdivisions of K_, and L_, , respectively (the word proper indicates that centers 
of gravity are used). We define the neighborhood N, of L, to be the simplicial 
complex consisting of the simplexes of K, that have at least one vertex in J, 
(together with the sides of all such simplexes). 

This neighborhood N, depends upon the permissible simplicial division em- 
ployed. However, we prove in this paper that certain properties of N; are 
independent of the permissible simplicial division. 

In the first place, we prove that the structures of the following groups are 
invariant when the permissible division is changed: (a) the Betti groups (with 
respect to a pair of coefficient domains as in Alexandroff-Hopf, p. 205) of the 
simplicial complex B, consisting of the simplexes of N; that have no vertex in 
L, , (b) the Betti groups of the simplicial complex R; consisting of the simplexes 
of K, that have no vertex in L, , (c) groups consisting of homology classes of B, 
that bound in R, (cf. H"(B,, R,) of Alexandroff-Hopf, p. 345), and (d) groups 
consisting of homology classes of B, that bound both in R; and N, (ef. N"(Ni , Ri) 
of Alexandroff-Hopf, p. 292, 8). For the definitions of groups (c) and (d) 
see §8. A relation among the groups is given in §9. 

These results have already found applications in the study of generalized 
and singular manifolds. 

The essential feature of the proof is the construction of a set of rays (called 
deformed rays) which are conveniently related to the subdivision of N; and along 
which cycles can be homotopically deformed. 


Part II. The deformed rays 


2. The straight rays. In §2 we study K_,, a fixed permissible simplicial 
division of PandQ. We assume in this section that K_, is a Euclidean complex. 
Let K; and L; (i = 0, 1, 2, --- ) denote the (¢ + 1)-th proper barycentric 
subdivisions of K_, and L_,, respectively. Let N;, i = 0, be the simplicial 


Received August 3, 1938; some of the results of this paper are contained in the thesis 
presented by the author for the doctor’s degree at Cornell University. 
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complex consisting of the simplexes of K; that have at least one vertex in L; 
(together with the sides of all such simplexes). Let B; consist of the simplexes 
of N; that have no vertex in L;. WewriteB = B),L=ly),N=No. 

We shall first study the regions N — L and construct rays (topological 1- 
simplexes) such that cycles of N — L can be homotopically deformed by moving 
the points of the cycles along the rays. 

Let o” (p = 1, 2, --- , mn) be a p-simplex of N such that o” has at least one 
vertex in Z and at least one vertex not in L. Any such o” has a g-dimensional 
side o* in L and the opposite side o” *" in B (because K is the subdivision of K_:). 

We know that o” is the join (as defined in 8. Lefschetz, Topology, p. 110) of 
cand o” *". Let the straight line segments that join points of o* to points of 

¢” *" be called the straight rays of o”. The aggregate of all straight rays of 
i o” CN shall be called the draight ¢ rays of N. Through any point of N — 
(L + B) there passes exactly one straight ray of N. 





3. L(é), B(é), and B,(é). We shall now use the straight rays of N to project 
points of N — (L + B) into L, B, and B,. 

For a point § C N — (L + B) let U(&) denote the unique straight ray of N 
through ¢. Let L(£) be the end-point of U(é) in L. Let B(é) be the end-point 
of U(é) in B. Let B,(&) be the intersection of U() and B, . 


Lemma 1. L/(é), B(é), and B,(é) are single-valued, continuous functions of &. 


Proof. The continuity of L(£) and B(é) is well known. 

To prove that B,(é) is single-valued and continuous let — C o” — (¢*+0” *”), 
? being defined as in §2. Weshalkrepresent the points of o” in a barycentric co- 
ordinate system whose fundamental points are at the vertices of o”. Further- 
more, coérdinates will be normalized so that the sum of the coérdinates of a 
point is always one. 

Let 7? (j = 1, 2, ---, p!) be the wer of the proper barycentric sub- 
division of o ? that ~anat a vertex at (1, 0, , 0). Let & = (m, my, --+ , My). 
We now prove that a necessary and sufficient condition that — C es 7} is™ 2 

j=l 
m. (c = 0, 1, ---, p) (simplexes are closed as point sets). Suppose that 
{C 7r?. We can permute the vertices of the codrdinate system so that the 
codrdinates of the vertices of 7? are ag = (1,0, --- , 0), a: = (4, 3, 0, --- , 0), 
, = = oe po 544): In this new coérdinate system we 
have § = (1%, 1, --- , M,), the m’s being a permutation of the m’s with i% = 
m. Since  Cr?, £is the center of gravity of non-negative weights no ,m, ---, 


+, > n- = 1, placed respectively at ap, a1,---,a@,. We have the relations 


1 1 


(1) ne Ne + pint es Np (c = 0,1, ---,p). 


Obviously 779 = m, and hence m = m, (c = 0,1, --- , p). 
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Conversely, if m = m,, permute the fundamental points of the codrdinate 
system so that — = (iio, --- , M,), the m’s being a permutation of the m’s with 
ig = mM and Mig = May1, d < p. In this new coérdinate system the points 

1 l 
7 (1, 0, privy , 0), = (3, 3; 0, i on 0), “+. eo (hy — ae sti) 


are the vertices of some 7/’, say 7,’. 

Equations (1) can be solved for ng = (d + 1)(ma — May:) 2 0, d < p, and 
ny = (p+ 1)m, 20. Hence £ is the center of gravity of non-negative weights 
placed at the vertices of r?. Hence — C >> 7}. 

j=1 

By this method we prove the 

Auxitiary Lemma. The condition m, = m, (c = 0, 1, ---, p) is a@ necessary 
and sufficient condition that —§ = (mo, m, --- ,m,) is in a p-simplex 1” of the 
proper barycentric subdivision of o” such that one vertex of r” is the vertex of 
o” associated with the weight ma . 


We observe that  C B, means that £ is contained in two p-simplexes of the 
subdivision of o”, one of these simplexes having a vertex at a vertex of o* and 
the other having a vertex at a vertex of o” *". From now on let the first g + 1 
fundamental points of our coérdinate system be at the vertices of o*. Then 
£ C B, if and only if 


(2) m =m =m, (c = 0,1, ---,p) 
for at least one pair of integers A, » such thatO S A Sq<uSp. Let the 
end-points of the straight ray U(£) be L(é):= (hb, hi, ---,l,,0,---,0) and 
B(é) = (0, --- , 0, boss, --- , bp). The points of U(é) are 


(3) nt) = tt, th, -+-, tly, (1 — bg, ---,(1— bo} (StS). 


By (2) the intersections of l’() and B, are the points n(t) given by the values 
of ¢ satisfying 


(4) tmaxil, = (l1—t)maxb (OSe 59 <f & p). 


Since max |, + max by > 0, B,(é) is single-valued. Since the l’s and b’s 
are continuous functions of the coérdinates of ~ (using tie well-known fact that 
L(é) and B(é) are continuous), and since the maximum of a finite set of con- 
tinuous functions is continuous, it follows from (3) and (4) that B,(£) is con- 
tinuous in «” — (o° + o” *"). The continuity in N — (L + B) follows im- 
mediately. 


4. The point set 8. It happens that the straight rays of N do not always 
meet Bz in a single point. However, we shall deform the rays so that they will 
meet B, and determine a single-valued, continuous function. 

We now define a point set 6 such that the straight rays of N meet 8 in one 
point and determine a continuous function. Later we shall define a homeo- 
morphism which sends 6 to Be: . 
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Let 0 <e«< 1. Let E, CL be one end-point of a straight ray U of N and 
let E. C B be the other end-point. Let ¢ be the unique point of U’ such that 


d(f, E;) ~ € 7 
d(¢,E:) 1—e’ 
the symbol d denoting Euclidean distance. Let 8(e) be the locus of ¢ as U varies 
in N. Since the complexes considered are finite, we can choose « so small that 
B(e1) oa Neo . Let B = B(e). 
Let & = (mo, m, --+,Mm,) Co”, where our coérdinate system still has its 
first g + 1 fundamental points at the vertices of o*. £& is the center of gravity 
q Pp 
of the two weights >> mz placed at E, = L(é) and > m. placed at E, = B(é). 
d=0 e=qtl 
Hence we have the 


AuxitiaRy Lemma. A necessary and sufficient condition that — C 8B is that 


For & CN — (L + B) let 8(&) be the intersection of U(é) and 8. 
LemMa 2. £(£) is single-valued and continuous. 


Proof. U(é) is given by (3). By the auxiliary lemma of this section the con- 

dition that n(t) C B is > (1—t)b} = «a. But > b; = 1 because the b’s are 
f=qtl f=qtl 

the codrdinates of a point. Hence the condition reduces tot = 1 — «. Hence 

8() is unique, and we see from (3) that it is continuous in «? — (e* + o” *") 

and hence in N — (L + B). 

Consider now the straight rays of N, defined for N; as the straight rays of N 
are defined for N. For & C N, — (L + B,) let 6,(&) be the intersection of 8 
and the unique straight ray U(é) of Ni through &. 

LeMMA 3. §;(£) is single-valued and continuous in N, — (L + B,). 

Proof. Let & CN, — (L + B;) and Co’ with o” still a simplex of N — L. 
As before, use a coérdinate system with fundamental points at the vertices 
of o”. U,(&) is the join of (kh, --- ,1l,, 0, --- , 0) and (m,m,---,n,) CB. 
The points of U,(&) are ¢(t) = {tl + (1 — t)mo, ---, (1 — Ong, ---, (1 — dnp} 


(0< ts 1). The condition that ¢(t) C8 is = (1 —t)ny = «&. We have 
f=qtl 


p 
> ny > 0 because otherwise (nm, --- ,”,) would be in L. Hence we can 
f=qt+l 


solve for t. To have 0 < t < 1 we must have > ny >«. This inequality 
f=qtl 

is a consequence of the auxiliary lemma of this section and the fact that a 

straight ray of N meets B, B,, 8, and L in that order. It follows that 8,(&) 

is defined and is unique for each £; also it is seen that 8,(£) is continuous. 


5. The homeomorphism D(t). We now define a transformation D(é) of 
N, — (L + B)) into itself. Let U, denote a straight ray of N; and let P; and P, 
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be the intersections of the ray U,; with 6 and B,, respectively. Consider the 
projective transformation of U, into itself which leaves its end-points invariant 


and which carries P, into P.. As U, varies in NA —_ L, we have a (1, 1) trans- 
formation of N, — L into itself which we denote by » = D(é). 

Lemma 4. D(é) is a homeomorphism of Ny — L into itself. 

Proof. Since D(&) is (1, 1), it is sufficient to prove that D(£) is continuous 
in N, — L. 

Let § CN, — (L + B,). Let £, and E£, be the end-points of U; in L and B,, 
respectively. Then D(é) is given by the relation 


(5) d(&, Ex) ,d(G, Ex) _ (Pi, Ei) (Pi, Es) 
d(n, E)'d(n, Es) — d(P2, E:) d(P2, Es)’ 
where P,, P2, E;,, and Ey are determined by U;(£). We rearrange (5) and 
define f by 
d(n, E,) dé, E:) d(Pi, E;) d(P2, E;) = 


(6) d(n, E:) ~ d(&, B:)d(Ps, Ey) (Py, Bs) ~ 7 


We see that f > 0 and that f is a continuous function of — in N, — (L + B,) 
(Lemma | applied to the straight rays of N; and Lemma 3). (6) reduces to 


d(E,, Es) 

tC a 
We see that d(n, E,) is a continuous function of &, and hence 7 is a continuous 
function of — in N, — (L + B,). 

To prove continuity in N, — L — B, we observe from (6) and (7) that d(», F;) 
approaches zero as £ approaches E,. Hence d(n, E;) approaches zero as § 
approaches L because the angles that the straight rays make with any o* are 
greater than a fixed positive number. Since d(£, 7) < d(n, E,) by the definition 
of D(é), it follows that d(, ») approaches zero as approaches L. This shows 
that D(£) is continuous in N; — L at points of L. Finally, we can prove con- 
tinuity at points of B, in a similar way. 





(7) d(n, E,) = 








6. The deformed rays. Apply D(é) to the points of the straight rays of N 
that are in N,. Let the transforms of the straight rays be called the deformed 
rays of N and be denoted by U(é). 

Lemma 5. U(£) meets L, B, B, , and Bz in points L(£), B(=), Bi(é), and B2(§) 
which are single-valued, continuous functions of in N — (L + B). 


This lemma follows from the single-valuedness and continuity of L(£), B(é), 
B,(), and (£) and the fact that L(¢) = LD™'() (= DLD™()), B(é) = BD '(8), 
B,(¢) = B,D™(é), and Bx(t) = DBD™(é). 


7. Fundamental theorems. Let there be given an Abelian group J. All 
cycles mentioned throughout the paper have coefficients in J (as in Alexandroff- 
Hopf, p. 176). 
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Let R;, i 2 0, be the simplicial complex consisting of the simplexes of K; 
that have no vertex in L. 


THeorEM 1. For 1 S i < j there is a homeomorphism between B; and B; 
such that corresponding continuous cycles can be homotopically deformed into each 
other along deformed rays; furthermore, if the continuous cycles Z; C B; and 
Z; C B; correspond in the homeomorphism, then Z; bounds in either B;, Ni, 
or R; with respect to the Abelian group I' > I if and only if Z; bounds in the 
corresponding B;, N;, or R; with respect to I'. To bound with respect to I’ is 


to bound an algebraic complex with coefficients in I’. 


Proof. Just as we have deformed rays of N, we also have deformed rays 
of N;,7 > 0, which meet B;,; and B;,2 so as to give single-valued, continuous 
functions. The deformed rays of N;., 7 2 1, determine a homeomorphism 
between B; and B;,; such that corresponding continuous cycles can be homo- 
topically deformed into each other along the deformed rays. Let Z; and Z;4; 
correspond in this homeomorphism. Since Z; and Z;,; are homotopic, we have 
Z; ~ Zin in Ni — Nixa with respect to J and hence with respect to I’ D I 
(Alexandroff-Hopf, p. 340). Suppose Z; bounds in X; with respect to I’, 
where X; is either B;, N;, or R;. Then Z;,; bounds an algebraic complex Y 
inX; + Ni — Nig = Xin + Ni — Nias, the coefficients of Y being in I’. 
The points of Y that are in N; — Nj: can be continuously deformed into Bj, 
along the deformed rays. Hence Z;,; bounds in X;,; with respect to J’. The 
proof of Theorem 1 is readily completed. 


THEOREM 2. Any continuous cycle of N; — (Li + Bi), t 2 0, can be homo- 
topically deformed along deformed rays into a cycle of either L or any B;,j 2 1; 
for any given cycle the deformation used is uniquely defined, and the transform of 
the sum of two cycles is the sum of the transforms. 





Proof. The given cycle can be homotopically deformed along the deformed 
rays of N; into either L, B;, Bis; , or Bisg. The case j > i + 2 can now be 
handled by Theorem 1. 

Let k_, be a second permissible simplicial division of P and Q (defined in §1) 
and let n; , b; , and r; be defined for k_, as N; , B; , and R; are defined for K_, . 


TaeoreM 3. If Ni D ne D Na Dn, then any continuous cycle Za C Na 
can be homotopically deformed in n, — Ne into a cycle z. of n. ; the deformation 
used is such that z, is uniquely determined by Za and if Zi is deformed into 2) 
(k = 1, 2), then Z} + Z3 is deformed into zi + 22; furthermore z. bounds in be, ne, 
or r, with respect to I’ D I tf and only if Za bounds in the corresponding Bz , 
Na, or Ra with respect to I’. 


Proof. We consider Z, to be a continuous cycle of n, and obtain the uniquely 
defined cycle z. of b. by the procedure of Theorem 2 (using deformed rays of k 
rather than K). Obviously the transform of the sum of two cycles is the sum of 
the transforms. Suppose z, bounds in z, with respect to J’, x, being b, , me, OF Te. 
Since Z, is homotopic and hence homologous to z, in n. — n- with respect to J, 


Z; bounds in Xz + n- — me With respect to I’. As before it follows that Z4 
bounds in Xz. The proof is readily completed. 
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Part III. Invariant groups 


8. Groups related to B,. We now define certain groups and prove them 
to be topologically invariant. Given four Abelian groups J, , I: , J3, and J, 
the last being a common subgroup of the first three. Consider the r-cycles of 
B;, i 2 1, with coefficients in J which bound algebraic complexes of R; with 
coefficients in J,. These cycles form a group G’(B; , R;) with respect to addi- 
tion of cycles. Let H’(B;, R,) be the subgroup of G’ (= G'(B; , R,)) made up 
of the cycles of G’ that bound in B; with respect to [,. Let S’(B;, Rj) = 

Y — H' (r = 0,1,---,n) (ef. H'(B;, R,) of Alexandroff-Hopf, p. 345). 

If Jz DJ, , then S’ is the subgroup of the r-th Betti group of B; (with respect 
to I, I,) composed of those homology classes whose cycles bound in R; with 
respect to J;. Even if I, > I,, S’ is the subgroup of the Betti group com- 
posed of those homology classes which contain at least one cycle that bounds 
in R; with respect to J¢ . 

Similarly, let G(R; , Ni), i = 1, be the group of the r-cycles of B; that bound 
both in R; with respect to J, and in N; with respect to J;. Let H’(R;, Nj) 
be the subgroup consisting of the cycles of G’ that bound in B; with respect 
tol,. Let '(R:, Ni) = @ — H' (r = 0,1, --- , n) (ef. the Nahtzyklen of 
Alexandroff-Hopf, p. 289). 

Let B’(B;) be the r-th Betti group of B; with respect to the coefficient do- 
mains J, J; . 

Letting small letters still refer to a second permissible division of P and Q, 
we have 

TueoreM 4. B’(B,;) = B’(b;), S’(Bi, Ri) = S'(bi1, 1), and T’(R,, Ni) = 
I"(r:, m) (r = 0,1, --- , m). 

Proof. We give only the proof of the invariance of S’. The other two 
groups are handled in the same way. 

We have S’(B, , R:;) = S’(Bz, Ra), d > 1, as a consequence of Theorem 1. 

There is an integer c 2 1 such that N; Dn.. To see this we take a homeo- 
morph of k that is a Euclidean complex. Then since k is finite, we can sub- 
divide k until the diameters of the simplexes become less than the distance 
between L and B,. 

Let Ni Dn. DNa Dn, DN; Dn,. We need only show that S’(Ba, Ra) = 
S’(b., re). Consider the cycles of Ba that bound in Rg. By Theorem 3 these 
cycles deform into a set of cycles of b, which classify to determine a subgroup 
of S’(b. , re), say 7, which is isomorphic to S’(Ba, Ra). It is now sufficient to 
show that if a cycle z, C b, bounds in r, with respect to J: , then z, is homologous 
to one of the cycles that define 7. By Theorem 2 z, can be homotopically de- 
formed into Zz C Bain Na — N;. We have Za ~ z. in Na — N; with respect 
to J. Since z,. bounds in r,, it follows as above that Zz bounds in Rg with 
respect to J,;. Hence there i is a cycle z, C b, which is homologous to Ze i in 
Te — ne with respect to I; : z, is one of the cycles that define 7. We have z. ~ t, 
in n. — n, with respect to J and hence in b, with respect to J,;. The proof 
is complete. 
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9. A relation among the invariant groups. Let S’(L, K) be the factor 
group A — B, where A consists of the r-cycles of L that bound in K with respect 
to J,, and B is the subgroup consisting of the cycles of A that bound in L 
with respect to J, . 


TueoreM 5. If I, = Ip = I, then 
rank S'(B,, R,:) = rank S’(L, K) + rank I'(R:, Ni) (r = 0,1, ---,n) 
(the ranks may be finite or infinite). 


Proof. In this proof all cycles have coefficients in J, all homologies and 
bounding relations are with respect to J, , and linear independence is always 
with respect to the integers. 

First assume that the ranks of S’(L, K) and I” are finite and equal to « and 7, 
respectively. Then there is a set of r-cycles 2, x2, ---,2- of L which are 
linearly independent with respect to bounding in L and such that if the r-cycle 
z C L bounds in K, then there is a relation ax + a°x. ~ 0 in L, the a’s being 
integers with a’ ~ 0 and the repeated index indicating summation. Similarly 
there is a maximum set of linearly independent r-cycles of B, that bound in 
R, and Ni, say gi, 92, ++, Gy- 

We have z, = C, the dot indicating boundary and C being an algebraic 
complex of K with coefficients in J;. We may assume that z, and C are simpli- 
cial complexes of Ki. We have C = C, + C2, C; C Ni and C;, C R, (Alex- 
androff-Hopf, p. 289). Let y= 2 — C, = C2. Wehave y. C Bi, ye ~ % 
inN,;,andy.~ Oin R,. 

We next show that y1, y2,--- ,Ye, $i, G2, °**,Gy are independent with 
respect to bounding in B,. Suppose 6°y. + 8gg ~ 0 in B,, the 6's and 4’s 
being integers. Since each gg ~ O in N; by definition, we have p’'y. ~ 0 
inN,;. Hence 6°x, ~ 0 in N; and hence in L by Theorem 2. Hence p° = 0 
(= 1,2,---,0). Hence 649g ~ 0 in B,. Hence 6° = 0 (d = 1, 2, --- , ) 
and the desired independence is proved. 

It follows that rank S’(B,, Ri) =o + y. We now show that the equality 
holds. To do this assume that z C B; boundsin R,;. By Theorem 2 z can be 
deformed into z’ C L such that 2’ ~ zin N,. We see that 2’ bounds in K. 
Hence there are a’s such that a’z’ + a’x, ~ 0 in L, a + 0. This implies 
az + aye ~ 0 in N;. But this homology holds in R, because each term 
bounds in R;. Hence by the definition of the g’s we have a relation 
Baz + a°ye) + 8'ga ~ 0 in B,, 8° ¥ 0. This proves that rank S’(L, K) = 
¢+ vy and that Theorem 5 holds when o and y are finite. 

Suppose now that rank S’(B,, R;) is infinite. The above discussion shows 
that one of the other ranks must be infinite and that the theorem holds. If y 
isinfinite, then rank S’(B, , R:) is infinite because I” is a subgroup of S’(B, , Ri). 
Finally suppose that o is infinite. By the above procedure of obtaining the 
y's from the 2’s it is easily shown that rank S’(B,, R;) is infinite. Proof of 
Theorem 5 is complete. 
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10. We now show by example that Theorem 5 can not be generalized to read 
S'(B,, Ri) = S'(L, K) + T'(Ri, Ni). Consider a projective plane 7 and a 
2-simplex ¢. Determine a homeomorphism between the boundary of o and a 
projective line of x. Identify points that correspond by the homeomorphism. 
Let L be x. B, is a circle on ¢. Use the integers for all coefficient domains. 
Then S'(B, , R;) is the additive group of the integers, and S’(L, K) is of order 2. 
Hence the above group isomorphism can not hold regardless of what I’ is. 


11. Tueorem 6. The Betti groups of R and r (with respect to I, I’) are iso- 
morphic. 
This result follows from the theorems of §7 by the methods of Part III. 


Appendix 


If each straight ray of N meets B, in exactly one point and if the projection of 
points into B, along the straight rays is a continuous transformation, then it is 
unnecessary to introduce deformed rays. However, we give here an example 
of a K and L such that some straight rays meet B: in more than one point. 

Let o” still be a p-simplex with one side in L and the opposite side in B. 


THEOREM. Given & C o”; a necessary and sufficient condition that —§ C N;, 
is that there is a barycentric coérdinate system with fundamental points at the 
vertices of o” such that the following conditions hold: 

(a) if the codrdinates of — are (m,, mez, --- , Mps1), then m; = Mj (7 ZS P), 

(b) for some integer a > 0 the first a fundamental points are in L while the 
(a + 1)-th fundamental point is in B, and 

(c) for some integer 8 S a we have 


(8) B(mg — Mgxi) 2 1(m; — Miss) @ Sp+t+)) 


with the convention that mpi2 = 0. 

Proof. First we prove the necessity of the condition. Let r be a p-simplex 
of the barycentric subdivision of o” with ¢ C 7. Consider the codrdinate 
system such that the codrdinates of the k-th vertex of r are the elements of the 
k-th row of 


1 0 Pe eee ly 
} 0 iam 0 | 
jp+1l1 p+1 pt+l p+ 


We shall show that for this coérdinate system the conditions (a), (b), and 


(ce) hold. 

From (9) we see that the first k vertices of r are in L if and only if the first t 
fundamental points are in L. Also if the (k + 1)-th fundamental point is 
in B, then every vertex after the k-th is not in ZL. Since § C r-Ne, the first 


- wl 


(9) 
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vertex of risin L. Hence there is a number a > 0 such that the first a funda- 
mental points are in L but the (a + 1)-thisin B. Condition (b) is verified. 


Since & C 7, & is the center of gravity of a set of non-negative weights 
pt+l 


Mm, Ma, *** » Nps, pm n; = 1, n; being placed at the i-th vertex of r. Since 
t=1 

t C Nz and since the first a and only the first a vertices of 7 are in L, it follows 

from the auxiliary lemma of §3 that there is an integer 8 < a such that nz = nj, 


ispt i. 
As in §3 we have 


1 1 1 : 
(10) sade forte <3 idee f 2 woe @@ Sp+ 1). 
From (10) m; = mjs1,j S p. Hence condition (a) holds. Solving (10) we get 
(11) ny = (ms; — Mis) (@@ S p+), 


where mai2 = 0. From ng 2 n,; we get condition (c). The necessity of the 
condition that ¢ C Ne is proved. 

To prove the sufficiency we start with the hypothesis that a coérdinate 
system is given with fundamental points at the vertices of o” and such that 
conditions (a), (b), and (c) hold for a given point & We must show that 
ECN2. 

The rows of the matrix (9) are the coérdinates of the vertices of a simplex + 
of the subdivision of o”. Condition (b) states that the first a vertices of r 
areinL. Solving (10) we obtain a set of weights m, , ne, --- , %p41 given by (11). 
From (11) and condition (a) we see that the n’s are non-negative. From (11) 
and condition (c) we have ngs 2 ni,7 S p+ 1. Using the auxiliary lemma 
of §3, we infer that & is in a p-simplex w of the subdivision of 7 such that a 
vertex of wisin LZ. This means § C N;. Proof of the theorem is complete. 

We now exhibit a straight ray that meets B, in more than one point. Con- 
sider a o” with ninety-one vertices in L and two in B. Consider the straight 
ray that joins (+5, rds, réo, --- » réo, 0, 0) and (0, --- , 0, 3, 3). The points 
of this ray are 

n(t) - {yot, Toot, hiss » Toot, 3(1 aoe! t), (1 nat t)} (0 Ss t  * 1). 
Using the above theorem, we verify that (}§§) is in Nz, but ($$$) is not 
in Ne. Hence the straight ray passes in and out of Nz and meets B, at least 
three times. 
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LINEAL ELEMENT TRANSFORMATIONS OF SPACE FOR WHICH 
NORMAL CONGRUENCES OF CURVES ARE CONVERTED INTO 
NORMAL CONGRUENCES 


By Epwarp KasNER 


A doubly infinite family of curves in space for which orthogonal surfaces 
can be constructed is called a normal congruence. In this paper all transforma- 
tions of lineal elements (x, y, z, y’, 2’) of space are determined such that every 
normal congruence of curves shall be converted into a normal congruence. The 
infinite group obtained is shown to be isomorphic with the group of contact 
transformations in space of planar or surface elements (z, y, z, P,Q). (The only 
transformations in the new group which convert curves into curves are the 
conformal transformations, which form a ten-parameter group.) Our result 
may also be stated in this form: the only transformations which carry every 
pair of partial differential equations in involution into a pair of partial differen- 
tial equations in involution are the contact transformations. That is, if every 
set of «* planar elements which are obtained from a set of ~' surfaces is sent 
into a set of the same kind, then necessarily every single union is converted into 
a union. 

We thus obtain a new characterization of the contact group in space. We 
do not assume that the individual surfaces in the family of ©’ surfaces are 
converted into surfaces. But from our complicated proof it does result that if 
every integrable field becomes such a field, then the individual unions are actu- 
ally converted into individual unions; and therefore the result is a contact trans- 
formation. 

A lineal element E is usually defined by the coérdinates (zx, y, z, y’, 2’), where 
(x, y, 2) are the Cartesian coérdinates of the point of the element E and (1, y’, z’) 
are the direction numbers of the direction of the element Z. From this it is of 
course obvious that in the case where «° lineal elements form a curve (or union) 
y’ = dy/dz and z’ = dz/dz. Thus y’ is the total derivative of y with respect to 
x and 2’ is the total derivative of z with respect to z. But in our work it will 
be more convenient to define an element E by the coérdinates (z, y, z, p, 9), 
where (z, y, z) are the Cartesian coérdinates of the point of the element FE and 
(p, gq, —1) are the direction numbers of the direction of the element Z. From 
this it is seen that in the case where ~' lineal elements form a curve (or union) 
p = —dx/dzand q = —dy/dz. Thus p is minus the total derivative of x with 
respect to z and qg is minus the total derivative of y with respect to z. The 
relationships between the old and new coérdinate systems are obviously p = 


Received August 22, 1938. The results were presented before the American Mathe- 
matical Society (1906) and the International Congress at Zurich (1932). I wish to thank 
J. De Cicco for his valuable assistance in writing this paper. A somewhat shorter dis- 
cussion, using infinitesimal transformations, will be published elsewhere. 
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-1/z’ and g = —y’/z’. Henceforth, when we speak of the codrdinates of a 
lineal element, we shall always mean the codrdinates (z, y, z, p, q). 

A planar element £ is, of course, defined by the codrdinates (2, y, z, P, Q), 
where (x, y, z) are the Cartesian coérdinates of the point of the planar element 
Band (P, Q, —1) are the direction numbers of the normal direction of the plane 
of the planar element E. From this it is seen that, if ©” planar elements form 
asurface (or union), P = @z/dxr, Q = dz/dy. Thus P is the partial derivative 
of z with respect to x and Q is the partial derivative of z with respect to y. 

From the preceding it is an immediate consequence that if a lineal element 
and a planar element which have a common point (z, y, z) are orthogonal, then 
they must have the same coérdinates; that is, p = P, andqg = Q. The advan- 
tage of using the codrdinates (x, y, z, p, g) for a lineal element E is now seen as 
follows. When we find the group of lineal element transformations which 
convert every normal field of lineal elements into a normal field of lineal ele- 
ments, we are led to the conclusion that the functions X = X(z, y, z, p, q), 
Y= Y(z, y, 2, p, 9), 2 = Zz, y, 2, p,q), P = Plz, y, 2, p, 2), 2 = QZ, y, z, 
p,q), Which define any lineal element transformation of the group, must satisfy 
the partial differential equations obtained by Lie in connection with the group 
of contact transformations of planar elements. . Since (z, y, z, p, q) also denotes 
the planar element orthogonal to the lineal element, it is then immediately obvi- 
ous that the group of lineal element transformations which convert every normal 
field into a normal field is isomorphic with the group of contact transformations 
of planar elements. 


1. Normal congruences of curves. A doubly infinite family of curves in space 
for which orthogonal surfaces can be constructed is called a normal congruence. 

It is found that the necessary and sufficient condition that the ~* curves whose 
differential equations are 

dx dy 
dz _ p(a, Yy; z), dz _— q(x, Y, z) 
be a normal congruence is that the functions p(x, y, z) and q(x, y, 2) satisfy the 
condition 
PQ: — UP: — Py + Gz = 0. 


2. Normal fields of lineal elements. A set of ~«° lineal elements in space is 
sid to be a normal field if the set of ~* curves containing them is a normal 
congruence. 

From §1 and the definition of a normal field of lineal elements, it is found that 
the necessary and sufficient condition that the «°* lineal elements . 


P= p(z,y,2), 9G = 2, y, 2) 


a normal field is that the functions p(x, y, 2) and q(x, y, 2) satisfy the partial 
diferential equation 


Pd: — WPz — Py + Qe = O. 
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3. Normal fields of lineal elements into normal fields of lineal elements. 
FUNDAMENTAL THEOREM. The necessary and sufficient conditions that th 
lineal element transformation 
X = X(z,y,2,p,9), Y=Y(a,y,2,p,9), 2 = Z(x,y,2,p, 9), 
P= P(z,y,2,p,9), Q = Q(z, y, 2, DP, 9) 


convert every normal field of lineal elements into a normal field of lineal elements 
are that the functions X, Y, Z, P, Q satisfy the four partial differential equations 
of first order 


Z.+ pZ, = P(X. + pX.) + Q(Y. + pY,), 
(L) Z, + 94, = P(X, + qX:) + QV, + a), 
Z, = PX, + QY;, Z, = PX, + QY,. 
Thus the infinite group of lineal element transformations which convert every normal 


field of lineal elements into a normal field of lineal elements is isomorphic with the 
group of contact transformations of surface elements. 


Under our transformation, we must have 
(1) PQz — QPz — Py + Qx = 0, 


whenever 


PQ: — YP: — Py + Gz = 9. 
It is found that (1) may be written in the form 
(X.+Xppe+ XqqGe Xy+Xppy + Xa, Xz + Xppe + XoGs 
P| Y2+ Yppe + Yod: Yy + VoPy + YoQy Ye + YoDs + Yo% 
| Qe + Qype + Qade Q, + QoPy + Qed Qe + QpDe + Quad | 


|X2+Xppe+ Xeae X,+Xopy + Xeqy Xe + Xpp. + Xee| 
| 
—-Q Y, + Y pDz + Y 0G Y, + YpPy + Y 9% Y, +> YpDs + Yo | 


) P. + Ppp: + Pod P, + Pop, + Ped P+ Pops + Pod 
(2 
Xz + Xppet+ Xqqe Xy t+ Xppy + XqQy Xe + XpPs + Xo% 


- | P.+ Pope + Pag: Py t+ Pop, + Pag, Pz. t+ Pods + Pod 
| Zi t+ Zope t+ Zeq2 Ly t+ Zppy t+ Zedy Ze t Zope + Zo% | 
Q: + QppPe + Qede Qi + QPv + Q.q Qe + QrDe + Qed 
+ | Yet Yopet+ Ved: Yu t+ VoPy t+ VoQy Ye t+ Vode + Yoqs| = 9, 
|Ze+Zppe+ Zee Zy+Zppy + Ze Zet+ Zope t+ Ze% 
where gz = Py + 9P: — P4- 
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The equation (2) must be an identity in pz, Py, Ps, Ww» Ye; after we elimi- 
the nate Jz- Upon setting the coefficients equal to zero, we thus obtain the nine 
equations 
Pp | 2) Pp qa 2 
Y, Ye Yel +|Xp X, X.| =0 
P QQ @| IP, Pe P| 
ms 'pPp Yy @q >. 3. ee 
Y, Yy Ye|+|X, Xv Xj =0 
10, Q Ql IP Py Pe 
Db Gg 2| , .8.,5 
IY, Yy Ye) +|Xp X, Xs| =9, 
nal 
the 1Q QQ &% [Pp Py Ps 
2 qa P| | 2 q PD 
[Ye Ye Yp|+|Xe Xe Xp|=0, 
Qe Q. Q| \Ps Po Pr 
2 @ 81 |2 @ 8 
Y. Y, Y.|+|X- X, X.| =0, 
Q. Q @| IPs Pe P, 
(3) z 7] Zz £ 7] z 
Y. Y, Yei\+|X- Xy X.| =0 
Q@ @ Py Fy Fe 
|} p 2 Ep # q 9 3 q 9 2) 
Y. Yp Yel t|Xe Xp Xsi+\¥e Ye Yel +X. Xy X| =O, 
Q Q@ P. P, P, Q W@W @ PR  % 
| gy DB tz Y B | 
Ye |e Y,| + X, X, Xp! 
Q. Q Q| IPs Py Ps | 
a q 9 #| | 4 g 2 
+q|Y¥. ¥Yy Ys a X, X,|=0, 
iQ Q@ P, Py, P, 
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76 
£9 GF = gy 4 
ve Ba Y,| +{|X. X, X,| 
Q Q QQ) P, P, P, 
where 
z 
gy 
(4) z 


Q Q, 


= Z, — PX, -— QY., 
is Zy me PX, — QY,, 
= Z, — PX, — QY;, 


Q. 


p= Z, — PX, — QY;, 
G = Z, — PX, — QY,g. 


Our problem is to discuss this complicated set (3) and to show that we necessarily 


obtain Lie’s conditions (L). 


is easy to show that (3) is a consequence of (L). 


introduce the following abbreviations: 


Y, Ye| |X. X,| 
Fe a1 1k AY 
ou lke Ye - Zz. X.| 
'Q, Q, if Pei 
6 a 2 ; oe 
(5) a y P 4 y 4 I 
Q% Q, | \Py P, | 
va Bal > + 
G = "| + | "|, 
\Qs Qp| [Ps P»| 
7 Fi Xe Ze 
I =| + ’ 
1Qe Q.| |Ps Po! 


iy FF Fi 


From the equations (5) we derive the following consequences: 


—-AE + BD+CF = 


i Y, Y, m xz x) 
Qa Q IP P,!| 

nam Y, Ye ” - X.) 
Q Qa! Fr Pel 
. i. 

F = | + | , 
QM \Py Ps 

i ee P x = 
Q. Q, Pe P, | 
7) 1 

Jin + | 
iQ: Q P, P,| 

. bes 

Qh & ® ®| 

| a oo ae As 

im HM Pal 


The proof is long, covering the next seven pages. It 
The converse is difficult. 


We 
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—AG+ BH +CI 


CJ — DG + EH 
(6) x. 


AJ — DI + FH 


|Ps 
| i - 
/@. 


. 


BJ — EI + FG = 


as 
Cz — Ap + BG =0, 
—Cy + Dp — Eq = 0, 
Bg — Ez + Fp = 0, 
—C# + Hp — Gq = 0, 
(7) —Az + Hz — Iq = 0, 


Fz —Ig + Jz =0, 


P, 


—Bi+ Ag + (G — D)z — Ip + FG = 0, 
Ez + (—G@ + qA)g — qD2 + Jp + qFG = 0, 


Di + (—H — pA)gj + pD2 + (J — pF)G = 0. 
We shall prove first that C = 0. For let us suppose that C * 0. Then the 


equations (7) are equivalent to the equations 
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= 


AR 


o piRecBe an 
q; y Pp C q; @ 


CUQ 


Pp a 
(8) (—AE + BD + CF)p = 0, 
(AG + BH + Clq =0, 
(—AG + BH + Cl)p — (—AE + BD + CF)q = 0, 
(AJ — DI + FH)p — (BJ — EI + FG)G = 0, 
(CJ — DG + EH)p + q(—AE + BD + CF)G = 0, 
[((CJ — DG + EH) — p(—AE + BD + CF)]q = 0. 


It is seen that p and g cannot both be zero. For then from (8) we find that 
== 9 =2Z= p = GZ = 0, and hence by (4) the Jacobian of our transformation 
is zero. This proves that at least one of the quantities p and @ is not zero. 

In the fourth, fifth, sixth, eighth, ninth of the equations (8), we find that the 
conditions that at least one of the quantities p and @ be different from zero are 


—AE + BD + CF = 0, 
(9) —AG + BH+CI = 0, 
CJ — DG + EH = 0. 
From the fact that C * 0, and from (9), we derive the conditions 
AJ — DI + FH = 0, 
(10) 
BJ — EI + FG = 0. 


But the equations (6), (9), and (10) show that the Jacobian of our transformation 
is zero. This proves that C = 0. 
Since C = 0, the equations (7) may be written in the form 


—Ap + Ba = 0, 

Dp — EG = 0, 

Hp — GG = 0, 
Bg — Ez + Fp = 0, 
(11) —Ai + Hz — 1g = 0, 
Fit — Ig + Jz =0, 


—Bt + Ag + (G — D)z — 1p + FG = 0, 
Ei + (—G + qA)g — qD2 + Jp + qFG@ = 0, 
Dz + (—H — pA)g + pD2 + (J — pF)g = 0. 
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We shall prove that p = G7 = 0. Let us suppose that at least one of the 
quantities p and @ is different from zero. Then from the first three equations 
of (11), we find 


—AE + BD = 0, 
(12) —AG + BH = 0, 
—DG + EH = 0. 
In all cases, we shall prove that 
(13) Ag — Dz + Fg = 0. 


Let us consider the case in which 
B=E=G6= 0. 


In this event, it is seen that p = 0. Forifp *0,then A = D=H = 0. 
Hence, since C = 0, it follows by (6) that the Jacobian of the transformation is 
wro. This proves that pj = 0. Then in this case, the eighth of equations 
(11) gives equation (13). 

Let us now consider the case in which at least one of the quantities B, E, G 
isnot zero. Now by equations (11) and (12), it is seen that 


B(Ag — Dz + FG) = 0, 
(14) E(Ag — Dz + F@) = 0, 
G(Ag — Dz + FQ) = 0. 
Hence since one of the quantities B, FE, G is not zero, it follows from (14) that 


we obtain the equation (13). Thus in all cases we have the equation (13). 
From (11) and (13) we then obtain 


—Ap + Bg = 0, 

Dp — Eq = 0, 

Hp — Ga = 0, 

Bg — Ez + Fp = 0, 
As) ~Az + Hz —1q =0, 

Fi — lg + Jz =0, 

—Bz + Gz — Ip =0, 


Et — Gg + Jp = 


~ 


_ 


0 
0 
Dz — Hy + Jq = 0 
Ag — Di + Fa =0 
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From (15) it is observed that not all the quantities 7, 7, Z can be zero. For 
then since at least one of the quantities p, 7 is not zero, we must have 
(16) F=]J=J=0. 


From C = 0, (6), (12) and (16), it follows that the Jacobian of the transforma- 
tion is zero. Hence at least one of the quantities Z, 7, Z is not zero. 
From (15) we find 


(AJ — DI + FH)t=0, (BJ — El + FG)i = 0, 
(17) (AJ — DI + FH)g =0, (BJ — EI + FG)g = 0, 
(AJ — DI + FH)z =0, (BJ — El + FG): =0. 


Then, since at least one of the quantities #, 7, Z is not zero, it follows from (17) 
that 


AJ — DI + FH = 0, 


(18) 
BJ — EI + FG = 0. 


Then since C = 0, it follows from (6), (12) and (18) that the Jacobian of the 
transformation is zero. This proves in all cases that p = 7 = 0. 
Since p = @ = 0, the equations (11) now take the form 


Bg — Ez = 0, 
—Ai + Hz = 0, 
a9) Fz — Ij + J? = 0, 
—Bi + Aj + (G — D)z = 0, 
Ez + (—G + qA)g — qDz = 0, 
Di + (—H — pA)gj + pDz = 0. 
Let 
(20) I+ pz =\, GY + qz =u. 
Then the equations (19) assume the form 
(qB + E)z — Bu = 0, 
(pA + H)z — Ad = 0, 
(—pF + ql + J)i + FA — Ip = 0, 


(21) 
(pB — qA + G — D)z — BX + Ap = 0, 


(qB + E)\ — (pB + G)u = 0, 
(A + D)A — (pA + H)u = 0. 





an 
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At least one of the quantities Z, \, 1. isnot zero. For otherwise Z = \ = » = 0, 
and hence € = § = Z= p=@G@=0. This is impossible. 

We shall prove that Z *= 0. Let us suppose that Z = 0. Then equations (21) 
assume the form 


Bu = 0, Aid = 0, 
—By+An=0, FrA—Inp=0, 
(qB + E)\ — (pB + G)u = 0, 
(gA + D)d\ — (pA + H)u = 0. 


Since Z = 0, we must have at least one of the quantities A, uv different from zero. 
The conditions that equations (22) have a solution for A, u at least one of which 
is different from zero are 


(22) 


A =0, B= 0, 


—DG + EH = 0, 
(23) 

—DI + FH = 0, 

—EI + FG =0. 


From (6) and (23) and the fact that C = 0, we see that the Jacobian of the 
transformation is zero. Hence Z *& 0. 

We shall prove that gB + E = 0. Let us suppose that this is not the case. 
Then we have from (21) that 

‘ Bu (pB + G)u 

a "str 1°" "sea 
Since Z = 0, we see that B *& 0 and wu & 0. Upon substituting (24) into the 
remaining equations (21), we obtain the conditions 


—AG + BH = 0, 
BJ — EI + FG = 0, 
(25) 
—AE + BD = 0, 
—DG + EH = 0. 
From (25) we obtain, since B * 0, 
(26) AJ — DI + FH = 0. 


Then from C = 0, (6), (25) and (26), we see that the Jacobian of the trans- 
formation vanishes. Thus gB + E = 0. 
We shall prove that pA + H = 0. Let us suppose that this is not the case. 
Then from (21), we obtain 
AX _ @A+D)r 


27 i= - = oa 
ai) pA + H’ . pA+H 
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Since Z 0, then A and ) are each different from zero. Substituting (27) into 
(21), we obtain 


—AE + BD = 0, 
AJ — DI + FH = 0, 
(28) 
—AG + BH = 0, 
—DG + EH = 0. 
From (28) we obtain, since A * 0, 
(29) BJ — EI + FG = 0. 


Then from C = 0, (6), (28) and (29), we find that the Jacobian of the transforma- 
tion is zero. This proves that pA + H = 0. 
Since gB + E = Oand pA + H = O, our equations (21) become 


Bu=0, Adr=0, 
Gu=0, DrA=0, 

(—pF + ql + J2+FA-— In =0, 
(pB — gA + G — D)z — BX + Ap = 0. 


We shall prove that} = » = 0. Let us first suppose that \ = 0,4 %s 0. Then 
we have A = B = D = E = G =H = 0. This makes the Jacobian zero. 
Hence we cannot have A > 0, uw > 0. 

In the second place, let us suppose that \ = 0, 4 = 0. Then we have 


B=E=G=0, 
(31) (—pF + qI + J)z — In = 0, 
(—qgA — D)z + Au = 0. 


(30) 


Hence since Z *< 0, we find from (31) that 
B=E=G6= 0, 
(32) 
AJ — DI + FH = 0. 


From C = 0, (6) and (32), we see that the Jacobian of the transformation is 
zero. This gives a contradiction so that we cannot have A = 0, u *& 0. 

Finally let us consider the case \ * 0, » = 0. Then our equations (30) 
become 


A=D=d4H= 40, 
(33) (—pF + qI + J)? + FA = 0, 
(pB + G)z — Br = 0. 
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Hence from (33) we obtain 


A=D=H=0, 
(34) 
BJ — EI + FG =0. 


This makes the Jacobian of the transformation zero. Hence we cannot have 


1®0,u = 0. 
Thus by (4) the only possible solutions of our equations (7) are 


Z: + pZ; = P(X, + pX:z) + Q(Y. + pY:), 


(35) Zy + qZ, = P(X, + gX:) + Q(Y, + @Y,2), 
Z, = PX, + QY>, 
Z, -~ PX, + QY,, 

where 


C = 0, qB+ E=0, pA+H =0, 
(36) —pF +qi+J =0, 
pB—-qA+G—-D=0. 
By differentiation the equations (36) are easily found to be consequences of the 
equations (35), which are identical with Lie’s equations (L). Also the equations 
(35) together with (36) are easily seen to satisfy the equations (7) identically. 
Thus the validity of our theorem is finally established. 


4. The contact transformations of the infinite group of §3. It is easy to prove 
that the only contact transformations in our group of lineal element transformations 


are the conformal transformations. 
For the only lineal element contact transformations in space are the extended 


point transformations (Theorem of Lie). Hence imposing the conditions that 
our transformation be an extended point transformation, we obtain the con- 
ditions 
Xi+ ¥it+Z=X+Vi+Z4=X+Yi4+Z, 
(37) X,X.+ Y,Y.+ Z,Z. = X.X.+ Y:Y:+ ZZ: 
= X,X, + Y:Y, + Z.Z, = 0. 


These are the conditions necessary and sufficient for a conformal transforma- 
tion; hence our assertion is established. According to Liouville’s theorem, the 
conformal group in space is merely the ten-parameter inversion group. 


5. General transformations. An element transformation of surface elements, 
which is not a contact transformation, will convert in general some particular 
integrable systems into integrable systems. That is, a lineal element trans- 
formation, not of our group, will convert some normal congruences into normal 
congruences. This subject will be discussed elsewhere. 


CotumBIA UNIVERSITY. 














THE SUBGROUP OF ORDER n OF A TRANSITIVE GROUP OF 
DEGREE n AND CLASS n — 1 


By Louis WEISNER 


It is known that a transitive permutation group of degree n and class n — | 
has an invariant subgroup of order n consisting of the identity and n — | 
permutations of degree n.' The object of this paper is to demonstrate that this 
subgroup of order n is an Abelian group.” 

A permutation of degree n — 1 of a transitive permutation group of degree 
n and class n — 1 generates, with the unique subgroup N of order n, a group G 
which is also a transitive permutation group of degree n and classn — 1. We 
shall confine our attention to this group G. If the order of G is mn, a subgroup 
M of G that leaves one symbol fixed is a cyclic group of order m,’ and G = 
{M, N}. Let G@’ be an abstract group simply isomorphic with G, and let M’ 
and N’ be the subgroups of G’ that correspond to M and N, respectively. 

Since N is the commutator subgroup of G, G’ has exactly m distinct represen- 


tations in one variable. Denote these by [:, --- , I'm, where I, as usual, 
denotes the identical representation. Let I'nyi, --- , T', be the other distinct 
irreducible representations of G’, and let n, be the number of variables operated 
on by I, . 


The relation among group characters 


p> xi? xi? = g/hi, 
where A; is the number of elements in the i-th conjugate set of G and g is the 
order of G, becomes, for an element A # 1 of M’, 


> x’? (A)x (A) = m8. 


The terms which arise from v = 1, --- , m have the value 1; hence 
(1) x (A) = 0 (v =m + 1, ie 2% 


Received August 29, 1938; presented to the American Mathematical Society, September 
6, 1938. 

1G. Frobenius, Ueber auflésbare Gruppen IV, Sitzungsberichte Berlin, 1901, pp. 1223- 
1225; A. Speiser, Theorie der Gruppen von endlicher Ordnung, 3d edition, 1937, p. 202. 

2 The theorem has been proved for the case in which the subgroup that leaves one symbol 
fixed is of even order. See W. Burnside, Theory of Groups of Finite Order, 2d edition, 1911, 
p. 172. 

3 We could take m to be a prime number, but no advantage is to be derived therefrom. 
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Therefore 


(2) a, x(S) = ny (v=m+1,---,7), 
and M’ has exactly n,/m linearly independent linear invariants in the repre- 
sentation I, (v > m).* Since each of the representations of G’ in one variable 
gives an irreducible representation of M’, M’ has exactly one independent linear 
invariant in I’; and no linear invariant in T,,---,I,,. Therefore the complete 
reduction of the permutation group G is given by’ 


(3) G=r+ LY (n/mr. 


v=m+ 


We proceed to prove that n, = m for each v > m. 
In the relation 


ba x(S)x(S) = nm, 


Seq’ 


applied to any I, (v > m), the terms that arise from elements of G’ that are 
not contained in N’ vanish by (1). This relation may therefore be written 


(4) DL x(S)x(S) = nm. 
Sen’ 
Let Ai, --- , A, be the distinct irreducible representations of N’, A; being the 
identical representation. If the reduced form of N’ in I, is 
p 
(5) N, = Do donde, 
=1 


and y(S) is the character of S in A; , then 
p 
x(S) = 2) any (S). 
k=1 
From the relations among group characters and (4), we have 
(6) m = 2) dst (v > m). 
By (3) and (5) the complete reduction of N is 


p r 
(7) N=Ai1+ DL LD (no/m)andr. 
k=1 v=m+1 
Since N is a regular permutation group, the number of times that A, occurs in 
the reduction of N is », , the number of variables on which A, operates. There- 
fore 


(8) » = b% Ny Ayx/mM (k > 1). 


‘Miller, Blichfeldt and Dickson, Theory and Applications of Finite Groups, 1916, p. 258. 
> Burnside, p. 275. 
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Moreover, A; occurs only once. Therefore 


di = 0 (v > m), 
and (6) may be written 
(9) m= Dia (v > m). 
=2 
Now 
p 
n=1+ bs - a 
k=2 


Therefore by (8) and (9) 
p Tr ep r 
n=1+ >> DY wbadi/m+2>> DS nenvdedus/m 


k=2 v=m+1 k=2 v,w=m+1 
v<w 


r p r 
1+ > n?/m+2>> bo Ny Nw Ayk Awe/m’. 


v=m+1 k=2 v,w=nt+1 
vw 
But, by (3), 
n=1+ Dr n2/m. 
v=m+1 
It follows that 
AvkAwk = 0 (v #¥ w3v > m;w > mm). 


This means that if A, occurs in the reduction of N,, it cannot occur in the 
reduction of N, (v # w). Therefore in (5) 


ay, = vy, or 0. 


If we suppose that when N, is reduced A;, --- , A, are the only irreducible 
representations that occur, (5) becomes 


(10) N, = > vedk, 
k=2 
and (9) becomes 
m= Dov. 
k=2 
Since A; operates on » variables and N, on n, variables, we have by (10) 
ny = Dv. 
k=2 


Therefore n, = m, and (3) becomes 


G=uIl,+ > f.. 


v=m+l1 
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Hence 
n=1+m(r —™m), 


and 
r= m+ (n—1)/m 


is the number of conjugate sets of G. 

Of these m are accounted for by the identity and the permutations of degree 
n—1lofG. Therefore the permutations of degree n of G comprise (n — 1)/m 
conjugate sets. Since no permutation of degree n of G is commutative with a 
permutation of degree n — 1, the number of conjugate sets into which the 
permutations of degree n fall with respect to N is m times the number into 
which they fall with respect toG. Therefore the number of conjugate sets of N, 
including the identity, is n, and N is an Abelian group. 


Hunter COLLEGE OF THE City or New York. 











IDENTITIES ANALOGOUS TO RAMANUJAN’S IDENTITIES INVOLVING 
THE PARTITION FUNCTION 


By Hersert S. ZucKERMAN 


1. Introduction.' A new proof of the two identities of Ramanujan 


(1.11) ya p(in ao 4)z” = 5 vie) ; 
(1.12) > p(7n + 5)2" = 7 ee. + 492 a4 


where p(n) is the number of unrestricted partitions of n and g(x) = II a - 2%, 
n=l 


has recently been given in a paper by Rademacher and the author.’ The 
method used is not limited to verifying known identities, but can be extended to 
obtain new ones. In this paper the following new identities will be proved: 


2 i ‘ of - : 2 ye 


10 seta? 12 "vole 
FOOT oat? * oa 


> p(49n + 47)2* = 2546-7" oe) + 48934-7'2 ©)” + 41g9s9-7'2* 8) 
” o(z) o(z) (a) 


+ 2488800-77 2° o(2')" + 2394438 -7° 2 o(z')” 


g(r “i? g(x ) as 


+ une? eer + 4043313-7" re, 


36 
+ 161744-7% 2 ae) + 32136-7" 2° aie 


+ 31734- 78, 9 g(2')* + 3120- 7 > 10 g(2') 


g(r ;) al g(x 1) 
7\36 

(z’)* + 8-7 74 12 g(2’)” + 75 113 ¢(x) 
/ —F Nee! 
g(x)" g(x)* o(x)” 

Received September 10, 1938; presented to the American Mathematical Society, April 
16, 1938. The author is a National Research Fellow. 

1Many of the results of this paper have been obtained by G. N. Watson in a paper 
(Journal fiir Mathematik, vol. 179(1938), pp. 97-128) which appeared since this was writ- 
ten. The methods of the two papers are quite different. 

2A new proof of two of Ramanujan’s identities, to be published in the Annals of Mathe- 
matics. 


(1.13) 





(1.14) 


+ 204- 72. ll 
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13\3 5 
rie =) + 36: 132 Y + 38-13% pe} 


¢' 


‘15 0-13° 3 (a *) 3x s o(x")° 
(1.15) + 20-13°2 —_— we o(z)" 


+ 13°2 s¢(x" — a% 13°2 6 g(x 


g(x ) ¢o(x ys 7 
It is probable that further identities involving higher powers of 5, 7, and 13 as 


moduli could also be found, but the computational difficulties would be con- 


siderable. 
From (1.11) and (1.12) Ramanujan deduced the divisibility properties 


_ 13 





(1.21) p(25n + 24) = 0 (mod 25), 
(1.22) p(49n + 47) = p(49n + 19) = p(49n + 33) = p(49n + 40) = 0 (mod 49). 
In a similar way we shall use (1.13) and (1.14) to find 


(1.23) p(125n + 99) = p(125n + 74) = p(125n + 124) = 0 (mod 125), 
(1.24) p(625n + 599) = 0 (mod 625), 


(1.25) p(2401n + 2301) = p(240in + 929) = p(240ln + 1615) 
= p(2401n + 1958) = 0 (mod 343). 


The first congruence of (1.23) has already been proved by Krezmer,’ and it and 

(1.24) are special cases of Ramanujan’s conjecture that p(Rn + A) is divisible 

by Rif R = 5°7°11° and 244 = 1 (mod R). This conjecture is known to be incor- 

rect for the modulus R = 343, but (1.25) can be thought of as a valid substitute. 
In the proof of the identities we make use of the modular form 


(1.3) n(r) _ ent Il (1 ” aoe 


n=l 


Thus, using this function, we may write (1.13) as 











pliir > p(25n + 24)e""" = 63-5" hy 4 52-58 el 
(1.4) er 
7(5r)" 10 (Sr) 52 n(5r)” 
FOS a oo eet? ae’ 


and it is in this form that it will be obtained. The other two identities can be 
expressed in a similar manner. 


* Bulletin of the Academy of Sciences, U.R.S.S., no. 6(1933), pp. 763-800. 
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2. Outline of the method. We wish to find identities in which one member 
is of the form 


(2.1) errier > p(Rn + na”. 
n=0 


Since the functions p(n) are coefficients in the expansion of a modular form of 
dimension 3, we shall try to build up the other member from modular forms 





which also have the dimension 4. For these forms we choose the functions 
_ (Qr)’ 
(2.2) F,(r) _ n(r)Pt’ 


where p is a positive integer and Q is an odd prime. 


In the following section we shall see that F,(7) has an expansion of the form 
(2.31) F,(r) ii errieet > awe. 
n=0 
where 
2r s 
_ = i 
l ,«) dn ‘(v — B,) a a 
Le ZAR) ly (4 4/ —o (nt x,)) 
(k,Q)=1 
OR «« Q@-le-1_ | —l1)p- '] 
, 24 24 ‘ 
> G—e te) _Q-1)p+Q 
B, i | 24 + 1 24 ’ 
_[Q-1pe+t+ ) 
Mp = | 24 + 1, 


and where >. designates the sum over all k > 0 such that (k, Q) = 1. This 
k 


(k,Q)=1 
° ° 4 
value of a,,, is to be compared with the known value 


2r 


p(n + 8) = (oan + 248 — 1)! 


(2.4) 


4r 


1 , <7 1 \ 
>> k A.(Rn + S)I; (fy aa +8 -2)} 


‘For this form of the series for p(n) see Rademacher and Zuckerman, On the Fourier 
coefficients of certain modular forms of positive dimension, Annals of Mathematics, vol. 39 
(1938), pp. 433-462, in particular, pp. 455-456. 
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Comparing the arguments of the Bessel functions, we find, in the first place, 


248 — 1 _ 
—_— 
and hence, since a, is an integer divided by 24, we have 
(2.5) 24S = 1 (mod R). 


Besides this, in order to get the terms of (2.4) in which Q does not divide k, 
we must have, for some integer »; S u, and some p, 


(2.61) —~—- ==. 


To get the terms in which Q divides k but Q’ does not we write the argument in 
(2.32) for y = ve S wu, as 





ak Va — Bn + a,) 
and demand 
_R 
(2.62) Qn — 6) =X. 


Since 8, is an integer divided by 24, we see that RF is a multiple of Q and therefore, 
by (2.5), 24S = 1 (mod Q). Now it is known’ thas Agx(A) = 0 if 244 = 1 
(mod Q) and hence no terms for which Q’ divides k appear in (2.4). 

If we are to find an identity involving a single F,(r), we see from the above 
remarks that we must have u, = 2 and hence »; = 2,» = 1. Then (2.61) and 
(2.62) yield the result 





ius p 

ae = Q(1 — 8,), 8, = _— 
Since Q? — 2 and Q’ — 1 are relatively prime and 8, is an integer divided by 24, 
we have 


Q — 1/24, 


but the only odd primes for which this is satisfied are Q = 3 andQ = 5. The 
value Q = 3 is clearly impossible since we saw that Q divides R and (2.5) cannot 
be solved for S if 3 divides R. The case Q = 5 is possible and leads to Rama- 
bujan’s identity (1.11). 

We must therefore use linear combinations of the F,(r) in order to find new 
identities. For the various terms to combine correctly we must choose values of 


‘Loc. cit., footnote 1, especially Lemma 2. 
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p for which a, takes the same value. Hence if po is one value of p, we must have 


(Q — lp nl 1 =. | @= 1)p =} a (Q md 1) po - ] ps E jeg 1)p0 = | 


24 





= 
(Q — 1)po — 1 (mod 24), 


Po (moa *) 
g 


4 
(2.71) p= pot =e 


24 
(Q-—1)p-1 


24 


> 
Ih 


where 


(Q — 1, 24). 


g 
With these values for p we now have 


T 6, 
ail @- D(m is tan 7 
a 24 
r(Q-—1lo+Q],Q-1, 
— |+ a + 
= an + 2 
g 








This means that as p increases to its next larger value, u, increases by (Q — 1)/9. 
However, we must choose a linear combination of the F,(7) in such a way as to 
eliminate all the terms in the series except those corresponding to » = » and 
vy = vw. This can be done only if the u, increase by unity at each increase of p 
since otherwise there will not be enough functions to allow us to make the 
elimination.* Hence we must have 


Q — 1/24. 


The only permissible values are then Q = 3, 5, 7, 13, but Q = 3 is impossible 
as was shown above. 

We have now found that we are to try to find identities by using linear 
combinations of the F,(r) and that we are to use the values Q = 5,7,13. The 
conditions which we have discussed are only necessary ones, and it will remain to 
show that the a, and 8, can be properly determined simultaneously and that the 
eliminations can actually be accomplished, and to treat the Af’) (n). 


(2.72) 


® The case p = po, po + 24/9, u, = 1 and 3, respectively, is not possible since it requires 
v» = 3, ve = 2 and hence, by (2.61) and (2.62), 8, > 1. 
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3. The expansion of the F,(r). Since the F,(r) are modular forms belonging 
to a subgroup of the modular group, they are a special case of a previous paper.’ 
However, we can obtain their expansions in a more convenient form directly. 
Except for one change the proof follows that used by Rademacher and the 
author® in determining the expansions of forms belonging to the full modular 


group. 
From (1.3) and (2.2) we have 


F,(r) “a | ee II (1 —_ aed i aaa II (1 as erent] 
n=1 n=l 


(3.11) 


2 
- err iar > ae” -_ ert iter T* ay * 
n=0 


where 


_(Q—1)p-1 | 2 = De - 1] 
(3.12) a, = 54 _ [ Tread 


and hence f,(x) does not have any terms with negative exponent. The proof 
now follows that of the other paper except for the following change in §2 of that 
paper. For k divisible by Q we still use the transformation 





_ et! 





* is 
(° ) " h ; . 
c d k ad 
where h* is a solution of hhk* = —1 (mod k). Applying this transformation 
and using the transformation equation 
2) ot 8) m eterna —aler + a), c>0, 
cr+d 


we have 


—_ oe x 
n= 1 (= pare) 


nin UO OOS OY / fra Eee a 











— kQQr —h —kr—h 
= exp {1 rik I(pQ — p — 1)h* — (6Q— p — 1)h]} 2 [aor — ayy NOY” 
Whee,k/g n(r) 
= exp {erik "[(0Q” — p — Ih* — (9Q — p — DAI} Esler — HF (0). 


Mh*Q,k/Q 


"On the coefficients of certain modular forms belonging to subgroups of the modular group, 
to be published in the Transactions of the American Mathematical Society. 
* Loc. cit., footnote 3. 
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For these k the proof now proceeds as in the other paper and, since f,(z) has no 
terms with negative exponents, §3 shows that these k will not appear in the 


final result. 
For k relatively prime to Q we use the transformation 


(’ , » -St 





c d k ~ Qh’ 
where Qhh’ = —1 (mod k), and have, as before, 
he — Chk +1 
F,(r’) = F,( k 
kr — Qh’ 








od (= - k*(Qhh’ + By ; (* — k(Qhh’ + uy" 
(3.31) = kQi-w  =~6)/ /" kr — Qh’ 


= exp {py atk [(Qp — p — Dh + (Qo + Q— p)h']} 
pt+1 —l\p 
_ @hk q fine i(kr a h’)|> n(rQ ) 


WOA,K n(r)”™ ’ 





Now by (1.3) we have 


Q ip n(rQ.)’ ad qe ettire/@ II (1 ae poy | poe Il (1 ae Paes 


n(r)e* n=l 


(3.32) : ei 
a err iBer/@ > i." ioe grote (girimrle) 
where 
_FQ-—1e+e (Q—1)p+Q ~ [= Bere] 
(3.33) B, = = +1- es Mp = ee +1, 
We now take 
wait Qh’ a Se 
wry < Very 


and combine (3.11), (3.31) and (3.32) to obtain 

f(r") = Oye Ve(z)g.(exp [2xth’k* — 2x/(Qkz))]) 
with 
O.% = exp {rertk [Qo — p — Dh + (Qo + Q — p)h'}} 


p+1 


— exp [27i(8,h'/k — a,h/k)), 
WOQh,k 


W.(z) = 2' exp {2zla,z/k — B,/(Qkz)]}. 








aS no 
n the 


inr\ pti 
) 


+1 


h/k)), 
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The proof now continues as before but we must replace € * by 
pt+l 
exp {yyrik“[(Qp — p — 1I)h + (Qo + Q— p)h'}} —*, 
WQh,k 
the a_, by b_,,,, r by 3, h’ by Qh’, and the 2, and ¥,(z) by the above values. 
The integrand (4.42) of the other paper now becomes 
wi exp [2r(m + a,)w + (v— 8,)/(Qk’w)] 


so that we are to replace m + a by m + a, and v — a by (v — B,)/Q in the final 
result, (5.5) and (5.6), of that paper. Thus we have 


Gop = Or > be, 


p=] 





(3.41) alk ot 
AY And 4 /v=B, ) 
1 (42, v= . 
& 54 elm , (x m + ) (5 "4 Q (m + ) 
Axp(m) = 2. exp {vsmi[(Qp — p — Ih + (Qo + Q — p)h'l/k} 
(3.42) eine 


te exp {—2nil(v — B,)h’ + (m + a,)hI/k}, 


WOh,k 


which is the same as (2.32). 


4, The A{’?(m). Before we consider the three values of Q separately, it will be 
convenient to set down certain facts pertaining to the Aj’?(m). By (2.71) and 
(2.72) we see that in each case we shall have a fixed pp and shall take all of our p 
of the form 

24. —=C«¥, 


p=pot o—4P- 


We shall now show that for these p we have 
(41) Af?) (m) = Af),(m). 
By (3.42) it is clearly sufficient to prove 


24Q 24 24Q 24 Nae 
exp {i niin (F -i €- a) “s (oS i~¢- i } en = 1 
which reduces to 
24/(Q—1) 


(4.2) exp [2rik (h + h’)] ™*___ = 11. 


24/(Q—1) 
WQhk 


We use the value of w,,, as given by the formulas 


(4.31) ore = (5") exp {—[4(2 — hk — h) + py(k — k")(2h — h* + Wh*)) xi} 
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for h odd, and 
(4.32) wre = (=) exp {—[4(k — 1) + da(k — k)(2h — h* + W7h*)| ri} 


for k odd, where h* is again any solution of hhk* = —1(modk). Now, since for 
Q = 5,7, or 11, the value 24/(Q — 1) is an even integer, we have, for k even and 
hence A odd, 

24/(Q-1 


Wh, k 
anli(e- 1) 
hk 


exp [2rik “(h + h’)] 


= exp [2rik '(h + h’)] 
-exp {—24ni(Q — 1) "[}(2 — hk — h) + Py(k — k“)(2h — Qh’ + Qh’h’))} 
-exp {24mi(Q — 1)*[}(2 — Qhk — Qh) + ao(k — k')(2Qh — h’ + QA’A))}, 
where we have used the definition Qhh’ = —1 (mod k) to eliminate h*. Sim- 
plifying the above, we find 
24/(Q-1 


exp [2rik '(h + h’)] - — 


enn (Q—1) 
WOh,k 


= exp [2ri(—hk — 3h + h’k + Qh’h’k)] 
-exp [—2rik '(h + Qh*h’)] 
= exp [—2mihk “(Qhh’ + 1)] = 
Similarly if k is odd, we have 
24/(@—1) 


Whk 


exp [2rik” (h + h )) wile —1) 


= exp [2rik“(h + h’)] 

-exp {—24mi(Q — 1)*[4(k — 1) + ee(k — &“)(2h — Qh’ + Qh*h’))} 
-exp {24ri(Q — 1) *[}(k — 1) + eek — k')(2Qh — h’ + Q’R*h’))} 

exp [2rik(2h + h’ + Qh’h’)] exp [—2mrik “(h + Qh’h’)] 

exp [—2mrihk ‘(Qhh’ + 1)] = 


For later reference we note several facts concerning the A;(n) which are given 
by the formula 


(4.41) A,(n) = _ aw. 
hmodk 
(h,k)=1 


The values of R in which we shall be interested are R = Q or Q’ so we shall 
limit ourselves to these two cases. In §2 we found 


(4.42) Aou(Rn + 8) = 0. 





h’))} 
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In addition to this we shall need expressions for A g.(Rn + S) and A;(Rn + S), 
where k is relatively prime toQ. For R = Q’ we have 
A.(Q?n + 8S) = i wr,z exp [—2rihk '(Q’n + S))]. 
Amod k 


(h,k)=1 


Now, since Q* — 1 is a multiple of 24, (4.31) and (4.32) yield, for k relatively 
prime to Q, 


(4.43) = = exp [yyxik '(Q* — 1)(2h + h” + QRH’), 
hk 
where h”’ is any solution of Q*hh’’ = —1(modk). Using this, we have 
A.(Q’n + 8) = 2, worn. exp {—2Qrik[(Q’?n + S + sk(Q’ — I))h 
(h,k)=1 


+ g(Q’ — 1)h’’]} exp { —2ri- ge (Q’ — Dh-(1 + QAh)k"} 
= Lo wonscexp {—2Qrik [(n + FQ 7(248 — 1+ Q))Qh 


hmodk 


(4.44) (h,k)=1 
+ a(Q’ — 1)h")} 


} wae exp {—2wik'[(n + HQ “(248 — 1+ Q*)h 


+ ¥x(Q’ — 1)Qh']}, 


where Qhh’ = —1 (mod k) and where the last step was accomplished by intro- 
ducing a new index of summation. 
For R = Q we use (4.43) to find 


Ax(Qn +S) = D> wns exp [—2rik (Qn + S)h] 


hmod k 
(h,k)=1 


= 2, worn. exp {—2rik '[(Qn + S + a4(Q’— L)A 
(h,k)=1 


+ A(Q — 1)h']} exp [2ri- a (Q* — Dh-(1 + QAR) E 
(4.45) = D> won. exp {—2rik [(n + %Q7(248 — 1 + Q))QK 


hmodk 
(h,k)=1 


+ g#(Q’ — I)h")} 
> > won. exp {—2rik "[(n + gyQ “(24S —14+ Q))h 


hmodk 
(h,k)=1 


+ gx(Q* — 1)h’}}. 


To obtain expressions for A g.(Rn + S) for k relatively prime to Q, we use the 
fact’ that 


(4.51) Ap(pn + d) = A,(A)Ax(m), 


* Loc. cit., footnote 1, Lemma 1. 
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where 
(4.52) pm = pn + x (p’ — 1 + 24d) (mod k) 
if pisa prime > 3, p/ k and 244 = 1(modp). For Rk = Q we may take 
» Q-1 
ae se 


which, for Q < 24, determines S as the least positive solution of 24S = 1 (mod 
Q). Then by (4.51) and (4.52) we have 


Ag(Qn + S) = Ag(S)Ax(m), 
where 
Q’n = Qn + Q (mod &). 
If we now define k by the congruence kk = 1 (mod Q), we have 
Qn = (Qn + Q)(1 — kk) (mod k), 
kk 


n, = (n + 1) l Oo " (mod k). 


Now it is known” that 
3 : 
(4.53) A,(d) = (3) Vp 


if 244 = 1 (mod p), pa prime > 3. Combining these results, we then have the 
desired result 


(4.6) Aor(Qn + 8) = (3) VO (in + 1) 1") 


provided S = Q — 34(Q’ — 1). 
For R = Q’ we may take 


S = 3,(23Q’ + 1), 


which determines S again as the least positive solution of its defining congruence, 
24S = 1 (mod Q’). Applying (4.6) we then find 


Agr(Q@n + S) = AgrlQ(Qn + Q-—1)+Q- #4 (Q — 1) 
= (3) VGA: | (an +Q)' a" 
and therefore, since A;(n) has the period k, 


(4.7) Aos(Q?n + S) = (3) JO Auln + 1). 


10D. H. Lehmer, On the series for the partition function, Transactions of the Americal 
Mathematical Society, vol. 43(1938), pp. 271-295, especially Theorem 5. 
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5. The case Q = 5. For Q = 5 we take p of the form p = po + 6p’, where 
we may choose pp from the values pp = 1, 2, 3,4, 5,6. However, it can be shown 
that the conditions found in §2 are not satisfied for p = lor4. Of the remain- 
ing values we shall limit ourselves to the values p = 5 or 6 which lead to the 
identities (1.11) and (1.13) and possibly others. 

We first consider pp = 6 and have 

a, = Hi, B, = 4%, up =p’ + 2. 

The conditions of §2 then become 
2S—1 23 ‘ _R 
~24R- = 94’ 24y; —19= 5R, 24y2 —19= 5 


which reduce to 


5R + 19 R + 9% 


R=1 (mod 24), y= ve = 120° 





In particular R may be taken as any even power of 5, and it is probable that we 
could then obtain an identity. Other values might also be taken for R but the 
later discussion of the A;{’)(m) is more difficult and may not be possible. We 
take R = 25 and then have »; = 6, ». = 1, so we take p’ = 0, 1, 2, 3, 4 and write 


4 cs) 
(5.1) F(t) = >> Ay Fese(r) = ot > ae. 
p’=0 n=0 
Then, by (2.31) and (2.32), we have 


an = > A 5’ An,6+65’ 


4 p'+2 
= Dr pepe & boner — 40 
e-) a 
Ea ae, on (F4/ eae +) 
= ; 2n-5! p> (24y —_ 19)? by 4A b . ; 
(24-25n + 24-24 — 1)! abi, Ae b-nette 
& pation (F4/ ea + wb), 
(k,5)=1 


where we have used (4.1) to replace A{’e,6,'(n) by Al’e(n). If we now choose the 
A, as solutions of 


(5.2) Agb-s30 = 1, >> Aprb-ve467 = 0 fory = 2,3, 4,5, 


v—2sp's4 
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we have 


4 
Qn -5* 
An aA p’ 0_1,6465" 


~ (24- 25n + 24-24 — i? = 
1 ) 4 
L paso (% y 


(k,5)=1 


a #¥ Laswn( 4/3043) 
+ (@4-95n + 24-24 — 11)” de; Ate (nla (+ 5t(" + 34) 


3 
2r-5 


~ (24-25n+24-24—1)! 


= 
‘ 2 Bk V5 zy Ay b_1,6+69" ASR (ny ( ie (25n + 24 - 4) 


Qr-5° A? (¥¢ /1 {| baa 1 
+ (24-25n+24-24—1)! y 5 a (nly k V 3a( 25" + 8 = xi)) 
(k,5)=1 


Comparing this with (2.4) and using (4.42), we see that we shail have 
(5.3) a, = 5° p(25n + 24), 


providing we can prove 





(5.31) Asx(25n + 24) = a > A,:b_1,646p'Ake (n) 
0 »'= 

and 

(5.32) A,(25n + 24) = Af? (n) 


for k relatively prime to 5. 
Before proving (5.31) and (5.32), we shall determine the A, as solutions of 
(5.2). From (3.32) we see that the b,,, are the coefficients in the expansion 


1 aa x")? C) 
(5.4) Qt 2s -e—-0)-8, LN = > bap". 
- x2" p+l1 a 
II ( ) 


In our case, using Euler’s formula, we have 


> L = 5-280 2’ (l—z— x" + 2° +2’ - saad 
gale ” n,6+6p’ © (1 pw Pe la zi0 + a » +60" ’ 
from which we find 
bis = —6-5", bee = +5", 


bis = +54.5°, bow = —12.5°, bsie = +5, 


Ta 


wh: 





ns of 
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bis = —510-5 ”, 
bin = +4830.5 ”, 
bio = —45005.5~", 


boas = +135-5°, 
boa = —1472.5", 
b_2.%0 = +15660.5-", 
bis = +5”, 


b_4.%4 = —-2%4.5" 
bso = +405.5°", 


and hence 


bs © Be 


bs,%0 = 


b_3.,18 = —18-5’, 
ba = +252.5°%, 
b_3.90 = —3190.5°”, 


+5" 
—30-5°", bew = +5", 


(5.51) Ao = 63-5°, A: = 52-5°, As = 63-5", As = 6-5", A, = 5", 


and 


(5.52) 


4 
2, Aphis = —5 


p’=0 


We now turn to the proof of (5.31) and (5.32). By (3.42) we now have 


7 
AR(n)= LD > 


and hence, by (4.2), 


1k exp {—2Qrik [nh + (v ™ 2)h'}} 


AL? (n) = 2, waz exp {—2rik “[(n + Dh + ( — Dh']}. 


(h,k)=1 


Taking »y = 6 we see that this reduces (5.32) to 


A,(25n + 24) = D> wrrexp {—2rik[(n + Dh + 5h’]} 
hmodk 


(h,k)=1 


which is merely (4.44) with Q = 5 and S = 24. Similarly, taking » = 1, we 
reduce (5.31) to the form 


Asi(25n + 24) 


1 


Vie 


‘=() 


m 


. 
Dd. Apb-1,616° 2. wns exp [—2Qeik(n + 1)h] 
h mod k 


(h,k)=1 


= /5 Ai(n + 1), 


where we have made use of (5.52) and (4.41). Since this is indeed a valid 
equation by (4.7), we have completed the proof of (5.31) and (5.32) and hence 
we have (5.3). Then by (5.1) we have the identity 


- 4 
eritir > p(25n rN 24)e"""" - a tm A,’ Fes6,'(r) 
n=0 tans 


which, by virtue of (5.51) and (2.2) is equivalent to (1.4) and hence to (1.13). 
The choice pp = 5 leads to the values 


a= 


19 


, 


B, = #, 


up = p' + 2, 
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and the conditions of §2 become 


5R + 23 _R+115 


R = 5 (mod 24), a aa a =| 


This allows us to take for R any odd power of 5. For example, if R = 5 we have 

= 2 and », = 1, so we need only the single function F;(r). With the aid of 
(4.2), (4.45) and (4.6) this can easily be shown to lead to Ramanujan’s identity 
(1.11). For the value R = 125 we would have », = 27 and vz = 2, so we would 
consider a function 


F(r) = D>: A, Fss4y:(r) 


and determine the A,’ as solutions of 


Assb_27.188 = 1, Dd Ayrb-vs18) = 0 fory = 1,3,4, 5, --- , 26. 


v—2s0's25 


Because of the difficulties involved in the computation of the b_,,, and the A, 
we shall not carry this case through. However, it may be mentioned that the 
Ax’?(n) may be treated just as before. That is, by using the methods and 
results of §4, we can show that we have 


A,(125n + 99) = Af%?(n), 
Asx(125n + 99) = —+/5 Af? (n). 


Therefore the proof of an identity of the form 
» el 


= x 
2 p(125n + 99)z" -> By x” ee “ar 
depends only on determining the A, and then ey 


26 
Dd Aprb-25469 = —5. 


p’=0 


6. The case Q = 7. In this and the following section we shall limit ourselves 
to the cases that lead to the identities (1.14) and (1.15) and shall not discuss the 
possibilities of other identities. For Q = 7 we take p = 4, p = 4 +4p’, and 
R = 49. We then have 


a, = #, 8, = 44, Mp = p’ + 2, vy, = 15, ve = 1, S = 47, 


so we choose 


13 C) 
(6.11) F(r) = >> Ay Fas (r) = PE” YS a,” 
p’=0 n=0 
with 
Ayb_uss = 1, dS Ap b-vaeer = 0 fory = 2,3,4,---, 14. 


vy—2sp's13 





ave 
d of 
tity 
yuld 


al ves 
s the 
and 


47, 
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By (3.11), (2.32) and (4.1) we then have 


—— a 2s 4 

%  (24-49n + 24-47 — 1)! “7k 77 
(k,7)=1 

i 
> Ay: b-1,4449" Asin (4 — + 47 x)) 
Qn -7 4n \ 
+ (24-49n + 24-47 — 1)! & 54 oly Vx 24 (49 + 47 dienes - x)) 

7)=1 


and then, by (2.4) and (4.42), 
(6.12) a, = 7° p(49n + 47) 


providing we can show 


6.21) An(40n + 47) = — 1. > Ayrb-1444p AL(n), 
7 p’=0 
(6.22) A; (49n + 47) = ALi? (n). 


The b,,, can again be determined from (5.4). It was found convenient to 
make use of Jacobi’s formula 


II @ — 2" = 1 - 32 + 52° — 72° + 92” — 112" + --. 

n=l 
and to raise it to various powers. The desired values b_, 4,4, could then be 
fairly easily found by further multiplications using Euler’s formula. The A,- 
were then found to have the values 


Ao = —873278.-7’, A, = 16784362.7°*, Az = 69530461.7°, 
As = 121951200.7°, Ag = 117327462-7", As = 70415303.7", 
As = 28303191-7", A; = 7925456.7%, As = 1574664.7", 


Ay = 222138.7", Ay = 21840-7", An = 1428-7", Are = 56-7", Aig = 7”, 
while the sum in (6.21) was found to be 

13 
(6.3) D> Ay bossy = —7. 


We can now prove (6.21) and (6.22). By (3.42) and (4.2) we have 


5 
AM(n) = > — exp {—2mrik'[nh + (v — 2)h’]} 
h mod k WT7h,k 


(h,k)=1 


> @h,k EXP {—2rik*[(n + Dh+ (@ — 1)h'J}. 
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This reduces (6.22) directly to (4.44) for Q = 7 and R = 47. Also it reduces 
(6.21) fo 


13 
An(49n + 47) = 1 > Aydin DD. wns exp [—2rik(n + DA] 
VJ/7 p’=0 h mod k 


(h,k)=1 


which, by (4.41) and (6.3), is merely (4.7) for the same values of Qand R. This 
completes the proof of (6.12) which can easily be shown, with the aid of (6.11) 
and the values of A, , to yield the identity (1.14). 


7. The case Q = 13. We now take Q = 13, p = 1,9 = 1+ 29,R = 18 
and have 
ee = +4, B, 


Hence we take 


$3, Hp = p’ + 2, vy = 8, v= 1, S = 6. 


6 Cy) 
(7.11) F(r) = D> Ay Fie (r) =?” Ya," 
p’=0 n= 
with 
Aeb-s.u = 1, Dd  Aydb+u2 = 0 forv = 2,3,4,---,7, 
v—2sp's6 


and have as before 


ie a 
" ~ (24-13n + 24-6 — 1)! he ds 13k 4/13 
6 F _ i 
(1) dr j 1 1 
2 Ay b-1,1429 Aka (n)Iy (S 3a( 130 +6-— x)) 
2r-13! 1 ,«) (¥ 1 he 
+ Grint oeerie & RAMONE 3g (18 + 6 — 3)) 
( 


k,13)=1 


and therefore 
(7.12) a, = 13' p(13n + 6), 


providing we have 


1 f 
(7.21) Aig(13n + 6) = V3 p>» Ayr bo11429'Ak1 (n), 
(7.22) A,(13n + 6) = Af? (n). 


The b,,,, can easily be found from (5.4) and the A,, are then found to be 
Ao = 143-13}, A, = 468-13', A, = 494-13', As = 260-13', 
A, = 78-13', As = 13-13", Ae = 13”, 


If 





ces 


= 6. 


)) 
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while the sum in (7.21) is found to have the value 


6 
(7.3) Z; hvbiasid @ 


p’=0 
With these values, (7.12) and (7.11) will then give us the identity (1.15). 
There remains only to prove (7.21) and (7.22). Again by (3.42) and (4.2) 
we have 


Agi(n) = D> @ exp {—2rik [nh + (v — 2)h']} 
py ma W13h,k 


= ae wisn,k exp {—2rik '[(n + Dh + ( — Dh')}. 


h mod 
(A, Del 


(7.4) 


Then (7.22) is equivalent to 
Ax(13n + 6) = do oun. exp {—2rik '[(n + 1)h + 7h']} 
(h,k)=1 
which is merely (4.45) with Q = 13, S = 6. Also (7.3) and (7.4) reduce (7.21) to 
Aix(13n + 6) = +/13 2. wisn.x Exp [—2Qeik “(n + Al. 


h mod 
(h, =i 


If we now let k again be any solution of kk = 1 (mod 13), we can write the above 
in the form 


Aisx(13n + 6) = 7/13 2, wusnn exp [— Qrik (n + 1)(1 — kR)A] 


(h,k)=1 


=VJ/i3 2D ons exp | - Qnik '(n + 1) | — | 
h mod k 13 


(h,k)=1 


1 — kk 
= VI3 A: +e Se | 
which is a true equation by (4.6). This then completes the proof of (1.15). 


8. The divisibility properties. The methods employed by Ramanujan to 
obtain divisibility properties from his identities can now be applied to (1.13) 
and (1.14) to find new ones. The identity (1.15) does not appear to be able to 
yield any such simple properties. We shall make use of Euler’s and Jacobi’s 
formulas 


(8.11) Il (1 — 2") = >» (—1)" zone 
n=l n=—o 

and 

(8.12) II (i — z")* = > (—1)"(2n + air? 











106 HERBERT 8S. ZUCKERMAN 


and the congruence property 


(8.13) II (1—2") = II (1 —2")® (mod Q). 


n=1 n=l 


This last property follows immediately from the binomial expansion of (1 — 2")* 
since we are supposing that Q is a prime. 
By (1.13) we have 


ly n —_ ag (2 
5 DX p(25n + 24)x" = 63 o(zy' (mod 5) 


and hence, by (8.13), 


95 LX p(25n + 24)x" = 3y(z°)* (z*)o(z)* (mod 5). 


Now using (8.11) and (8.12) we have 


Zs bm p(25n + 24)x2" = 3 > (—1)'(2j + 1) 2+» 
25 n=0 j=0 


y y (—1)*2!*H > (—1)'(2l + 1a (mod 5) 
k=—oo 1=0 


and therefore 
(8.2) — ayp(25n + 24) = 3D) (—1)**(j + 1)(21 + 1) (mod 4), 
where the sum extends over all vaiues j, k, 1 with 7 = 0;1 = O and 
$907 + 1) + $K(3K 4+ 1) + HU +1) =n 
which may be written as 
15(2j + 1)° + 5(6k + 1)* + 3(21 + 1)? = 24n 4+ 23. 


Therefore in the sum (8.2) all the terms will be multiples of 5 if 24n + 23 isa 
multiple of 5 or there will be no terms at all if 24n + 23 is congruent to 3 timesa 
non-residue modulo 5, that is, 


24n + 23 = 0, 1, 4 (mod 5), 
n = 3, 2, 4 (mod 5). 
For these values of n we have 


25n + 24 = 99, 74, 124 (mod 125) 


Il 


and, by (8.2), 
p(25n + 24) = 0 (mod 125), 


so we have proved (1.23). 








»d 5) 


S isa 
nes a 
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In a similar way we prove (1.25). By (1.14), (8.11), (8.12), and (8.13) we 
have 


. s p(49n + 47)x” = 2546 02)" « 5 4(2")*p(2)® (mod 7) 


49 =o ¢(zx)® 
- 52 bn: 1)’ (2j + 1)2¥ +P > hus y* ik@e+D p> (—1)' ght (mod 7), 
j=0 k=—o =—0 


and therefore 
(8.31) dsp(49n + 47) = 5 >> (-1)****"(27 + 1) (mod 7), 
where the sum extends over all 7 = 0 and all k and / satisfying the equation 
5H(j + 1) + $K(8k + 1) + FIG + 1) =n 
which may be written as 
(8.32) 21(2j + 1)? + (6k + 1)? + (61 + 1)* = 24n 4+ 23. 
Now if 24n + 23 = 0 (mod 7), we have 
(6k + 1)° + (61 + 1)° = 0 (mod 7), 
and hence 
6k + 1 = 6l + 1 = 0 (mod 7) 


since the quadratic residues modulo 7 are 0, 1, 2, and 4. Then from (8.32) 
we have 





3(aj +1) = 2 F (mod 7), 
and therefore, by (8.31), 
(8.33) p(49n + 47) = 0 (mod 343) 
for all n such that 

am = =0,1,2,4 (mod7); 
that is, 
(8.34) n = 46, 32, 18, 39 (mod 49). 


This completes the proof of (1.25), which is equivalent to (8.33) and (8.34). 
The proof of (1.24) is somewhat different. We first discuss the coefficients b, 
in the expansion 


(8.41) g(x)" = >> b,x”. 
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By (1.3) we have 
(8.42) n(r)" - e'** oe pot = eit > bee peter 


n=0 
and hence 


4 18 4 re) 
> n (" + me) ~_ bm erori(r tee) 2. b, elt in(rt2to) 


p=0 n=0 


ert 7 bn eltinr e. iri (24n+18)p 


p=0 


i i(5n+3)r 
5e'***? > a 
n=0 


(8.43) 


3) 
. ons 
= be!" p » bins. 
n=0 


Now the function 
4 18 
(8.44) H(t) = 5°n(5r)® + Don (-+*) 
p=0 

is a modular form belonging to the full modular group. To show this we need 
only exhibit its behavior under the two generators of the modular group 

r =r+1, 7 = =, 

T 
By (8.42) we have 
n(r + 5)" = e'n(r)”, 

and therefore we have 


4 18 
H(r + 1) = 5°n(5r + 5)" + > ” rt tt Me) 


5'n(5r + 5)% + >» (ct Men Ny 5) 


(etme By 


4 
5°e!™ n(5r)® + eit® D ” 


p=0 


4 18 r 
5°e!* n(5)® + eft > 0(? + = =») + a +™ = 2) 
p=1 


e'™* H(r) 
since n(r — 24)" = n(r)"* by (8.42). For the second transformation we have 


18 
wit * + 2p 
ost) =00(3) Ba 
T p=0 
24, 7+ 240 _ 1+ 24 oe , 
_1\% _~1\" 4 pP 5 5 
~9 — 
= 'n(=") +4(; , +n 
T 5r = 57+ 240 24, 
_—" — Co 


ll 
Gy 

3 
re, 
s|! 
on 
ae 4 








> ae .! 


Usir 


need 








IDENTITIES ANALOGOUS TO RAMANUJAN’S IDENTITIES 109 


where we shall define « by 24°p¢ = —1 (mod 5),0 <o <5. Wenow use (3.2) 
and (4.32) to find 


a(S) 
T 
(—ir)’H(r). 
Also we have from (3.2) and (4.32) 


+= el n(n), »(=") = (—ir)’n(r)" 


(— in)" n(n)” + 5%a(6r)" + Do (° + } 


o=1 


and hence the function H(r)/n(r)” is a modular function. The only part of the 
fundamental region at which H(r)/n(r)" might not be bounded is the point 
r= 10, but there we have by (8.42), (8.43) and (8.44) 


io) co} 
5° -tr'r > be" + 5e!™** be Dense enw 


H(r n—0 n=0 


n(r)* eft"? > bn errinr 
n=O 





= + F (bobs — Bde + + 
0 bo 


Therefore H(r)/ n(r)" is bounded at io and approaches the value 5b3/bo = 
-2550. Since then the function is a bounded modular function, it is a constant 
and its value is —2550. We therefore have 


H(r) = —2550 n(r)”, 
and then, by (8.42), (8.43) and (8.44), 
5a? Do baz” + 2, binyst” = —510 D> b,2”. 
n=0 n=0 n=0 
Equating coefficients of like powers of xz gives us 


(8.5) bsnvs = —510b, (mod 5°) 


which we shall use below. 
From (8.13) we have 
o(2')’ = y(z)" (mod 25), 


and therefore, from (1.13), 





ly » = 93 9%) 
35 x p(25n + 24)" = 63 olay (mod 25) 


13 o(z)" o(2*) (mod 25). 


Il 


Using the notation 


. g(z) 


i <) 
> an” 
n= 
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and (8.41), we have 
Ra Dd p(2in + 24)x2" = 13 >> b;2’ Do arz™ (mod 25), 
25 amo j=0 k=0 

and hence 


ssp(25n + 24) = 13 D> axbs-se (mod 25). 


Osksin 


We replace n by 5n + 3 and use (8.5) to obtain 


| 9(125n + 00) = 18 > asbecsoe (mod 28) 
25 k=0 


—13-510 >> axbn-x (mod 25). 
k=0 
Therefore we have 


l_ > p(25n + 99)2" = 4 >> > aebs2z” (mod 5) 


125 =% n=0 k=0 
=4> ax > b;x’ (mod 5) 
k=0 7=0 
= 4,(z)" (mod 5). 
Now by (8.13) and (1.11) we have 


ee, = +» p(in + 4) 2" (mod 5) 


g(z)” = 
and hence 
= p(125n + 99) = * pin +4) (mod 5). 
Replacing n by 5n + 4, we find 
: - p(625n + 599) = 5 p(25n 4+ 24) (mod 5), 
and therefore (1.24) since p(25n + 24) = 0 (mod 25). 
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HEREDITARY ARC SUMS 
By O. G. Harroxp, JR. 


1. The object of this paper is to obtain conditions under which a compact 
locally connected continuum and all of its subcontinua are arc sums. A con- 
tinuous curve possessing this property will be called a hereditary arc sum. G. T. 
Whyburn’ has shown that a necessary and sufficient condition that a curve be 
an arc sum, that is, the sum of a countable number of simple continuous arcs, 
is that it have a countable number of end-points and that each true cyclic 
element be an are sum. It is well known that if an acyclic curve is an arc sum, 
every curve contained in it is an are sum. The corresponding proposition 
about continuous curves in general, or even for the class of cyclic curves, is not 
true, as is easily shown by examples. 

It is proved in this paper that the property of being a hereditary arc sum is 
equivalent to each of the following: 

(1) each acyclic curve in the given curve is an arc sum; 

(2) the boundary of each region in the curve is a countable point set; 

(3) every connected subset is a G;; 

(4) the non-local separating points are countable ; 

(5) for every connected subset G, G — G is countable. 

It is shown that every curve containing a convergence continuum contains an 
acyclic non-are-sum, hence that the class of hereditary arc sums is contained in the 
class of hereditarily locally connected continua. In §5 it is proved that the 
property of being a hereditary arc sum is invariant under continuous trans- 
formations which are either monotone or interior. 

The author wishes to express his appreciation to Professor G. T. Whyburn, 
who has very generously made most helpful suggestions during the preparation 
of this paper. 


2. It is evident that each acyclic curve in M is an arc sum if M is a hereditary 
aresum. To establish the converse we prove first 


THeoreM A. Every hereditarily locally connected compact continuum which 
ts not an arc sum contains an acyclic non-arc-sum. 


Proof. It will be convenient to introduce the notion of an adjacent cycle 
point. A point p is called an adjacent cycle point of the set M provided that 
every neighborhood of p contains a simple closed curve lying in M. Clearly, 
the set of adjacent cycle points is closed. Let M; be the set of adjacent cycle 


Received September 12, 1938. 
1G. T. Whyburn, Concerning continuous curves and arc sums, Fundamenta Mathema- 


ticae, vol. 14(1929), pp. 103-106. 
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points of M, and in general, if the ordinal 8 has a predecessor, let Mg be the set of 

adjacent cycle points of Ms_,. If the ordinal 8 has no immediate predecessor, 

set Mz = IT M;. Each M, is closed, and, if a > 8, then M, C Mg. If some 
t< 

Ms; is compact, then Mg = Mg,, for all ordinals B > fo. 

Let M now denote the given curve which by assumption is not an arc sum. 
For each ordinal 7 of the first or second class set M = M;+ U;, U; = M— M,, 
Suppose that for some ordinal Mg = 0. If we let 8 denote the smallest ordinal 
for which this is true, it is clear that 8 has a predecessor 8 — 1 = a. Setting 
M = M, + Ua (Ma: = 0), we shall prove that M, has only a finite number of 
distinct topological circles. Since M is hereditarily locally connected, M, has 
only a finite number of components of diameter 2 « > 0. Suppose now that 
C,, C2, Cs, --- is a sequence of distinct simple closed curves in M,. If there 
is a subsequence with diameter not tending to zero, we get a contradiction, for 
then there must be infinitely many C; in some one component W of M,. But W 
is a continuous curve in M, which clearly is no baum im kleinen and hence 
contains an adjacent cycle point. If there is a subsequence of the C; with 
diameter tending to zero, we get a contradiction. For, let c;, ¢ C;, ; then if pisa 
limit point of }* cj, p¢Mas:, but Mas: = 0. Thus if the topological circles 
in M areC, , C2, ---,Cn,Ma — (Ci: + Co + --- + C,) is the sum of a countable 


number of closed sets 
T; = M. 7 VinlC: + C2 + r+? + C,) (k — 1, 2, 3, vo), 


Each T, has only point and acyclic curve components. Only a finite number 
have diameter greater than a given positive number. Hence each 7; is con- 
tained in an acyclic curve S,in M2 Thus M, C(C, + C2 +---+ Cn) + Zz Si. 
If some S, is a non-are-sum, our end is attained; if not, M, is contained in an 
are sum in M. 

The set U. = M — M, may be covered by an acyclic curve sum as follows. 
If M = M,, then M, = Mz, and no Mg = 0. Thus U; ¥ 0. If peUs, 
then p belongs to a neighborhood V such that MV has only point and acyelie 
curve components with only a finite number of the latter having a diameter 
greater than a given positive number, so that MP is contained in an acyclic curve 
in M. By the Lindeléf Theorem U, is covered by a countable collection of such 
acyclic curves. If one of these is a non-arc-sum, our end is attained; if not, 
U; is covered by an are sum. If U; be covered by an are sum, then Uj: = 
U; + (M; — Mj) is covered by an arc sum, or our end is attained; for M; - 
M;,; can be covered by an acyclic curve sum as before. Thus, if U;, U2, -:: 
are all covered by arc sums, so is U = )°U;. Proceeding in this way, we 
arrive at a first ordinal 8 such that U, is no longer coverable by an arc sum in M, 
or all U; are contained in are sums in M. In the first case, since 6 evidently 
has a predecessor, Ms_;1 — Ms is covered by an acyclic curve sum one of whose 


2 L. Zippin, On continuous curves irreducible about subsets, Fundamenta Mathematicae, 
vol. 20(1933), pp. 197-205. 
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elements is an acyclic non-are-sum. In the second case, since M = M, + U,, 
we have a contradiction to the fact that M is no are sum. 

The desired type of curve has been shown to exist in M provided M..; = 0 
for some ordinal of the first or second class. If this is not the case, Ma = May: 
~ 0 for all ordinals a > a. The truth of the proposition in this circumstance 
follows from 


LemMaA B. Every compact locally connected continuum which contains a subset 
N such that N = N, contains an acyclic non-arc-sum. 


Proof. We shall prove this lemma at present only for hereditarily locally 
connected continua. This is sufficient for the completion of Theorem A. That 
the conclusion holds if M contains continua of convergence will be a consequence 
of the Theorem D, which is independent of Theorem A and Lemma B. 

Let bp be any point of N and U’(bo) an open connected subset of M containing 
bh. Let J be one of the infinitely many topological circles of N in U. Let t} 
be any are in J with end-points a; and a2. Define C; = ti. Let W; be an open 
connected set in M containing a; with the following properties: 

(i) the diameter of W; is less than a third of the distance between a; and a , 
(Wi) < 3o(ar , ae); 

(ii) B(W,)C, consists of a single point. 

Let b; be the unique point in W;C; such that it is the first point along C, for 
which p = ¢€ as C; is traversed from B(W,)C; to a;, where 3e > 0, 3e < min 
pa;, B(W,)). Let Ux(b:) and Ue(be) be open connected sets in M, 6(U;) < «. 
In U; let 2; be an are in N for which z,C; = 0. This is possible since b; « N. 
Let y; be an are in U’; joining z; and C,;. The continuous curve z; + y; contains 
an are ¢; containing a subare of N in x; , and one end-point of ¢} is in this subare 
andonein C,. Define C. = C; +t} +t. The set C2 is obviously a continuous 
curve which has the following properties: 

(a) it is acyclic; 

(8) each end-point of C; is an end-point of Cz ; 

(y) a and a2, the end-points of ti and &, respectively, not in C,, are also 
end-points of C2 ; 

(6) each end-point a;; of C2 is the end-point of an are in NC, of diameter 
ij > 0; 

(e) to each a;; of Cz can be associated an open connected set W;; such that 
(:B(W;;) consists of a single point and 6(W.;) < u, where 


0 < 3u < min [p(ai;, >> B(UL) + D> B(W.), 4i;, p(az, C1)] 


for i, 7 running independently over 1, 2. 

If we continue this process, it is easy to establish the existence of C; , C2, --- , 
where C, is such that 

(a) it is acyclic (and C,_,; C C,), 

(8) each end-point of C,_1 is an end-point of C, , 

(y) @a,...a,-,2 (@: = 1, 2), which are the end-points of the arcs added to C,_ to 
get C,, which do not lie in C,_; , are also end-points of C,, , 
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(6) each end-point @q,...2, of C, is an end-point of an are in C,N of diameter 
Sa;...9 
(e) to each end-point @a,..., of C, is associated an open connected set Wa,...«, 
such that 

G) Gu... ¢Wan..ms 

(b) B(Wa,...a,)Cn consists of a single point, 

(ce) 6(Wa,...a,) < #, Where 3y is a positive number less than 


min [p(@e,...0,; >, B(Wa;---es-:) + Dy B(Uay...00-1)); 8ay...051 P(Bay...0,-38) Cana}. 


There is thus determined a monotone increasing sequence of acyclic curves in 
M: Ci, C2,---. Set C = >> C;. The set C is a connected subset of M; 


hence C is a compact continuum. If M is hereditarily locally connected, C is a 


continuous curve, which by the method of construction of the C; possesses the § 


following properties: 

(1) each end-point of C, is an end-point of C; 

(2) each point of C — C is an end-point of C; 

(3) C is acyclic; 

(4) C has an uncountable number of end-points. 
From the dyadic construction involved it is clear that property (4) is a conse 
quence of (1), (2) and (3). The first three properties follow from the fact that 
B(W.,...«,)€ is a single point for all n and all combinations of subscripts. Since 
C has an uncountable number of end-points, it is an acyclic non-arc-sum. 
Hence the Lemma B with the additional hypothesis that M be hereditarily 
locally connected has been proved. This completes the proof of Theorem A. 


3. In this section we prove Theorems C, D and E which will complete the 
first two characterizations. 


TueoremM C. Every locally connected continuum M containing a region R 
whose boundary is an uncountable point set contains an acyclic non-arc-sum. 


Proof. The set B(R) is an uncountable G;. It therefore contains a compact, 
perfect, totally disconnected subset B. The set M — B is open and contains 4 
component Q which contains R. Thus Q is an open connected set in M whose 
boundary is precisely B. Since Q has property S,° the points of B are regularly 
accessible’ from Q. 

Let a; and az be any two distinct points in B. An arc ¢’ can be found joining 
these points and such that ? CQ + a: + a. If p(a,, a2) = di, let W’ and Ww 
be neighborhoods of a, and az, respectively, such that 6(W') < 4d, (i = 1, 2) 
and B(W')é is a single point. Set a; = ay. In W* — a, select a point aj 
(i ¥ j) in B. Since B is perfect, this is possible. Since each point of Bis 


3G. T. Whyburn, Concerning S regions in locally connected continua, Fundamenta Mathe 
maticae, vol. 20(1933), pp. 131-139. 

4B. Aitchison, Concerning regular accessibility, Fundamenta Mathematicae, vol. 
(1933), pp. 117-125, Theorem 7. 
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regularly accessible from Q, an arc t' can be found joining a;; to t° which will have 
only a;; in M — Q and such that t' C W*. In fact, there is no loss in assuming 
that #°-¢' consists of a single point. Set C? =#+2#+¢. Let 

d, = min [o(a;;, t’), p(ai; , B(W')), paix, ai; + B(W'))] (6 #5). 
To each a,; (i, 7 = 1, 2) is associated a neighborhood W” of diameter < 3d2 
such that C°B(W”) is a single point. Continuing this process, we determine a 
sequence of curves c’, Cc’, C*, --- such that 

(a) occ + = Werannt. 

(b) all end-points of C” are in B; 

(c) to each @a,...24,, Which is an end-point of C” (m = n), is associated a 
neighborhood W“'**** such that 6(W™"""*") < 4d, , where 
d, = min [(4a,...0,-2% C”' + 2) BOW"), 

les...» OO ) + hay... Gu, &, -*-, @ @ 1, Bs ot DP, 
and such that C"B(W“*'"'“") is a single point. 

Define C = >> C’. Since C**? D> C’, C is a compact continuum. By the 
method of construction, for fixed n and all m, C™ C C* + >> W™"""*, and 
écc"*+ >> Ww". As the diameter of W“'"""™ tends to zero as n increases 
indefinitely, each point zx of C — CB is contained in a neighborhood V such that 
ve = VC", n = n’, so that C is locally connected at such points. Since B is 
totally disconnected, C is locally connected at each of its points and hence is a 
continuous curve. The set BC is a closed, totally disconnected subset of a 
continuous curve C. Hence there exists an acyclic curve A in C which contains 
CB. It remains only to show that A has uncountably many end-points. Each 
set IW“ for a definite sequence (a;) of indices determines a unique point in 
BC which is an end-point in C, and so likewise in A. The number of end-points 
in A is clearly uncountable and therefore A is no arc sum. 


Corottary. If every subcontinuum of a locally connected continuum M is an 
arc sum, the boundary of every region in M is countable. 


THeoreM D. Every locally connected continuum M containing a convergence 
continuum contains an acyclic non-arc-sum. 


Proof. Let K be a convergence continuum in M. Let pe K. Let L bea 
subcontinuum of K such that pL = 0. Since M is locally connected, a region U 
exists in M ©ontaining p such that UL = 0. The component R of M — L 
containing U will contain continua K; such that L Clim (K,). Hence L C B(R). 
Thus R has an uncountable boundary; hence applying the Theorem C to R, 
we see that M contains an acyclic non-arc-sum. 


TuzoreM E. If the boundary of every region in the compact continuum M is 
countable, M is a hereditary arc sum. 


Proof. The given conditions imply that M is a continuous curve. For if 
(K;) were a sequence of mutually exclusive subcontinua of M converging to the 
non-degenerate continuum K of M, we could find a countable subset X° in K 
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such that X° + (M — K) is connected.’ Since X° is an F,, Y° = K — X*is 
an uncountable G;. Let D be a compact, perfect subset of Y°. Then M — D 
is open and also connected, since D is a subset of K — X°.° Hence M — Disa 
region in M with an uncountable boundary, contrary to assumption. 

If M were not a hereditary are sum, it would contain a non-are-sum, which 
by the Theorems A and D can be assumed to be an acyclic curve N. Let the 
uncountable set of end-points in N be E. Since £ is an uncountable G;, it 
contains a compact, perfect subset D. The set M — D is open. Let the 
component of this set containing N — E be J. Then D = B(J). But this 
set is uncountable. Hence M can contain no continuum which is not an are 
sum. Thus we have completed the first two characterizations of hereditary 
are sums mentioned in §1. 


4. We shall now show that this class of continua is identical with the class of 
curves (M) defined by any one of the following properties: 

(1) every connected subset is a G; ; 

(2) the non-local separating points of M are countable; 

(3) for every connected subset C of M the set G — G is countable. 

G. T. Whyburn® has shown that for arbitrary continua properties (1)-(3) are 
equivalent. 

To show that the curve H with properties (1)-(3) is a hereditary arc sum 
merely choose G to be an arbitrary region in H. By (3) it has a countable 
boundary, hence by Theorem E the continuum H is a hereditary are sum. Now, 
if H is a hereditary are sum, it will suffice to show that the non-local separating 
points are countable. Suppose the set N of non-local separating points is 
uncountable. Since N is a G;, it contains a compact, perfect subset N*. If 
H — N° is connected, we have already a contradiction since this is a region 
with an uncountable boundary. On the other hand, if N° separates x and y in 
H, then H, being a continuous curve, contains an irreducible cutting N’ C N’ 
between z and y. Now it is well known that N’ is the boundary of the com- 
ponents X and Y of H — N’ containing z and y, respectively, and thus, since 
H is a hereditary arc sum, N’ must be countable. The set N’ is countable and 
closed hence it contains an isolated point p. Since p is an isolated point of an 
irreducible cutting, it must be a local separating point in H. But peN' C 
N° CN, hence the assumption that H contains uncountably many non-local 
separating points leads to a contradiction. 


5. In conclusion we point out that the property of being a hereditary are 
sum is invariant under continuous transformations which are either monotone or 
° P \ 
tnterior. 

5G. T. Whyburn, Decompositions of continua by means of local separating points, Ameri- 


can Journal of Mathematics, vol. 55(1933), pp. 437-457. See Lemma 2.5. 

6 Loc. cit., p. 452. 

7G. T. Whyburn, Non-alternating transformations, American Journal of Mathematics, 
vol. 56(1934), pp. 294-302, Theorem 1.3. 

8G. T. Whyburn, Interior transformations on compact sets, this Journal, vol. 3(1937), 


pp. 370-381. 
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TueorEM F. Let H be a hereditary arc sum. If B = T(H) is the continuous 
image of H under T which is either monotone or interior, then B is a hereditary 
arc sum. 


Proof. Let T be monotone. Since H is compact, the inverse of a connected 
set in B is connected. Let S be any open connected set in B. It suffices to 
prove that the boundary of S is countable. The set R = 7 ”'(S) is open and 
connected. Since H is a hereditary arc sum, B(R) is countable. Now T(R) — 
T(R) C T(R — R). Thus S — S = T(R) — T(R) is countable. 

Let T be an interior transformation. We need the following results regarding 
such transformations :* 

(i) If A is compact, R open in A and T interior on A, then B(7(R)) C T(B(R)). 

(ii) Let R be an open connected set in B = T(A), where A is compact and T 
interior on A ; then each quasi-component Q of 7~'(R) maps onto all of R under 7. 

Suppose that A is a hereditary are sum. Let R be any open connected subset 
of B. The set S = 7 -'(R) is open in the compact locally connected continuum 
A. Hence each component of Sis openin A. For locally connected sets the 
components and quasi-components are identical. Thus each component Q of S 
maps onto all of R under 7. Using (i), we have B(T(Q)) = B(R) C T(B(Q)). 
Since Q is a region in the hereditary are sum A, B(Q) is countable, and hence 
B(R) is likewise. 


OreGon Strate COLLEGE. 











A GENERALIZATION OF PICARD’S AND RELATED THEOREMS 
By RapHaret M. Rosinson 


With the exception of the generalization of Picard’s second theorem, the 
results contained in this paper are already known. But new (and quite simple) 
proofs of the various theorems to which the title refers are given.’ The necessary 
preliminary material has also been included, so that only the elements of fune- 
tion theory are assumed as known. In particular, the theorems with whose 
generalizations we are concerned are not assumed, but are obtained as special 


cases of our results. 


1. Introduction. An analytic function f(z) is said to be meromorphic in a 
given region if it has no singularities there except poles. And indeed, in con- 
sidering meromorphic functions, a pole is not to be regarded as a singularity, 
but rather simply as a point where the value of the function is ©. The function 
which is equal to «© throughout the given region is also to be regarded as mero- 
morphic there. By the expression ‘meromorphic function” we shall mean a 
function which is meromorphic for all values of z except z = ~. (Sincea 
function which is meromorphic for all values of z is a rational function, no new 
term is needed in that case.) 

We shall call a number a an excluded value for f(z) if the equation f(z) =a 
has no root in the given region. Picard’s first theorem may then be stated as 
follows: A meromorphic function which admits more than two excluded values isa 
constant. 

We shall say that a is an exceptional value of order m if the equation f(z) =a 
has no root of multiplicity less than m. The symbol m in that statement 
represents a positive integer or ©. For m = 1 no condition is imposed on the 
function, while form = © the statement says that f(z) = a has no root of any 
order. We wish now to assign weights to the exceptional values; we shall say, 90 
to speak, that an exceptional value of order m has an importance which is 4 
certain fraction of that of an excluded value. From what we have said, it is 
clear that the weight should increase with m and that it should be 0 for m =1 
and 1 form = «. The expression 1 — 1/m suggests itself for the weight; we 
shall take this as the definition, since it proves useful. (This idea of weight 


1 The previously known proofs depend on Nevanlinna’s theory of meromorphic fune- 
tions; see his book, Le Théortme de Picard-Borel, 1929, p. 102. For a discussion of the 
results from a different point of view, see Ahlfors, Quelques propriétés des surfaces de Rie 
mann, Bull. de la Soc. Math. de France, vol. 60(1932), pp. 197-207. The generalized 
criterion for a normal family of meromorphic functions seems to have been stated first by 
Bloch (making use of Nevanlinna’s results); see, e.g., Valiron, Familles Normales de Fone- 
tions Méromorphes, 1929, p. 21. 
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was used by Valiron, loc. cit.) By the total weight of a number of exceptional 
values, we mean the sum of their weights. With this terminology, the gen- 
eralization of Picard’s theorem with which we are concerned may be stated as 
follows: A meromorphic function which admits exceptional values of total weight 
more than 2 is a constant. 

In this paper, we give a proof of this theorem, as well as of the corresponding 
generalizations of the theorems of Landau, Schottky, and Montel (criterion 
for a normal family of meromorphic functions), and of Picard’s second theorem. 
In the last section, it is shown that none of these theorems can be replaced by 
better theorems of the same type, i.e., theorems whose hypotheses are concerned 
solely with the exceptional values and their orders. 


2. The five principal cases. Before proceeding to the proof of our theorems, 
we determine the cases in which the total weight of the exceptional values is 
more than 2. We find that there are essentially only five cases; thatis, that all 
others are included in these in the sense of having exceptional values of higher 
order (or greater weight) than the corresponding exceptional values of one of the 
five principal cases. The principal cases are those in which the orders of the 
exceptional values are 


(2, 2, 2, 2,2), (2, 2,2,3), (2,3,7), (2, 4,5), (3, 3, 4). 


This may be seen as follows. We may suppose that the order of each excep- 
tional point is at least 2, and hence that its weight is at least 4. Thus if there are 
five or more exceptional values, the total weight is more than 2; and such a case 
is included in the first case above. If there are four exceptional values, one of 
them must be of order more than 2; such a case is included in the second case 
above. If there are three exceptional values, of orders m;, mz, m3, we must 
have 
er er ae 
my me ms 
We may suppose the three values arranged in such an order that m S mz S m;. 
It is then easily seen that one of the following sets of inequalities must hold: 
m = 2, me = 3, m3 Pa 7; 7m = 2, mz, = 4, ms = 5; m = 3, m. 2 3, m3 = 4. 
We are thus led to the last three of the five principal cases. It is impossible 
to have fewer than three exceptional values, since each weight is at most 1, and 
the total weight is to be more than 2. Thus the five cases listed are essentially 
the only ones. a 
If we suppose that the function being considered has an excluded value (as, 
for example, when we consider functions regular in a given region), the five cases 
reduce to only two; namely, those in which the orders of the remaining excep- 
tional values are either (2, 2, 2) or (2, 3). 
To illustrate the meaning of these cases for the theorems which we shall 
consider, we formulate the generalization of Picard’s first theorem, stated in §1, 
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for the special case of entire functions, in the following form. Let f(z) be an 
entire function which is not constant. Thenif w; , w2 , ws are any complex numbers, 
one of the equations f(z) = we (k = 1, 2, 3) has a simple root; and if w; and wy, 
are any complex numbers, either the equation f(z) = w,; has a simple root, or the 
equation f(z) = we has a simple or double root. Picard’s theorem (for entire 
functions) is evidently included in the second part of this statement. 


3. Families of meromorphic functions. In the study of meromorphic fune- 
tions, it is convenient to consider, in place of the plane of the dependent variable, 
its stereographic projection on a unit sphere about the origin, the center of 
projection being the point whose space codrdinates are (0, 0, 1). We shall 
denote by (w’, w’’) the spherical distance between the points w’ and w”’, i.e., the 
length of the shorter arc of the great circle joining them. 

We shall say that a sequence f,(z) of meromorphic functions converges 
uniformly on a given set of points to a meromorphic function f(z) if to every 
¢ > 0 there is an N such that (f(z), fa(z)) < «for n = N and for every z in the 
given point set. That is, the uniformity of the convergence is to be measured 
on the sphere. 

Let us now consider a family of functions meromorphic in|z|< 1. (The 
results may easily be extended to a family of functions meromorphic in any 
given region.) 

We shall say that the functions are equicontinuous in | z | S r (where r < 1) 
if to every « > 0 there is a 6 > 0 such that (f(z’), f(2”)) < efor|z’ — 2” | <3, 
for every function f(z) of the family and every pair of points 2’ and z’’ in the 
circle |z|< r. We shall say that the functions are equicontinuous in the 
interior of the unit circle if they are equicontinuous in | z| S r for each r < 1. 

We shall say that the functions form a normal family in the unit circle if 
from any sequence of them a subsequence can be chosen which, for any r < 1, 
converges uniformly for|z| < r. 

With these definitions, we may state the following fundamental theorem, 
which we may designate as Ostrowski’s form of Arzela’s theorem: A family of 
functions meromorphic in the unit circle form a normal family if and only if they 
are equicontinuous in the interior of the unit circle. 

The theorem may be proved as follows. Suppose first that the functions are 
equicontinuous in the interior of the unit circle. Let 2, z, zs, --- be the 
points within the unit circle having rational coérdinates, arranged into a sequence 
in any manner. Consider any sequence of functions from our family. We chooses 
subsequence fi,(z) which converges at 2; ; from this we choose a subsequence 
fen(z) which converges also at z,; and so forth. The sequence fnn(z) will then 
converge at all the rational points within the unit circle. We shall show that 
this sequence converges uniformly for|z|< r,ifr <1. If « > 0 is given, we 

2 The corresponding theorem for bounded real functions was stated by Arzela in 189; 
a special case had been stated even earlier by Ascoli. Ostrowski stated the result for 
meromorphic functions in Math. Zeitschrift, vol. 24(1925), p. 233. 
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can choose 6 > 0, so that (fan(z’), fan(2’’)) < $e for | 2’ — 2’’ | < 4, for all values 
of n, and for any pair of points z’ and z” in|z| <r. We then choose a finite 
number of rational points in | z| S r, such that there is one of them within a 
distance less than 6 from each point of that circle. If we choose N so large that 
(fmm(2), fnn(Z)) < 3¢, for m 2 N,n 2 N and z one of that finite set of points, then 
(fmm(2), fnn(Z)) < € throughout |z| < r, for those values of m and n. Hence 
the sequence f,,(z) converges uniformly in|z| <r. The functions thus form a 
normal family. 

Conversely, we suppose that the functions form a normal family. We have 
then to prove that they are equicontinuous in | z | S r, foreachr < 1. Suppose 
that this is not the case. Then for some r < 1 and for some e > 0, there is no 
5 > Osuch that (f(2’), f(z’")) < efor | 2’ — 2’ | < 4, for each pair of points z’ and 
7” in |z| S r, and for each function f(z) of the family. For this r and e, there- 
fore, we can find a sequence f,(z) of functions of the family, and a sequence of 
pairs of points z,, and z, in | z| S rsuch that (f,(2,),fa(zn)) 2 eand|z, — 2, | 
+0 for n—+ «©. We may suppose that the numbers z, converge to a limit z,, 
since otherwise a subsequence could be chosen which would converge. Then zy 
converges to z,, also. Since the functions form a normal family, we may suppose 
in the same way that the sequence of functions f,(z) converges uniformly for 
|2| S$ r to a meromorphic function f,(z). Then each of the distances (f,,(z.), 
fulen)), (fo(2n), fn(2n)), and (f,,(2), fe(2n)) can be made less than }¢ by taking 
n sufficiently large. Thus we have (fa(zn), fa(2n)) < € for those values of n. 
The hypothesis that the functions are not equicontinuous in | z | S r leads there- 
fore to a contradiction; hence the functions are equicontinuous in | z| S r, as 
was to be proved. 


4. Curvature of a metric; special metrics. We shall have occasion to make 
use of several different definitions of the length of a curve and of distance, or, as 
one says, of different metrics. In each case an element of length ds will be 
defined in the form A(z) | dz | , where A(z) = Ois continuous. (That we use this 
special form of metric means that we use an equal scale in making measurements 
inany direction from a given point.) The length of a curve is then obtained by 
integrating ds along the curve. The distance between two points is defined as 
the length of the shortest curve joining them (supposing such a curve to exist). 

If \(z) > 0 and has continuous second partial derivatives with respect to z and 
y(where z = x + iy), we may speak of the curvature of the metric ds = X(z) | dz |. 
By the curvature of this metric we understand’ the quantity 


where A is the Laplacian operator, i.e., Af(z, y) = fez(z, y) + Su(2, y)- 
The curvature of a metric is invariant under a conformal transformation. 
‘That this definition of curvature agrees with that given in differential geometry for 


the Gaussian curvature of a surface in space realizing our metric is for our purposes in- 
essential. 
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More exactly, if z and z* are analytic functions of each other which are regular 
at the points under consideration, if \*(z*) is determined from A*(z*) | dz*| = 
\(z) | dz |, and if A* is the Laplacian operator in the variables x* and y* (2* = 
z* + iy*), then 

A* log \* _ Alogyr 

_——! 2 sa 
To verify this, one may first establish the manner in which the Laplacian 
operator transforms; namely, according to the equation A*f*. | dz* |? = 
Af: | dz |’, where f(x, y) = f*(2*, y*) is a function with continuous second partial 
derivatives. In showing this, use is made of the fact that the real and imaginary 
parts of an analytic function satisfy the Cauchy-Riemann and Laplace equa- 
tions. Finally, we apply this formula, again making use of the fact that the 
real part of an analytic function satisfies the Laplace equation, to obtain the 
desired result. 

We now consider some special metrics. If A(z) is a positive constant, we 
have a Euclidean metric. In this case, the curvature is 0. Aside from this 
case, we have already considered in the last section the spherical metric, though 
not from the point of view of first defining an element of length. But since 
the stereographic projection is a conformal transformation, the element of length 
on the sphere would be of the required sort. We shall denote this element of 
length by d(z). (It is not necessary for us to have an explicit formula for d(2), 
However, this is readily calculated, namely, 


Using this formula, we can calculate the curvature of the spherical metric and 
find that it is equal to 1.) 

Another classical metric, which applies, however, only to the upper half-plane 
y > 0, is that in which an element of length, which we shall denote by d[z],is 
defined by the equation 


d(z] = [ds | , 

¥ 
This determination of distance is especially significant because it is invariant 
under a linear (fractional) transformation of the upper half-plane into itself 
(Such a transformation has the form 2* = (az + b)/(cz + d), with real a, b, ¢,¢ 
and ad — be > 0. It is then simple to calculate the invariance of | dz |/y.) 
We find that the curvature of this metric is —1. 

In this metric, the shortest curve joining two points is an arc of a cirde 
orthogonal to the real axis. For by means of a linear transformation of the 
upper half-plane into itself, which leaves d[z] invariant, we can transform the two 
points into two points on a vertical line. In this case, it is easy to see that the 
line segment joining them is the shortest such curve, according to this metric. 
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If we map the upper half-plane onto the interior C of any circle by means of a 
linear transformation, we introduce a metric with similar properties in C. The 
element of length is invariant under a linear transformation of C into itself, the 
curvature is —1, and the shortest curves are circles orthogonal to the cir- 
cumference of C. If we call these orthogonal circles “straight lines”, then the 
geometry in C with this metric is hyperbolic geometry. Consequently, we shall 
speak of this metric as the hyperbolic metric of C. We shall use the notation 
d|z] for an element of length in this case also, and the notation [z’, z’’] for the 
distance between the points z’ and z’’. In using this notation, we must specify 
what Cis. Thus d[z] = | dz |/y if C is the upper half-plane, while d[z] = | dz |/z 
if C is the right half-plane. (Another interesting case is that in which C is the 
unit circle. We do not need the explicit formula in that case, but it is easily 
calculated, namely, 


It may be noticed that this is very similar in form to the expression for d(z).) 


5. Ahlfors’s generalization of Schwarz’s lemma. If f(z) isregular for |z| < 1, 
if | f(z) | < 1 there, and if f(0) = 0, then, according to Schwarz’s lemma, we 
must have | f’(0)| < 1. If we suppose only that f(z) is regular for|z| < 1 
and | f(z) | < 1 there, then putting w = f(z), and making use of the hyperbolic 
metric in the unit circle in both the z- and w-planes, we can say that d[w] S d[z]. 
For by making linear transformations in both the z- and w-planes which leave 
the unit circle invariant, but take the points z and w under consideration to the 
origin in their respective planes, we can reduce this to the previous statement. 

Ahlfors’s generalization‘ of this consists in considering any function f(z) 
meromorphic in|z|< 1 and measuring distances on the Riemann surface 
traced out by w = f(z) according to any metric ds whose curvature is S —1, 
the result obtained being that ds S d[{z]. The conditions to be imposed on the 
metric at the branch points and points at infinity are considered below. (Evi- 
dently the same result would be true if we considered a function f(z) meromorphic 
inany circle C, if d[z] denoted the hyperbolic element of distance for the circle C.) 

We consider first the following simpler case. Suppose that we have defined 
in the unit circle, besides the hyperbolic metric, another metric ds = X(z) | dz |, 
whose curvature is S —1 at all those points where A(z) > 0. We shall show that 
ds S$ d{z]. Let d[z] = A(z) | dz | (ie., u(z) = 2/(1 — |z |*)); we have to show 
that A(z) S A(z) for|z| < 1. Let ,(z) | dz| be the hyperbolic element of 
distance for the circle |z|< r. Then it is sufficient to show that, for each 
r<1,A(z) S ,(z) for|z| <r. Now Alogd, = A} ; and A log A 2 2’ at those 
points where \ > 0. Hence, if A > 0, 


A log 2 de. 


‘ Ahlfors, An extension of Schwarz’s lemma, Trans. Amer. Math. Soc., vol. 43(1938), pp. 
359-364. 
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Now at any point where \ > A,, we have A > 0, so that we can use the above 
inequality to obtain A log (A/A,) > 0. Therefore, at such a point, log (A/),) 
cannot have a maximum. For if a function f(z, y) with second partial deriva- 
tives has a maximum at a point (z, y), then f..(z, y) S 0 and f,,(z, y) S 0, so 
that also Af(z, y) S 0. Hence A/A, cannot have a maximum which is >1 at 
any point in|z| <r. Nowd,(z)— @ for | z | 7, while \(z) remains bounded, 
since it is continuous in |z|< 1. Hence A/A, — 0 for|z|— r. Combining 
this with the fact that \/A, has no maximum > 1 in | z| <r, wesee that \/A, $1 
there, as was to be shown. 

If now w = f(z) maps |z| < 1 on a Riemann surface over the w-plane, and 
we define on that surface a metric whose curvature is S —1, that metric may be 
transferred back to|z|< 1, and the curvature does not change. We must 
suppose that the metric is such near the branch points and points at infinity 
on the surface that, when a neighborhood of such a point is mapped onto a plane 
finite region, the metric is of the kind we have considered. That is, the trans- 
formed A, say A*, must either be 0 at the point corresponding to the branch point 
or point at infinity, or have continuous second partial derivatives there. That 
an element of length on the Riemann surface, in the metric defined there, is less 
than the corresponding d[{z] is Ahlfors’s result. 

We must now examine more closely the condition concerning the branch 
points and points at infinity. For our purposes it will be sufficient to consider 
only the case in which \* = 0 at the corresponding point, after the mapping 
mentioned in the last paragraph. Now such a mapping is done by the function 
w* = (w — a)”, in case of a branch point with m sheets at a finite point a. 
Then 


dw* = 1 (w — a)” "dw, 
m 
so that if ds = \(w) | dw | = A*(w*) | dw* | , we have 
| dw | 1-1/m 
n= | Te = dm|w — al". 


Hence the condition imposed becomes 


|w—-al'”"-»7>0 for w 4. 


This condition may also be written, using the spherical metric, in the form 


(w, a)’ Tew +0 for w 4, 


and in this form it is valid even if a = ~. 


6. Construction of a metric. The purpose of this section is to construct 4 
metric with curvature S —1, defined over the entire sphere, with the exception 
of a finite number of points; at these points it is to have singularities of a pre 
scribed sort. 
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Lemma. Given the real numbers yi, ¥2, +++, Yn, 7 such that 
uw <1 sksn), 7¥< =~, WH OTS 


Then there exists a function \(w) > 0 with continuous second partial derivatives, 
defined over the entire w-plane, except at the points w,, W2,---, Wa, ©, which 
satisfies the inequality 

A log A(w) = A(w)’, 
and the boundary conditions 
| Yk 


A(w) ~ const/| w — we forw— wu, 


\(w) ~ const-| w |” forw— ~. 
Proof. Let % =|w — w,land r =|w\|. Let e denote any sufficiently 
small positive number, and let c > 0 be determined from nce = y1 + --- + Yn 


+ y. Then put 


and finally 
A(w) = B-u(w), 


where @ is a sufficiently small positive constant. We shall verify that by proper 
choice of « and 8 the conditions of the lemma are satisfied by this A(w). 
We see at once that 


u ~ const/r;* for w — wz, 
and, using the definition of c, that 
arr for w—> . 
These equations show that d satisfies the required boundary conditions. 
If we apply the general formula 


afr) =f") +2 FO) 


to the function log (1 + r‘), we find that 

dy" 
Using this result and the fact that A log r = 0, both of which remain true if r is 
replaced by r, , we obtain the formula 


A log (1 + r‘) = 


e-3 


n rt 
Alo = ce — , 
" ey (1 + ri)’ 


' This lemma is a special case of a theorem due to Picard; namely, that under the same 
hypotheses, we can satisfy an equality rather than an inequality. See his paper, De l’in- 
tegration de l’équation Au = e“ sur une surface de Riemann fermée, Journal fiir Math., vol. 
130(1906), pp. 243-258, as well as earlier papers mentioned there. 
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From this we find that 





2 e—2 
A log u ~ cer; for w — wy, 
and that 
A log un ~ neer * for w —> o@, 
Therefore 
A log u const 
eee ~ 2 for w— 
io Tk 
(the constant being positive), and 
Alo sia 
Sa B ~~ neer ile dis for w — @, 
ue 


Hence, if ¢ is sufficiently small (remembering that 2 — 27, and —2 — 2y are 
positive), we have 


] 
OEP + « for w > w; and w > », 
iT 


Hence (A log »)/u’ has a positive minimum. Now 


Alogr _ Alogu 


ie By? ’ 
so that by taking 8 sufficiently small, we can insure that, for all values of w 
except W; , We, --+ , Wa, ©, we have the inequality 

4 log d > 1. 

te 
For later purposes, we need to know the behavior of the function d deter 

mined in this lemma, when the w; , we, --- , W, are variable. Now XA was given 
by an explicit formula, except that undetermined constants ¢, c, and 6 were 
involved. The constant « may be chosen independent of w,, --- , Wa, since 


it was subject only to the conditions « < 2 — 2% for 1 S k S n, and e < 
—2 — 2y. The constant c is then also independent of the w,. Finally, the 
constant 8 may be chosen as a continuous function of w,, --- ,wW,, these” 
points being supposed distinct from each other and from ©. To verify this, 
we note first that all of the limit relations stated in the proof of the lemma 
for w — w, or w — © are true under the more general hypothesis that the 
points w,, --- , W, are variable, but that w — w; or w > ©, and that w;— wy; 
for 1 < 1 < n, where wi, --- ,w, are a fixed set of values of w;, --- , Us- 
The function (A log »)/’ is a continuous function of w, w,, --- , Wa, as long 
as w is different from the singular points, and approaches + © under the con- 
ditions just mentioned. That is, it is continuous even if w is equal to some 
w, or ©, if we define it as + at those points, and understand continuity in 
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an extended sense which does not exclude the function having an infinite 
value. Now 8 was subject only to the condition that A log » = f'x’; for given 
values of the w,, we may choose 8 as the square root of the minimum, for 
all values of w, of (A log u)/y*. With this choice, 8 is a continuous function 
of wi, --:, Wn. Then d itself is a continuous function of w, w,, --- , Wa, in 
the extended sense just mentioned, if we suppose, as always, that wi, --- , Wn, 
# are distinct. We note also that \-| w|’ is continuous, in the same sense, 
forw = ©. 


THEOREM. Given the points w, , We, --- , Won the sphere, and the real numbers 
m,a2,°-:,a@,suchthatO0 <a, Slforl Sk Sq, buta+ac+--- + a, > 2. 
Then it is possible to find a metric ds whose curvature is S —1, defined over the 
entire sphere, except at the points w,,--- , Wa, and such that ds/d(w) becomes 
infinite in such a way at these points that 
ds 


aa for w— w; (1 


IIA 
> 
lA 
J 


(w, wx)™* 


The metric can be determined so that it varies continuously with w; --- , Wg. 


Proof. Suppose first that w, = ©, and apply the lemma with n = q — 1. 
The y’s are to be so chosen that 0 < y, < a forl S k S n, while -2 <y < 
-2 + a, ; we see at once that it is possible to do this in such a way that the 
conditions of the lemma are satisfied. We determine A(w) from the lemma and 
put ds = (w) | dw| ; this metric has a curvature which is S —1. We find 
also that 


aw const - A(w) > © forw->wu.(lsksn), 
d(w) 
and 
ds 2 
~ const - \(w) | wl forw— o. 
d(w) 


(To derive the last formula, we must make use of the fact that d(w) ~ const 
‘|dw|/|w |? for w— «©. This may be seen at once from the formula for d(w), 
but may also be derived without using that formula in the following way. 
Let w* = 1/w; then d(w*) = d(w) and | dw*| = |dw|/|w/’. Since d(w*) ~ 
const -| dw* | for w* — 0, we have the required result.) On the other hand, 
we find that 





a, @ a 
(w, wx) * ate) ~ const - | w — wz |** \(w) > 0 forw—> wu, (1 Sk Sn), 
a, dé ~a 
(w, 0)% “5 ~ const. | w \-* x(w)| w |? > 0 forw— ©, 
d(w) 


Thus all the conditions are satisfied, and the metric varies continuously with 
%,-+-- ,W,, if we suppose that the y’s were chosen to depend only on the a’s. 
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More precisely, ds/d(w) is a continuous function (in the extended sense) of 
W, Wi,-+-,Wn; for finite values of w this follows from the continuity of 
\ (= ds/| dw |), and for w = © from the continuity of \-| w |’ (~ const -ds/d(w)). 

Finally, for the general case, where we do not suppose that w, = ©, we can, 
by a rotation of the sphere, transform to the first case, and indeed the rotation 
can be made to depend continuously on w, , so that the condition about con- 
tinuous variation is also satisfied. 


7. The generalizations of Picard’s and related theorems. We have now 
covered all the necessary preliminaries and come to the proofs of the generali- 
zations of Picard’s and related theorems. After each of our theorems, we state 
one of the classical theorems, which follows easily from it. 

The letters K, K,, --- will denote positive constants, which depend only 
on the quantities indicated. The letters 6 and r denote positive numbers, 
andr <1. If we put w = f(z), then w’ will denote f(z’), and similarly in other 


cases, 


THEOREM 1. Let f(z) be meromorphic in a circle C and admit exceptional values 
of total weight more than 2, the spherical distance between any two exceptional values 
being 2 6. Then if we put w = f(z), we have 

d(w) S K(6)d[z], 
and consequently also 
(w’, w’) S K(d)lz’, 2” 
(The symbols d|z] and |z’, z’’| refer to the hyperbolic metric in C.) 

Proof. If we suppose that the exceptional values are w; , we, --- , Wa, with 
orders m; , m2, --- , m,, and if we apply the theorem of §6 with a, = 1 — 1/m, 
we obtain a metric ds with curvature < —1, defined over the entire sphere 
except at the points w,, --- ,w,. We wish to use this metric on each sheet of 
the Riemann surface traced out by w = f(z). Now any value of z, which isa 
root of f(z) = w, of multiplicity m, corresponds to a branch point with m sheets 
at w,, on the Riemann surface. By hypothesis, this m is at least m,. Con- 
sequently, the condition at the end of §5 is satisfied, so that we can apply 
Ahlfors’s theorem, thus obtaining the result that ds < d{[z]. 

The ratio ds/d(w) is always positive and is a continuous function (in the 
extended sense) of w, wi, --- , w,, as long as w, --- , w, are distinct. Hence 
if we restrict the arguments to a closed set by means of the conditions 
(w,, wi) 2 6 (for 1 S k <1 S q), then ds/d(w) has a positive minimum; hence 


d(w) S K(é;m,, --- , m,)ds. 


The arguments m,, --- , m, may be struck out, since, by §2, there are only 4 
finite number of cases that need to be considered. Therefore 


d(w) S K(é)ds = K(8)d[z]. 
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LanpAu’s THEOREM. [f f(z) is regular for |z| < 1 and is never equal to 0 or 
1 there, then 


| #0) | = Ki(f@)). 


THEOREM 2. A meromorphic function which admits exceptional values of total 
weight more than 2 is a constant. 


Proof. If f(z) is the function, then by Theorem 1 
(f(z), $2") S& Ke’, 2”), 


where [z’, 2’’] is the distance between the points z’ and z” in the hyperbolic 
metric of any circle C containing those points. If we take C as|z|< R and 
let R — ©, keeping 2’ and z” fixed, then [z’, z”] —- 0. Consequently, f(z’) = 
f(c’’); that is, f(z) is constant. 

PicarpD’s First THEOREM. An entire function which is never equal to 0 or 1 is 
a constant. 


THEOREM 3. The functions meromorphic in |z| < 1, which admit exceptional 
values of total weight >2 and minimum spherical distance 26, form a normal 
family. 

Proof. From Theorem 1, we obtain at once 

(f(e'), fle") $ Ka(6, r) | 2” — 2""|, 
for any pair z’ and z”’ in the circle|z| <r. Thus the functions are equicon- 
tinuous in the interior of the unit circle, and hence, by §3, form a normal family. 


Monte.’s THEOREM. The functions which are meromorphic in |z| < 1 and 
admit there three given excluded values form a normal family. 


THEOREM 4. Suppose that f(z) is regular for|z\|< 1 and admits finite ex- 
ceptional values of total weight > 1, whose spherical distance from each other and 
from © is 25. If|f(0)| s M, then 


| f(z) | S K3(r, 6, M) for\z\ <r. 


Proof. Otherwise, for some values of r, 6, M, we could find a sequence of 
functions f,(z), satisfying the conditions of the theorem, and a sequence of 
points z, in the circle | z | S rand such that f,(z,) ~ «©. Wemay suppose that 
the points z, converge to a limit z.. , since otherwise we could choose a convergent 
subsequence. Let R be chosen between r and 1. Then, since the functions 
considered form a normal family, we may suppose that the sequence f,(z) 
converges uniformly (in the spherical sense) in |z| < R, to a meromorphic 
function f,,(z); for otherwise an appropriate subsequence could be chosen. We 
must have f,(z,.) = «©. On the other hand, | f,(0) | s M, so that f,(z) is not 





identically «©, but has a pole at z,. But a sequence of functions regular in 
\2| < R cannot converge uniformly toward a function having a pole there, as 
may be seen, e.g., by using the principle of maximum. The hypothesis that the 
theorem is false thus leads to a contradiction. 
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Scuotrkxy’s Tororem. If f(z) is regular in|z|< 1 and always different 
from 0 and | there, then 


| f(2) | = Kar, f)) for |z| Sr. 


We come now to the generalization of Picard’s second theorem, which is 
believed to be new. It may be pointed out that the proof necessarily proceeds 
along different lines from the proof commonly given for Picard’s second theorem 
itself; for that proof makes use of the principle of maximum, which is not 
available here, since we are considering meromorphic functions. 


THEOREM 5. A function f(z) which is single-valued and meromorphic in 
1 <|z|<« and admits exceptional values of total weight >2 cannot have an 
essential singular point atz = o. 

Proof. Suppose that © is an essential singularity for f(z). Then neither 
f(z) nor 1/f(z) can be bounded near z = «©. Hence we can find a point 7’, 
with | z’| > max (e*, e**) (where K = K(8) is the constant of Theorem 1), 
and such that (f(2’), ©) <4. A second point z’’ may be found, with | 2” | > 
| z’ | , and such that (f(z’’), 0) < $x. 

Let ¢ = logz and g(¢) = f(e), so that f(z) = g(t). Then g(¢) is meromorphic 
for— > 0, wheref = + in. Furthermore, g(¢) = a has roots of the same order 
as f(z) = a, so that g(¢) admits exceptional values of total weight >2. Thus 
we shall be able to apply Theorem 1. Let ¢ be any point on the line segment 
joining the points ¢’ — wi and ¢’ + wi. Then 





t lay 
OW, 06) sK-tr1sK [, 
where the integral is taken along the line segment joining {’ toe. Now & > 6K 
there, and the length of the segment (in the ordinary sense) is S 7. Hence 
(g(¢), g(¢')) < 4x for ¢ on the given segment; that is, (f(z), f(z’)) < $m for 
|z|=|2’|. From this, we conclude that (f(z), ©) < 4” for|z| = |2’|. 
In exactly the same way, we find that (f(z), 0) < 47 for|z| = |2’’|. 

Thus the circular ring | z’ | S |z| S | z’’ | is mapped by f(z) on a part of the 
sphere, one of whose boundaries is within a distance 47 from ~ (i.e., within 60° 
from the north pole), and whose other boundary is within a distance 37 from? 
(i.e., within 60° from the south pole). Consequently, the map of the circular 
ring must cover the zone extending 30° on either side of the equator. (The 
zone may be covered multiply.) Hence the area of the map must be at least 
27, since that is the area of this zone. 

On the other hand, the area of that map is not more than K’ times the hy- 
perbolic area of the corresponding region in the {-plane. Take this region 3 


estst’, O87 < 2x, 


whose hyperbolic area is 


a (* dé dn + *) Qn 26 
ath... -i<¢ ee. 
| [ ge ~ "\e-p)< elk 
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Thus the spherical area is less than 27, and this gives a contradiction. 


PicaRD’s SECOND THEOREM. [If a function is regular and single-valued near an 
essential singular point, it assumes any finite value, with at most one exception, in an 
arbitrarily small neighborhood of that point. 


In that statement, we have transformed the region 1 < |z| < © into a small 
neighborhood of the given essential singular point, with the exception of that 
point itself. Similarly, we can obtain from Theorem 5, for each of the five cases 
in §2, a statement about the values assumed by a meromorphic function near an 
essential singularity. For example, the first case there gives the following 
result. Let w,,--- , ws be any five distinct complex numbers. Then if f(z) is 
meromorphic and single-valued near an essential singular point, at least one of the 
five equations f(z) = w, will have a simple root in an arbitrarily small neighborhood 
of that point. 


8. Definitiveness of the results. We now raise the question whether any of 
our theorems can be replaced by better theorems of the same type;i.e., theorems 
in which the same conclusions are obtained from a weaker hypothesis about the 
orders with which the exceptional values are assumed. We shall show that this 
is not the case. 

In doing this, we need to make use of certain well known special functions, 
which however cannot be considered elementary. Consequently, this section 
forms an exception to the statement at the beginning of the paper concerning the 
material assumed as known. 

Consider first Theorem 2, which is a generalization of Picard’s first theorem. 
We need to show that for each possible set of exceptional values, of preassigned 
orders, such that the total weight is <2, a meromorphic function can be found 
which assumes the exceptional values only with exactly those orders, and which 
isnot a constant. If there are only one or two exceptional values, at © or at 0 
and «, then the function e° may be used, since it does not assume either of those 
values. Consider now the case in which there are three exceptional values. 
If two of these are of the second order, at 1 and —1, and the third of any order, 
at ©, then we may use the function cosz. The only other cases to be considered 
with three exceptional values are those in which the orders are (2, 3, 3), (2, 3, 4), 
(2, 3, 5), (2, 3, 6), (2, 4, 4), and (3, 3,3). In these cases we may use Schwarz’s 
triangle functions, which in the first three cases are rational functions, and in the 
last three cases are elliptic functions. Finally, if there are more than three 
exceptional values, we can have only the case (2, 2, 2, 2). Here the function 
»(2) may be used, since it has poles of the second order at the period points, and 
assumes the values ¢; , €2, €3 at the half-period points, with the multiplicity 2; 
and the values ©, e; , é2, €3 are not assumed at any other points. 

Thus we can find a meromorphic function which assumes the exceptional 
values with the desired multiplicities. But we should also show that the 
positions of the exceptional values are arbitrary. If there are not more than 
three exceptional values, they can be taken into any positions by a linear trans- 
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formation, in the plane of the dependent variable. The only case which remains 
is the case (2, 2, 2, 2). Now it is shown in the theory of elliptic modular fune- 
tions that, by a proper choice of periods, the quotient (e2 — e3)/(e: — es) may 
be made to assume any complex value except 0, 1, and ©. From this, it is 
easily seen that by a proper choice of periods and of complex numbers a, b, ¢, d, 
we may determine a function (ap(z) + b)/(cp(z) + d), which has any four given 
distinct complex numbers as exceptional values. 

Hence, in the case of Theorem 2, no improvement of the kind mentioned is 
possible. It is then evident that the same is true for Theorem 1, since Theorem 2 
was deduced from it; it is of course immaterial what circle C is. Likewise, we 
shall know that Theorem 3 cannot be improved, if we can deduce Theorem 1 
(with C the unit circle) from it. 

We assume then the truth of Theorem 3, and try to prove from it that d(w) s 
K(é)d{z]. It will be sufficient to show this for the case z = Oandw = 0. For 
otherwise, the point z under consideration can be taken to the origin by a linear 
transformation which leaves the unit circle fixed, so that d[z] is invariant; and 
the point w being considered can be taken to 0 by a rotation of the sphere, which 
leaves d(w) invariant. We then have w = f(z) with f(0) = 0; and we have only 
to prove that | f’(0) | is less than a bound which depends only on 6. Now since 
all such functions, with a given 6, are supposed to form a normal family, they 
are equicontinuous in the interior of the unit circle. Hence we can find 4, 
which depends only on 4, so that | f(z) | < 1 for|z|< 6’. From this, we 
conclude that | f’(0) | < 1/6’, and this completes the proof. 

In the case of Theorem 4, we are concerned with regular functions. The 
cases to be considered here are those in which the finite exceptional values have 
total weight <1; that is, there is one finite exceptional value, of any order, or 
there are two finite exceptional values, eachof the second order. In these cases, 
we make use of the functions f(z) = ae™ + b and f(z) = a cos (nz + c) +b. 
The constants a and b, or a, b, and c, with a + 0, can be chosen so that the finite 
exceptional values and f(0) are arbitrary. Forn— ~, neither of these functions 
remains bounded in any circle about the origin; i.e., Theorem 4 cannot be 
extended to these cases. 

Finally, in the case of Theorem 5, we need to find functions having essential 
singularities at © and satisfying the same conditions with regard to exceptional 
values as in the case of Theorem 2, at the beginning of this section. Now the 
function f(z) constructed there can also be used here, except in the cases it 
which it is a rational function; then it would not have the required essential 
singular point, but we could use f(e*) in its place. 

Thus, in all cases, our theorems are the definitive results of their kind. 


UNIVERSITY OF CALIFORNIA. 
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CERTAIN EQUIVALENCES AND SUBSETS OF A PLANE 
By F. Burton JoNEs 


In the following paragraph is stated a sequence of propositions which are 
known to hold true in the plane and in certain other spaces.’ It is the purpose 
of this paper to study the relations that exist between these propositions in 
spaces which satisfy R. L. Moore’s Axioms 0-4.” For example, it will be shown 
that in any space satisfying these axioms, each proposition is a consequence of 
each succeeding proposition and that those propositions of like number are 
equivalent. Furthermore, in any space which satisfies Moore’s Axioms 0-4 
and the axiom stated in the second section of this paper, all of these propositions 
are equivalent. A space exists, however, as is shown by an example, in which 
all of these propositions are false but which satisfies Axioms 0-4 and the author’s 
axiom of §2 and which is a subset of a plane. 

Let a denote the following sequence of propositions: 

ProposiTIon 1. If A and B are two distinct points and neither of the two 
mutually exclusive closed and compact point sets H and K separates A from B, 
then H + K does not separate A from B. 

PROPOSITION 2a. If A and B are distinct points, there exists a simple closed 
curve separating A from B. 

PRoPposITION 2b. If the common part of the closed and compact point sets H 
and K is a continuum and neither H nor K separates the point A from the point B, 
then H + K does not separate A from B. 

Proposition 2c. No arc separates space. 

ProposiTIon 3a. If A and B are distinct points, A + B is a subset of a simple 
closed curve. 

Proposition 3b. Space contains no end points. 

ProposiTIon 3c. If P is a point, there exists a simple closed curve containing P. 

Proposition 4a. Space contains no local cut points. 

Proposition 4b. If P is a point of a connected domain, then D — P is 
connected. 

Proposition 5. If A is a point of a region R and B is a point distinct from A, 
there exists in R a continuum T separating A from B. 

Proposition 6a. If A is a point of a region R and B is a point distinct from A, 
then R contains a compact continuum separating A from B. 


Received September 16, 1938; presented in part to the American Mathematical Society, 
June 18, 1936. 

1 See Chapter IV of R. L. Moore’s Foundations of Point Set Theory. This book will here- 
inafter be referred to as Foundations. For the definition of certain terms and phrases used 
without definition in this paper the reader is referred to Foundations. 

? Loc. cit. 
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PRoposiTION 6b. If A is a point of a region R and B is a point distinct from A, 
then R contains a simple closed curve separating A from B.* 


1. Consequences of Axioms 0-4. Let S denote the set of all points.‘ 

THEOREM |. Proposition 2a implies Proposition 1. 

Proof. Suppose, on the contrary, that H and K are two mutually exclusive 
closed point sets neither of which separates the point A from the point B such 
that H + K does separate A from B. It follows from Proposition 2a and the 
arguments in Foundations for Theorems 9, 21, 22, 23, and 24 of Chapter IV 
that H + K contains a continuum T separating A from B. Since H and K are 
mutually separate, T is a subset of one of them. Consequently, this set sep- 
arates A from B contrary to hypothesis. 

However, Proposition 1 does not imply Proposition 2a as is shown by the 
following example. 

Ezample 1. Let S denote a subset of the number plane consisting of the 
points (0, 1) and (0, —1) together with all points whose abscissas are positive 
except those points (X, Y) such that X = n(n = 1, 2,3, ---) and1} = Y>1 
orl > Y => 40r—4} 2 Y>-—lor—1 > Y 2 —1}.° Itis apparent with the 
help of Theorem 9 on page 96 of Foundations that S satisfies Axioms 0-4. 
Furthermore, Proposition 1 holds true in S. But Proposition 2a does not hold 
true, for there exists no simple closed curve separating (0, 1) from (0, —1). 

THEOREM 2. Proposition 2a implies Proposition 2b. 

Proof. Suppose, on the contrary, that H + K separates A from B. Let 
AXB and AYB denote arcs from A to B lying in S — K and S — H, respec 
tively, and let U denote the component of S — (H + K) which contains A. 
Let A’ denote the last point of AXB belonging to AXB-AYB-U and let B 
denote the first point of the interval A’B of AXB which isin AYB. It is clear 
that B’ does not belong to U + H + K, and that H + K separates A’ from B’. 
Denote the interval A’B’ of AXB by A’OB’, where O is a point of H, and denote 
the interval A’B’ of AYB by A’PB’, where P is a point of K. These intervals 
have only their end points in common. Let J denote the simple closed curve 
A’'OB’ + A’PB’. The simple closed curve J does not intersect H-K. Let D 
denote the complementary domain of J which does not contain H-K, and let L 
denote an interval of A’PB’ which contains A’PB’- K but which contains neither 
A’ nor B’. It follows from Proposition 2a and the argument in Foundations for 
Theorem 9 of Chapter IV, that there exists a simple closed curve C separating 0 
from P and containing no point of K + L + (D + J)-H + A’OB’. By part 


3 Axiom 5 of Foundations. 

‘ If the reader is not familiar with Foundations, it may facilitate his reading of this paper 
to know that every connected open subset of S is arc-wise connected. Furthermore, any 
locally connected complete metric space which contains no cut points and in which the Jordan 
Curve Theorem holds true satisfies Axioms 0-4. 

5 These sets are removed so that there will exist no simple closed curve through (0, ) 
and (0, —1) which would separate S into more than two domains contrary to Axiom 4 
The points (n-!, +1) are retained so that S will be connected im kleinen at (0, 1) and (0, —}). 
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(3) of the conclusion of Theorem 11 on page 163 of Foundations P is separated 
from O, on J, by two points which are the extremities of a segment 7 of C which 
lies wholly in D. Obviously, 7 contains no point of H + K. Hence T + A’PB’ 
contains an are from A’ to B’ not intersecting H + K, and this is a contradiction. 

THEOREM 3. Proposition 2b implies Proposition 2c. 

The argument for Theorem 19 on page 191 of Foundations without change 
establishes Theorem 3. 

THEeoREM 4. Proposition 2c implies Proposition 2a. 

Proof. Let AXB denote an arc from A to B. There exists in S — X an are 
from A to B which contains an interval A’Y B’ which has only the points A’ and 
B’ in common with AX and XB, of AXB, respectively. If the simple closed 
curve A’XB’ (of AXB) + A’YB’ does not contain A nor separate A from B, 
then let WZ denote an are such that (1) WZ — Z lies in the complementary 
domain of A’XB’ + A’YB’ which contains A, and (2) WZ-AXB = @Z, an 
internal point of A’XB’. By Proposition 3c, S — AXB is connected. Hence 
there exists in S — AXBanarec WY from Wto Y. Then WY + WZ contains 
a segment 7’ which lies in the complementary domain of A’XB’ + A’YB’ 
containing A such that one end point of 7 is Z and the other end point is a 
point of A’YB’. It follows with the help of Theorems 3 and 4 on page 155 
of Foundations that T + A’XB’ + A’YB’ contains a simple closed curve 
separating A from B. A similar argument may be given in case A’X B’ + A'YB’ 
contains A or A + B.° 

THEOREM 5. Propositions 2a, 2b, and 2c are equivalent. 

Theorem 5 follows from Theorems 2, 3, and 4. 

THEOREM 6. Proposition 3a implies Proposition 2a.’ 

However, Proposition 2a does not imply Proposition 3a as is shown by 
Example 2. 

Example 2. Let S denote the subset of Example 1 consisting of those points of 
Example | whose ordinates are positive. Axioms 0-4 are satisfied. It is easy to 
see that Proposition 2a holds true in S, but Proposition 3a does not hold true, 
since S contains no simple closed curve containing (0, 1). 

THEoREM 7. Proposition 3a implies Proposition 3b. 

THEOREM 8. Proposition 3b implies Proposition 3c. 

Proof. By Proposition 3b there exists an arc APB containing P as an internal 
point. There exists an arc AXB from A to B lying in S — P. Let A’ denote 
the last point of AXB in the interval AP of APB, and let B’ denote the first 
point of AX B which follows A’ and is in APB. The sum of the intervals AXB 
and APB from A’ to B’ is a simple closed curve containing P. 


* This argument shows that if A and B are two distinct points and there exists an arc from 
4A to B which does not separate space, then there exists a simple closed curve separating A 
from B. 

‘If a proof of Theorem 6 does not occur to the reader, he is referred to the proof of 
Theorem 2 on page 57 of my paper Concerning certain topologically flat spaces, Trans. Amer. 
Math. Soc., vol. 42(1937), pp. 53-93. Asa matter of fact, this argument shows that any two 
points of a simple closed curve may be separated by a simple closed curve. 
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TueoremM 9. Proposition 3c implies Proposition 3a.° 

Proof. Since A lies on some simple closed curve, it is not a local end point. 
Likewise, B is not a local end point. By Axiom 3, neither A nor B is a cut point 
and no point separates A from B. Hence, by Theorem A’ of the footnote on 
page 56 of the author’s paper Concerning certain topologically flat spaces” there 
exists a simple closed curve containing A + B. 

THEOREM 10. Propositions 3a, 3b, and 3c are equivalent. 

Theorem 10 follows from the three preceding theorems. 

THEOREM 11. Proposition 4a implies Proposition 3a. 

Theorem 11 may be established by a slight modification of the proof of 
Theorem 9. 

A simple example shows that Proposition 3a does not imply Proposition 4a. 

Example 3. Let S denote the subset of the number plane obtained by 
removing the points of the interval of the X-axis from —1 to +1 except the 
origin. Obviously, Axioms 0-4 are satisfied and Proposition 3a holds true in 8. 
However, the origin is a local cut point of S. 

THEOREM 12. Propositions 4a and 4b are equivalent. 

Proof. That Proposition 4b implies Proposition 4a is evident. It remains 
only to show that Proposition 4a implies Proposition 4b. Suppose, on the 
contrary, that there exists a connected domain Q containing a point P such that 
Q — P is the sum of two mutually separate sets H and K. Both H and K have 
P as a limit point. Let R denote a region containing P and lying in Q. Hence, 
if D is any connected domain whatever lying in R and containing P, D — P = 
D-H + D-K is disconnected. This contradicts Proposition 4a. 

THEOREM 13. Proposition 5 implies Proposition 4a. 

Proof. Suppose that S contains a local cut point P. Then there exists a 
connected domain D such that D — P contains two components. Let X and ¥ 
denote points belonging to different components of D — P, and let N denote an 
arc from X to Y lying in S — P. There exists in D — D-N a region R which 
contains P and by Proposition 5, R — P contains a continuum T separating P 
from X. Since T contains no point of N, T also separates P from Y. This is, 
however, impossible since X and Y are in different components of D — P and 
D is connected. 

It may appear at first sight that Proposition 4a implies Proposition 5 on this 
basis. Such is not the case as the following example shows. 

Example 4. Let S denote a subset of the number plane obtained by removing 
all of the points (X, Y) such that X = 0 or +n‘ (n = 1, 2, 3, ---) and0< 
Y <1. Again, S satisfies Axioms 0-4. Furthermore, S contains no local cut 


8 The argument for this theorem establishes a somewhat stronger result: Jf A and B are 
two distinct non-end points of S, then there exists a simple closed curve containing A + B. 

* As defined by G. T. Whyburn, a point X is a local end point provided that there exists 
domain V containing X and a sequence V;, V2, V3, --- of domains such that IV; = X and 
for each i, the boundary of V; with respect to V is a single point. See the reference of 
footnote 19 

” Loc. cit. 
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points. But if R is a circular region of diameter one, with center at (0, 0), 
R — (0, 0) does not contain a continuum T' separating (0, 0) from (2,0). Hence, 
Proposition 4a does not imply Proposition 5. 

THEOREM 14. Proposition 6a implies Proposition 5. 

The converse, however, is not true. 

Example 5. Let S denote the subset of the number plane obtained by 
removing the points of the interval from 0 to 1 of the Y-axis except the origin. 
Axioms 0-4 and Proposition 5 hold true in S but Proposition 6a fails to hold at 
(0,0). Consequently, Proposition 5 does not imply Proposition 6a. 

THEOREM 15. Propositions 6a and 6b are equivalent. 

Proof. It is evident that Proposition 6b implies Proposition 6a. That 
Proposition 6a implies 6b has been shown by Theorem 13 of a paper by the 
author entitled Concerning R. L. Moore’s Axiom 5." 

THEOREM 16. Any proposition of the sequence a implies each proposition of 
the sequence which precedes it. 

There are many theorems, especially those of Chapter IV of Foundations, 
whose relations to the propositions of @ are of considerable interest. Of partie- 
ular interest are the following three propositions. 

Proposition 1’. Suppose that (1) J is a simple closed curve, (2) XY is an are 
such that J - XY is X, and (3) I is the complementary domain of J which contains Y. 
Then I — I-XY is connected. 

Proposition 4’a. Every point of the boundary of a complementary domain of a 
compact continuous curve is accessible from that domain.” 

Proposition 4’b. Suppose that H and K are two compact continua such that 
(a) K does not separate any two points of H from each other, (b) T, the common 
part of H and K, is totally disconnected, and (c) K — T is connected. Then 
there exists a simple closed curve which separates H — T from K — T and which 
contains T' but no point of (H + K) — T." 

THEOREM 17. Proposition 2a implies Proposition 1’. 

Proof. Suppose the contrary. Then IJ — XY contains two components 
containing points W and Z, respectively. By Proposition 2c, XY does not 
separate W from Z. The set J-XY is connected and J does not separate W 
from Z. Hence, by Proposition 2b, J + XY does not separate W from Z, 
and this is a contradiction. 

On the other hand, Example 1 shows that Proposition 1’ does not imply 
Proposition 2a. That neither Propositions 1 nor 1’ implies the other is shown by 
Examples 6 and 7. 

Example 6. Let S denote the subset of the number plane consisting of (0, 0) 
together with all of the points of Example 2. It is easy to see that Axioms 0-4 
and Proposition 1 hold true in S. However, if J is a simple closed curve 
containing (0, 0) and XY is an arc irreducible from J to (0, 1), then XY — X 


" Bull. Amer. Math. Soc., vol. 44(1938), pp. 689-692. 
® See Theorem 56 on page 229 of Foundations. 
4 See Theorem 42 on page 217 of Foundations. 
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separates the complementary domain of J which contains Y. Hence Proposition 


1 does not imply Proposition 1’. 

Example 7. Except for the four points (+2, +1), remove from the number 
plane the points of the two squares whose vertices are (2, 2), (2, —2), (6, 2), 
(6, —2) and (—2, 2), (—2, —2), (—6, 2), (—6, —2), and remove the points of 
the interiors of these squares. Then, except for the points on the lines Y = +1, 
remove all points (X, Y) such that X = +(2 — n') (n = 1, 2,3, ---) and} 
+Y s 1}. Let S denote the subset of the plane remaining. Axioms 0-4 hold 
true in S. Let H and K denote the intervals of the lines Y = 1 and Y = -] 
from X = —2 to X = 2. Neither H nor K separates S, but H + K does, 
Hence, Proposition 1 does not hold true in S. However, Proposition 1’ holds 
true in S because no simple closed curve contains (2, 1), (2, —1), (—2, 1) o@ 
(—2, —1). Consequently, Proposition 1’ does not imply Proposition 1. 

Lemma. Proposition 4'a implies Proposition 2a. 

Proof. Suppose, on the contrary, that Proposition 4’a holds true but Propos- 
tion 2a does not. Then there exist two distinct points A and B such that no 
simple closed curve separates A from B. Let AXB denote an arc from A to B. 
By the argument for Theorem 4, AXB separates S. Let D denote one of the 
complementary domains of AXB, and let A’ and B’ denote the first and last 
points, respectively, that AXB has in common with the boundary of D. Then 
the interval A’B’ of AXB from A’ to B’ separates space. It follows from 
Proposition 4’a and Theorem | on page 86 of Foundations that there exists in D 
an are segment 7’ whose end points are A’ and B’. Let J denote T + A’B’. 
It is clear from Axiom 4 that A’B’, being a subset of the simple closed curve J, 
does not separate space, and this is a contradiction. 

TuHeEorREM 18. Proposition 4'a implies Proposition 3a. 

Proof. Let AXB denote an arc from A to B. By the preceding lemma, 
S — AXB is connected. Since both A and B are accessible from S — AXB, 
there exists in S — AXB an arc segment 7 whose end points are A and B. 
Then 7 + AXB isa simple closed curve containing A + B. 

TuHeoreM 19. Proposition 4b implies Proposition 3a. 

Proof. Let P denote any point of S and let Q denote a point distinct from P. 
There exists an are PXQ from P toQ. Let H = Pand K = PXQ. Then by 
Proposition 4’b, there exists a simple closed curve separating H — P from 
K — P and which contains P but no point of (H + K) — P. Hence, Proposi- 
tion 3c holds true. By Theorem 10, Proposition 3a holds true. 

That neither Proposition 4'a nor Proposition 4'b implies Proposition 4a is 
shown by Example 3. 

That Proposition 4a implies neither Proposition 4'a nor Proposition 4’b 8 
shown by Example 4. In Example 4, let J denote the rectangle whose vertices 
are (2, 0), (—2, 0), (2, 2) and (—2, 2). Then (0, 0) is not accessible from the 
interior of J. Hence, Proposition 4’a does not hold true. Likewise, if H and K 
denote the two arcs of J from (0, 0) to (0,2), there exists no simple closed curve 
separating H — H-K from K — H-K. Hence, Proposition 4’b does not hold 
true. 
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TuEoREM 20. Proposition 6a implies Propositions 4'a and 4’b." 
Theorem 20 follows from Theorems 42 and 56 on pages 217 and 229, respec- 
tively, of Foundations and Theorem 15. 


2. Equivalences on the basis of Axioms 0-4 and 5. 

Axiom 5. If A is a point of a region R and B is a point distinct from A, there 
exists in R a closed and compact point set T separating A from B. 

THEOREM 21. Proposition 1 implies Proposition 6a. 

Proof. By Axiom 5, R contains a closed and compact point set 7 separating A 
fom B. Let D denote the component of S — T which contains A and let Q 
denote the component of S — D which contains B."° The boundary 8 of Q is 
closed and compact, and separates A from B. Furthermore, 8 is not the sum of 
two mutually exclusive closed sets; for if it were, neither of them would separate 
A from B and, by Proposition 1, their sum 8 would not separate A from B. 
But if 8 is not the sum of two mutually exclusive closed sets, it is, by Theorem 30 
on page 18 of Foundations, connected. Hence 8 is a compact continuum lying 
in R and separating A from B. 

THEOREM 22. Propositions 4'a and 4’b and all of the propositions of the 
sequence a are equivalent. 

Theorem 22 is an immediate consequence of Theorems 16, 18, 19, 20, and 21. 

If the reader will notice that in all of the examples given so far, in which some 
of the propositions of a are false, Axiom 5 does not hold true; then he will not 
find it surprising that the author at one time thought that all of these proposi- 
tis were equivalent on this basis because they all held true. Such is not 
the case even though space be a subset of a plane. There follows an example of a 
subset of a plane satisfying Axioms 0-4 and 5 in which all of these propositions 
are false. 

Definition. Suppose that M is a subset of a plane HZ. Select in £ a line L. 
Aset is said to be a horizontal component of E — M provided that it is a maximal 
connected subset of the common part of EH — M with L or a line parallel to L. 
If I is a non-degenerate horizontal component of EH — M, I is obviously either 
an interval or an interval less one or both of its end points. 

Definition of processes P and Q and the sets Po M and Qo M. Suppose that M 
isa subset of a plane Z, and suppose that J lies in E — M and is either an interval 
or an interval less one or both of its end points. In order to facilitate this 
description, set up a rectangular coérdinate system in E with (0, 0) at one end of 
I and (1, 0) at the other. Following the usual method of constructing the 
Cantor Set, let So, denote the middle $-segment of J; let J, and Ji, denote the 
left and right components of I — Sq , respectively; let Su and Sy denote the 
middle 4-segments of I; and Ii , respectively; let Is: and Iz. denote the left and 
tight components of Ji, — Sy, respectively; and let I23 and I. denote the left 


“The relation between Propositions 4’a, 4’b and 5 will not be discussed in this paper. 
Ihave discovered examples to show that no one of these propositions implies either of 
the other two. 

The notation D means D plus its limit points. 
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and right components of Ji, — Sy, respectively; etc., indefinitely. The reader 
should note that, for a particular value of m, the maximum value of n for which 
Inn is defined is 2”, and that the length of In, is3°”. For each m and n (m = 
1, 2, 3,---;m = 1, 2,---, 2”) let Xmn denote the abscissa of the mid-point 
Of Ina: 

By applying process P to M at I shall be meant removing from M all points 
(X, Y) of M such that either (1) (X, 0) is a point of J which is an end point of 
some In, and —% S Y Ss 3 or (2) (X, 0) is internal to infinitely many of the 
sets Im, and —% < Y <}. (See Figurela.) Let Po Mo I denote the subset of 
M remaining after applying P to M at I, and let Po M denote IIPo M o I forall 
non-degenerate horizontal components J of E — M. 
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For each m and n (m = 2, 3, 4, --- ;n = 2,3, ---, 2” — 1) let Tn denote 
the set of all points (X, Y) of M such that (1) X = Xm. + §3°” and 4% 
+Y¥ $3+3 or (2) |X — Xmn| S$3°" but X ¥ Xn, and Y = +(§ +3) 
(See Figure 1b.) By applying process Q to M at I shall be meant removing from 
M the sum of all of the sets Tmn. Denote the subset of M remaining by Qo Mol 
and let Qo M denote Qo Mo J for all non-degenerate horizontal components 
I of E — M. 

Example 8. Let M denote the set of all points of the number plane E except 
points of the interval (—1, 0) to (1, 0) of the X-axis distinct from the origin, and 
let L denote the X-axis. Let M, = (Po M)-(Qo M), Mz = (Po M;)-(Qo M)), 
M; = (Po M2)-(Qo M2), etc., indefinitely. Let M, = Mi-M2-M3. .--. The 
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reader should have no difficulty in seeing that M is an inner-limiting set and that 
applying processes P and Q to M at each of the horizontal components of 
E — M removes from M a set which is the sum of a countable number of closed 
sets. In fact, for each 7, EH — M; is the sum of a countable number of closed 
sets and M; is an inner-limiting set. Hence, M, is an inner-limiting subset of 
the plane and Axioms 0 and 1 hold true in M,, (if M,, is considered as a space)” 
leaving “limit point” invariant. However, M, is not connected im kleinen at 
all of its points; for example, the points of the Y-axis between (0, — 3) and (0, 8). 
Let H denote the set of all points of M, at which M, is not connected im kleinen. 
Every component of H is a segment of either the Y-axis or a line parallel to the 
Y-axis. Let G, denote the collection of all intervals AB such that AB — (A + B) 
isa component of H. Let G: denote the collection of all point sets g such that 
the only point in g is a point of E — Gj.” Then G = G, + G is an upper 
semi-continuous collection of compact continua filling up E, and no element of 
Gseparates E. If “‘point’’ is interpreted to mean an element of G and “region” 
is interpreted in a natural way, then G is a plane.” Let S denote the subset of 
G corresponding to M, of E. It is clear that, considered as a space with “limit 
point” as in G, S satisfies Axioms 0-3. Furthermore, if one observes that no 
simple closed curve lying in S contains more than one boundary point of a 
component of G — S, it is clear that Axiom 4 holds true in S. Axiom 5 is 
satisfied, for 

(1) if A is an element of G,, then the “‘set 7” of Axiom 5 can be the sum of 
two arcs; 

(2) if A is a “point” on the boundary of a component of G — S but not in G,, 
then the “set 7”’’ can be an arc; and 

(3) if A is a “point”’ of G; in S which is not on the boundary of a component 
of G — S, then the “set 7”’ can be a simple closed curve. But obviously S 
contains a local cut point and consequently, by Theorem 22, none of the proposi- 
tions of « holds true in S. 

The reader will notice that in Example 8 Proposition 1’ does not hold true. 
However, Proposition 1' does not imply Proposition 6a even though S is a subset 
ofa plane. The following is an indication of an example of a subset of a plane 
satisfying Axioms 0-4 and 5 in which Proposition 1’ holds true but in which none 
of the propositions of a holds true. 

Indication of Example 9. (1) As in the construction of Example 8, remove 
from the number plane E all of the points of E of the interval from (—1, 0) to 
(i, 0) of the X-axis except the origin, and let M denote the set remaining. (2) 
Remove from M a simple infinity of simple domains plus their boundaries, 
Ji, J2, Js, --- , as indicated by the shaded portions of Figure 2, and denote the 
subset of M remaining by M,. I. Apply processes P and Q to M; at each of the 


6 Theorem 120 on page 83 of Foundations. 
17 G* denotes the sum of the elements of G4. 
8 See the discussion on page 326 of Foundations. Also see Theorems 2 and 6 on pages 


369 and 434, respectively, of Foundations. 
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intervals I; , J2, I;, --- of Figure 2, and denote the subset of M; remaining by 
Mx. II. Somewhat as in (2), at every one of the sets 7’,,, produced by applying 
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My remaining by M:. By repeating I and II on Mz, a subset M; of M; is 
obtained. In this way an infinite sequence M,, M;, M;, --- of inner-limiting 
subsets of E is constructed whose common part S is also an inner-limiting subset 
of E. The subset S of E is a space satisfying Axioms 0-4 and 5 in which none of 
the propositions of a holds true. But if C is a component of E — S, then either 
¢.S contains only one point, a local cut point of S, or every point of C.S is an 
end point of S. Hence, Proposition 1’ holds true in S. 


3. Certain locally divisible spaces. 

Definition. A space S is locally remotely connected provided that, if P is a 
point of a region R, there exists in R a domain D containing P such that S — D 
is connected. 

Definition. A space S is locally divisible provided that, if P is a point of a 
region R, there exists in R a domain D containing P such that S — D is the sum 
of a finite number of connected sets.” 

THEOREM 23. In order that a locally divisible space which either is locally 
connected and metric or satisfies Moore’s Axioms 0-2 be locally peripherally 
compact, it is necessary and sufficient that it satisfy Axiom 5. 

Proof. It is evident that the condition is necessary and it remains only to 
prove that the condition is sufficient. Suppose that P is a point of a region R. 
Then there exists in R a domain D such that the complement of D is the sum of a 
finite number of connected sets C,, Cz2,---,C,. For each i (1 S i S n), 
there exists in D a closed and compact point set 7; which separates P from a 
point of C;. The complementary domain of >> 7; which contains P lies in D 
and has a compact boundary. Hence the space is locally peripherally compact. 

THEOREM 24. Any connected, locally peripherally compact space which either 
is locally connected and metric or satisfies Moore’s Axioms 0-2 is locally divisible. 

Proof. If P is a point of a region R, there exists in R a domain V whose 
boundary 8 is compact. Let U denote a region containing P such that U is a 
subset of V, and let G denote the collection of all components of the complement 
of U. The elements of G are mutually exclusive domains and G covers £. 
By Theorem 22 on page 15 of Foundations, G contains a finite subcollection H 
covering 8. Let D denote the complement of H*. Then D is a domain in R 
containing P such that the complement of D is the sum of a finite number of 
connected sets. 


%G. T. Whyburn, The cyclic and higher connectivity of locally connected spaces, Amer. 
Jour. Math., vol. 53(1931), pp. 427-442. 

If S is a space satisfying Moore’s Axioms 0-1, we have the following two theorems, the 
proofs of which will be left to the reader. 

TueorEM. In order that S be locally remotely connected it is necessary and sufficient that 
if P is a point of a region R, there exists in R a domain D containing P such that S—D is con- 
nected. 

TueorEM. In order that S be locally divisible it is necessary and sufficient that if P is a 
point of a region R, there exists in R a domain D containing P such that S—D is the sum of a 
finite number of connected sets. 
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THEOREM 25. In order that a connected space satisfying Axiom 5 which either 
is locally connected and metric or satisfies Moore’s Axioms 0-2 be locally divisible, 
it is necessary and sufficient that it be locally peripherally compact. 

Theorem 25 is an immediate consequence of Theorems 23 and 24. 

THEOREM 26. Any connected, locally connected, locally divisible metric space 
which satisfies Axiom 5 is completely separable. 

Theorem 26 follows from the preceding theorem and a theorem of the author's 
found elsewhere.” 

THEOREM 27. Any locally divisible space which satisfies Moore’s Axioms 
0-3 is locally remotely connected. 

Proof. If P is a point of a region R, there exists in R a domain D such that the 
complement of D is the sum of a finite number of connected sets C;, C2, ---, 
C,. Foreachi (1 Ss i S n), let N; denote an arc containing a point of C; anda 


point of C; but not containing P. The complement of p (C; + N,) is a domain 
1 


which lies in R and contains P and whose complement is connected. It follows 
from a theorem stated in footnote 19 that the space is locally remotely connected. 

THEOREM 28. Any locally divisible space which satisfies Axiom 5 and Moore's 
Axioms 0-3 is cyclically connected. 

This follows from Theorem A of the author’s paper on topologically flat 
spaces’ and Theorem 25. 

THEoREM 29. All of the propositions of a hold true in any locally divisible 
space satisfying Axiom 5 and Moore’s Axioms 0-4; furthermore, such a space is 
locally simple, i.e., if P is a point of a region R there exists in R a simple domain 
containing P. 

Proof. The first part of the theorem follows from Theorems 22 and 28. 
That the space is locally simple may be established by the following argument. 
By Theorem 27, if P is a point of a region R, there exists in R a domain D whose 
complement C is connected. By Proposition 6b, there exists in the complement 
of C a simple closed curve J separating P from a point of C. The comple 
mentary domain of J which contains P lies in R. 

TueoremM 30. In order that a metric space S satisfying Axiom 5 and Moore's 
Axioms 0-4 be a subset of a plane or a sphere in which the propositions of a hold 
true, it is necessary and sufficient that S be locally remotely connected. 

Tueorem 31. In order that a metric space S satisfying Aziom 5 and Moore's 
Axioms 0-4 be a subset of a plane or a sphere in which the propositions of a hold 
true, it is necessary and sufficient that S be locally divisible. 

Proof of Theorems 30 and 31. The conditions are necessary. For simplicity 
suppose that S is a subset of a plane and that all of the propositions of a hold 
true in S. Then if A is a point of a region F of S, A is the center of a circle( 
of the plane such that if J denotes the interior of C, then (C + J)-S is a subset 


® 4 connected, locally connected, locally peripherally separable metric space is completely 
separable. See my paper, A theorem concerning locally peripherally separable spaces, Bull. 
Amer. Math. Soc., vol. 41(1935), pp. 437-439. 

21 See footnote 7. 
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of R. Let B denote a point of C-S. By Proposition 6b, there exists a simple 
closed curve J lying in J-S and separating A from B. Let D denote the com- 
ponent of S — J which contains A. The domain D does not intersect C and is, 
therefore, a subset of J-S. Hence, D lies in R. It follows from Axiom 4 that 
§ — Dis connected. 

That the conditions are sufficient follows from Theorems 26 and 29 and a 
theorem of J. H. Roberts’.” 

THEOREM 32. Any locally divisible space satisfying Moore’s Axioms 0-3 in 
which Proposition 5 holds true satisfies the author’s Axiom 5; .* 

Proof. Suppose that P is a point of a region R. By Theorem 27, there 
exists in R a domain U containing P such that the complement of U is a con- 
nected set C. By Proposition 5, there exists a continuum 7’ lying in U and 
separating P from a point of C. Let D, denote the complementary domain of T 
which contains P. Then D, is a subset of U and, consequently, of R. The 
boundary of D, is a subset of the continuum 7’ which lies in R — D,. Hence 
the space satisfies Axiom 5; . 

TuHEorEM 33. Any locally divisible metric space S satisfying Moore’s Axioms 
0-4 in which Proposition 5 holds true is a subset of a plane or a sphere such that, 
if Pisa point of a region R in S, there exists in R a connected domain D containing P 
whose boundary is either a simple closed curve or a simple open curve, and S — D is 
connected. 

Theorem 33 follows from the preceding theorem and Theorems 14, 33, 41 and 
82 of the author’s paper on topologically flat spaces.” 

In order to settle numerous questions that arise in connection with the 
results of this section, the reader should note the following four facts concerning 
metric spaces S which satisfy Moore’s Axioms 0-4. For each i (1 S 7 S 6), 
let a; denote an unbroken subsequence of a from Proposition 1 to Proposition 7. 
For example, az is Propositions 1, 2a, 2b, and 2c. 

(1) In Examples 1-7, S is a subset of a plane, S is locally remotely connected, 
and either none of the propositions of a or only those of a; (1 S 7 S 5) are true in 
8, but Axiom 5 is false in S. 

(2) An unpublished example of R. L. Moore’s shows that there exists a space S 
in which Axiom 5 and all of the propositions of a hold true, but which is neither 
locally divisible nor a subset of a plane or a sphere. 

(3) In Examples 8 and 9, S is a subset of a plane and Axiom 5 holds true in S 
but neither is S locally divisible nor do any of the propositions of a hold true in S. 

(4) Remove from Example 4 the points of the X-axis whose abscissas are 
+n (n = 1, 2, 3, ---) and all points whose ordinates are one or more. The 
subset remaining is a space S in the plane in which the propositions of as hold 
true but S is not locally divisible and Axiom 5 is not true in S. 


Tue UNIVERSITY OF TEXAS. 


2 J. H. Roberts, Concerning compact continua in certain spaces of R. L. Moore, Bull. 
Amer. Math. Soc., vol. 39(1933), pp. 615-621. 

* See the reference of footnote 7. 

* Loc. cit. 











THE MAPS DETERMINED BY THE PRINCIPAL CURVES ASSOCIATED 
WITH FIVE AND SIX POINTS IN THE PLANE 


By C. Ronatp Cassity 


1. Introduction 


Any set of n generally chosen points of the plane determines a set of principal 
curves (P-curves). This set is finite in number if n < 9. The P-curves asso- 
ciated with the points divide the projective plane into regions and thus form 4 
map on the plane. Such a map will be described by telling what kinds of regions 
it contains, how many of each kind, and in what manner they fit together. 
Two maps will be considered as identical if and only if the description of one is 
also a description of the other. 

The formation of a map by the division of the projective plane into twelve 
five-sided regions by the P-curves attached to four generally chosen points in 
the plane has been studied by Coble and Brahana [1].’ The group associated 
with the figure is derived and the geometrical interpretation of its various types 
of elements discussed. The order of the group is 120. Each of its elements 
can be expressed algebraically, for they are either collineations or quadratic 
transformations. The map has the maximum possible amount of regularity, 
for every element of the group can be interpreted as a topological transformation 
of the map into itself. 

The cases n = 5 and n = 6 lead, by mappings by the linear system of cubic 
curves on the base points, to the rational surface of order four in S, and to the 
general cubic surface in S;, respectively. The P-curves associated with the 
points map into lines on the surfaces. Hence the maps determined by the 
P-curves in the plane are identical with those determined by the lines on the 
surfaces. It is the author’s purpose to discuss these maps in detail. In par 
ticular, it will be shown that, whereas the map determined by four points has 
complete regularity, that determined by five points has only partial regularity 
and that determined by six points has no regularity. The total lack of regu- 
larity in the map on the cubic surface may be somewhat surprising to those 
familiar with the results obtained by Klein ({8], p. 570) and Zeuthen ((12], p. 8). 
Their descriptions of the map are correct, but are incomplete according to the 
definition given above. 

§3.7 is devoted to the correction of an error made by Zeuthen ((12], p. 8). 


2. The case n = 5 


Five points of the plane are, for present purposes, “generally chosen’’ if no 
two are coincident and no three collinear. Associated with such a set of five 


Received October 4, 1938. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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points are sixteen P-curves: (1) the conic, C, on the five points; (2) the ten lines 
ij (i,j = 1,--- , 5; # J); and (8) the directions at each of the five points 
P; (i = 1, ---, 5). In order to emphasize these latter as P-curves, each point 
will be represented by a small circle. One may think of punching a circular 
hole in the plane and then joining opposite points on the circle, thus introducing a 
figure like a Mobius band for each base point. The connectivity of surfaces as 
obtained from this idea agrees with that found by other means. 

Under any element of a group, Gig , of order 5! X 16 = 1920, the chosen set 
of base points passes into a congruent [5] set, and the P-curves of one set pass 
into the P-curves of the other set. The rational surface in S, is unaltered by 
passing from one set of base points to a congruent set. The elements of the 
group may be generated from the elements of the symmetric group, Lin, of 
degree five which permutes the base points in all possible ways and the Cremona 
transformations of orders two and three which have the given points as base 
points. Aj will be used to denote any quadratic transformation having i, j, k 
as self-corresponding fundamental points; Aj: jx: to denote any cubic Cremona 
transformation having 7 as a double base point and j, k, l, m as self-corresponding 
simple base points. Either of these followed by a permutation will mean the 
Cremona transformation followed by the indicated permutation on the base 
points. In particular, A,x(/m) represents the involutorial quadratic trans- 
formation which is determined by having 7, j, k as self-corresponding base points 
and 1, m as a pair of corresponding ordinary points. 

Since any real conic can be projected into a circle [9], we shall (for convenience, 
not of necessity) assume the five base points to be chosen on a circle. 

It is intuitively evident that five points on a circle can give only one kind of a 
map, i.e., the nature of the map is not changed by any motion of the points 
along the circle. For, as one point moves along the segment of the circle which 
connects the two adjacent points, the four lines from this point to the other four 
have intersections with the remaining six lines and directions at the five points 
whose relative positions with respect to other such intersections and directions 
are preserved. This map contains 16 pentagonal regions and 20 quadrangular 
regions. Four regions come together at each vertex. Adjacent to every side 
of any region is a region of different type. If the points be so numbered that 
they lie in the order 1, 2, 3, 4, 5 (henceforth called the natural order) on C, the 
map is that shown in Figure 1. It is a semi-regular map in the sense of Coxeter 
\6] who considers the converse problem of representing given groups by geometric 
figures. He considers his surfaces to be two-sided while our surface is one-sided, 
ie, one of his k-sided regions can be applied to any k-sided region in k different 
ways while, on our surface, any k-sided region can be applied to any k-sided 
region in 2k ways, the additional factor of 2 being due to the possibility of 
‘turning the polygon over’’ which can always be done by transporting it along a 
uuitable path on a one-sided surface. Coxeter’s semi-regular maps represent 
goups which, for Figure 1, would be of order 80. Actually the group is of order 
160. It will be seen that this is a subgroup of index 12 in the whole group, Gono . 
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Five elements in a cycle may have twelve different orders. It is easily seen 
that the order of the five elements on any one of the sixteen P-curves associated 
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with the case n = 5 determines the order of the five elements on each of the 
remaining P-curves. It is also evident that, under the permutations of 2m, 
the elements on any P-curve can be made to lie in any of the twelve possible 
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orders. For the given set of five points this amounts merely to a renaming. 
Therefore, the subgroup of Gis2_9 which leaves any prescribed order invariant 
will be of index 12 in Gig. That this group, Gis , coincides with the previously- 
mentioned group of order 160 is proved by observing that, under the choice of the 
natural order for the points on C, both groups may be generated by the elements 
(12345), (12)(35), A123(45). The elements (12345) and A123;(45) generate a 
group of order 80 which is the group of the map in the sense of Coxeter. The 
element (12)(35) “turns over’ the regions marked é, 7, z, a, a, ¢ in Figure 1. 

The elements of Gig all leave the rational quartic surface in S, invariant. 
They really represent the sixteen possible ways of selecting a line on the surface 
and the 120 possible ways of naming the five lines which are met by this line. 
In the plane representation the isolated line may be taken as C. The five lines 
which meet it are then represented by P, , --- , Ps and the 120 ways of naming 
these are the elements of Liz . 

If we start with any definite naming of the lines, say that indicated in Figure 1, 
some of the other namings can be considered as obtainable from the first one 
by topological transformations of the surface into itself. These, naturally, 
form a subgroup of Gig. As previously indicated, this subgroup is of order 160 
and is one of a conjugate set of twelve such subgroups, each being characterized 
geometrically as leaving invariant the cyclic order of the intersections of every 
line with the five others which it meets. Since only part of the elements of 
Gig can be considered as topological transformations of the surface into itself, 
the map on the surface is said to have only partial regularity. 

The cross-cut of the twelve subgroups mentioned above is an invariant sub- 
group, Gis , whose elements are all of period two. They are the ten elements of 
the type Ai;x(lm), five of the type Aizjm, and the identity. This group is 
regular on the sixteen lines. 

The Gig20 is the Galois group of the algebraic problem involved in the deter- 
mination of the 16 lines of an F* in S, , the complete intersection of two quadrics. 
The Gi contains the only elements of Gio which, in the plane or in S, , are algebraic. 


3. The case n = 6 


3.1. The nature of the map. It is well known that the cubic curves on six 
generally chosen points map the plane into a general cubic surface and, con- 
versely, that the general cubic surface can be mapped on the plane, the twenty- 
sven lines of the surface mapping into the twenty-seven P-curves associated 
with six points of the plane. The P-curves are: (1) the directions at each of the 
pints P; (¢ = 1, ---, 6), (2) the conics C; (¢ = 1, --- , 6), where the notation 
ssuch that C; is on all the points except P; , and (3) the fifteen lines 7j (7, 7 = 
l,--. ,6; ¢ # j). The group of the surface is of order 51840. It may be 
generated from the 720 elements of the symmetric group of degree six and the 
7l Cremona transformations of orders 2, 3, 4, and 5 determined by the six base 
Points. 

The results obtained by Klein [8] and Zeuthen [12] will be assumed. They 
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showed that the involutions set up on the lines of the surface by the residual 
conics cut out by the pencils of planes through the lines are such that 15 have 
real double points and 12 have imaginary. The number and types of regions 
were shown to be as follows: (A) ten’ triangles whose thirty bounding line 
segments are the thirty segments containing the double points of the involutions 
of the 15 lines on which the involutions have real double points; (B) thirty 
pentagons each having one side in common with one of the ten triangles; (C) 
thirty quadrangular regions each having two adjacent sides in common with 
two of the pentagons which are adjacent to a triangle; (D) sixty other quad- 
rangular regions each having two adjacent sides in common with regions of type 
(B) or (C) and the other two sides in common with other regions of type (D). 

It is possible to construct several different maps answering all of the description 
above. I shall show in §§3.2-3.5 that only one of these can exist as the map ona 
cubic surface. 

This paper deals only with the most general real cubic surface having 27 real 
lines. 

In order to make certain that the surface under consideration is general in the 
sense that it have no double points, it is necessary and sufficient that, in the 
plane representation, no two points be coincident, no three collinear, and the 
six not on a conic. These are equivalent conditions under the group of order 
51840, for a set of points satisfying one of the conditions can be transformed 
into a congruent set satisfying any one of the other conditions. 

In order that none of the ten triangles of the general map may shrink toa 
point, it is necessary and sufficient that, in the plane representation, no set of 
three lines 7j, kl, mn be concurrent and that no line 7j be tangent to the conic C;, 
These also are equivalent conditions under the group. 


3.2. A canonical position of the base points. Both Klein and Zeuthen 
noticed that the twelve lines on which the involutions have imaginary double 
points form a double six. When this double six is taken as the fundamental 
one for the plane representation of the surface, the ten triangles of the map are 
bounded entirely by the fifteen lines denoted by 77. I shall give conditions on 
the base points which cause the triangles to be bounded entirely by the lines of 
the plane representation. 

Two auxiliary theorems will be needed. Since these are so simple as to be 
almost obvious, they will be given without proofs. 

TreoreM I. [If the five base points on C,, lie in the order i, j, k, l, m, then the 
orders of the lines in the pencils on the base points are ij, ik, il, im; jk, jl, jm, Ii; 
kl, km, ki, kj; --- ; and conversely. 

TueoreM II. Jn the five-point map there is one and just one such pentagonal 
region as is marked x in Figure 1. If the base points lie in the order i, j, k, l, mam 
C, this region is bounded by the lines ik, jl, km, li, mj. 

Schur [9] remarked that a theorem like Theorem I might be given, but I have 
been unable to find any such theorem in the literature. 
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THEOREM III. A necessary and sufficient condition that the six points P; 
(i = 1, ---, 6) be the base points of a plane representation corresponding to the 
fundamental double six on which the involutions have imaginary double points is 
that each point P; lie within the region x; formed for the conic C; . 

Wieleitner [11] says, without proof, that if P; lies within z; for one value of 7, 
then the same is true for all values of 7. This may be proved by using Theorem I. 

The proof of Theorem III, then, is reduced to the problem of showing that 
the six points will have the property required if and only if one point, say P, , 
lies within the proper pentagon (7.). If Figure 1 and Theorem I are used, it 
will be seen that the type of plane configuration obtained depends on the region 
of Figure 1 in which P, is placed. If, e.g., Ps be placed in any of the regions 
a, b, c, d, e, the representations obtained will be similar, and it is only necessary 
to consider one region, say a. If Ps, be placed in a, the conic C; will necessarily 
run through the regions a, n, c, x, s (or e), ¢,f, a, a. Thus, in either s or e, there 
will be a triangle bounded by P; , C: , 15, and the triangles will not be bounded 
entirely by lines of the type 77. In a similar way it may be seen that no region 
except + will satisfy the requirement. That the condition is satisfied by placing 
P, in x is shown by Figure 2. 


3.3. A topological representation of the map. Figure 2 is a plane repre- 
sentation of the map. It is similar to the incomplete figure drawn by Wieleitner 
{11] at the end of his book. Figure 3 is a topological representation of the map 
in the finite portion of the plane. It shows up clearly the different types of 


regions found by Zeuthen (({12], p. 8). In this figure, the outside boundaries 
must be considered as joined together in the manner implied by their names as is 
usual in such topological figures. 


3.4. The uniqueness of the regions. The apparent symmetry (regularity) in 
Figure 3 is a bit misleading. There is not a single one of the 130 regions which 
cannot be distinguished from all the others. We shall begin with the triangles. 

Every triangle is bounded by three pentagons. Every pentagon is bounded 
by a triangle and four quadrangular regions. Some pentagons, however, are 
“vertical to” two other pentagons while others are vertical to three. If a 
pentagon is vertical to only two other pentagons (the two adjacent to the same 
triangle), then the vertex opposite the triangle is vertical to a quadrangle, and 
the opposite vertex of the quadrangle is vertical to another triangle. Any 
triangle may be distinguished by the number of times that one may “go out” 
from it to another triangle via two vertical pentagons and the number of times 
that one may “get in” to it from another triangle via a vertical pentagon and 
quadrangle. The two numbers in each triangle of Figure 3 are these two 
numbers, respectively. 

It will be seen that there are 20 possible arrangements of the character men- 
tioned: one each of the types 33, 32, 31, 30, 23, 20, 13, 10, 03, 02, 01, 00 and 
two each (one symmetric and one non-symmetric) of the types 22, 21, 12, 11. 
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Of these possible types not more than ten can occur on any particular surface 
since the map on the surface has only ten triangles. In Figure 3 these are the 
types 33, 32, 31, 30, 22 (symmetric), 21 (non-symmetric), 20, 11 (symmetric), 
10, and 00. It will be proved in §3.5 that every general cubic surface with 27 
real lines is of this type. 


Since the triangles are all different, each one of the fifteen lines ij may be 
distinguished by telling which two triangles it bounds. The names of the remain- 
ing twelve lines are then unique except for the possibility of interchanging P; 
with C; , i.e., applying the quintic Cremona transformation which interchanges 
the two sixers of the fundamental double six. Which of these is to be used may 
be determined by giving the boundaries of any pentagonal region. Then every 
region of the map has a unique set of bounding lines and is, therefore, dis- 
tinguished from all the others. 
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A connection between the naming of the lines and the well known functions of 
Joubert will be discussed in §3.6. 





Fia. 4 


3.5. The mapsare all identical. Let any one conic, say Cs, be chosen. If itis 
not an ellipse, let it be projected into one. Of course, the whole plane con 
figuration must be projected along with Cs. On C;, are the five points Pi, -::; 
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P;. Let them be so numbered that they lie in the natural orderonC,. Let the 
coérdinate system in the plane be so selected that P;, P:, Ps, Ps have the 
codrdinates (1, 1, 1), (0, 0, 1), (1, 0, 0), and (0, 1, 0), respectively. Then P; 
must lie in the region bounded by P; , 14, P, , 43, 21, for otherwise the order on 
C, could not be the natural order. 

Let X;;jx,1m = 0 be the condition that the point 7 be collinear with the diagonal 
points jk, lm and jl, km of the complete quadrangle on the points j, k, l,m. Then 
the region in which P; must lie may be divided into ten subregions, Figure 4, 
by the following five loci: 


X 2:12,34 =mM—-MmM+ m= O, 
X1:23,42 = Loli — Le — M122 = 0, 
Xo;a121 = 22 + Mx — Wize = 0, 
Xsazu2 = 2 — Tite = 0, 

Xa;21,23 = Zi + Lot, — 2x, = 0. 


These are conjugate loci under the group of order 120 on the four points P,;, --- , 
P, [4]. The complete set of conjugates consists of the three sides of the diagonal 
triangle and eight other conics, but these are not necessary for present purposes. 

These five loci are concurrent at the two points (1 + +/5, 3 + +/5, 2) and 
(1 — +/5, 3 — +~/5, 2) of which only the latter lies in the region under con- 
sideration. They are two of the twelve points discussed by Clebsch [3] and 
Coble [4]. The twelve points lie by fours on the three sides of the diagonal 
triangle of the complete quadrangle on the points P;, --- , Ps. They may be 
obtained by pairs by considerations exactly similar to those above only using 
different orderings for the points in the quadrangles. The codrdinates are the 
possible permutations of those given above. One point lies in each of the 
twelve pentagonal regions of the map determined by the four points P; , --- , Ps. 

If P; be placed on any Xj; jx,:m , then the line 16 may not be made to cross one 
of the intersections jk, lm or jl, km without crossing the other. By moving 
P; to one side or the other of X;: jx,:m , the line 16 may be moved across either of 
the intersections without crossing the other. At any point within any of the ten 
subregions these relations are all the same. Nothing is to be gained by placing 
P;on any X;;jx,1m Since we are studying maps which have ten triangles none of 
which degenerates to a point. Hence there are ten possible types of figures 
under the present classification. We show next that these types are not different, 
but are, for present purposes, all alike; cf. Figure 5. 

Ten figures having been drawn, one having P; in each of the ten subregions of 
Figure 4, and then the figures completed according to the method to follow, 
it was found that no one of the ten could be distinguished from any other. 

The points P; , --- , Ps having been chosen (say on an ellipse) and in their 
natural order, the point P, must be placed within the pentagon 7s. This 
pentagon may be subdivided into at most forty-one subregions by the five pairs 
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of lines which go through z¢ and join each of the points P,, --- , Ps to two di- 
agonal points of the complete quadrangle on the other four points. These ten 
lines form a Desargues Configuration (Figure 5) and divide z¢ into a set of sub. 
regions which are such that, as P, is moved across one of the lines from P;, , one of 


\ 
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the triangles which is bounded by 76 shrinks to a point and reappears again on the 
opposite side of the line 76. 

It is fairly easy to convince oneself that the configuration divides the projective 
plane into 36 regions. Five of these which lie in the infinite portion of the metri¢ 
plane may have two distinct portions of each within z¢ , thus making 41 possible 
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subregions in x,. The positions of P;, --- , Ps may be such that some of these 
possible subregions lie partly or entirely outside 7,. This will not affect our 
argument since we are only interested in showing that such cases as are possible 
are all of the same kind. 

In trying to find some unique method of naming the subregions of z¢, it is 
natural to begin with that one subregion which lies between all the pairs of 
lines drawn from the points P,,--- , Ps. This region is a quadrangle having 
three points of the configuration as its vertices. Proceeding across the fourth 
vertex, one arrives at the subregions marked w, z, y; in Figure 5. Coming in 
from the other side are the subregions yz, z, w. It may be observed that the 
subregions have complete symmetry with respect to this “axis of symmetry”’. 
The ten figures drawn for the ten subregions of Figure 4 and completed by the 
Desargues Configurations all have exactly this description, i.e., they are, for our 
purpose, identical. 

There remains only to examine the possibility of obtaining different maps as 
P; is made to lie in the 41 subregions of z¢ . 

As a matter of convenience, some terminology will be introduced first. The 
words to be used are suggested by a study of Figure 3. 

A triangle with its three adjacent pentagons and the three quadrangles each 
having a vertex in common with the triangle may be thought of as combined 
into a single region and called a fundamental hexagon. The four quadrangles of 
type (D) having a vertex in common may be combined into a single region and 
called a fundamental quadrangle. Then two fundamental hexagons having a 
vertex in common will be called vertical and the same term applied to the cor- 
responding triangles. Two fundamental hexagons which are not vertical are 
necessarily adjacent to opposite sides of a fundamental quadrangle. Such 
fundamental hexagons and their corresponding triangles are separated. 

If any cubic surface contains triangles of the types 33 and 00, these triangles 
must obviously be separated. Every other triangle is vertical to one or the 
other of two separated triangles. Hence any map containing triangles of the 
types 33 and 00 is completely determined and must be exactly that shown in 
Figure 3. Hence we proceed to show that every map contains these two types. 
This will be done by tabulating the numbers pg characterizing the triangular 
regions. This tabulation is started in Table II. It may be completed quickly 
by using Table I which is easily obtained from Figure 3. Table I is a schematic 
arrangement representing four of the triangular regions as they appear in 
Figure 3. The six numbers surrounding another number are the character- 
istic numbers of the six triangles which are vertical to the triangle whose 
characteristic numbers appear in the center. The underlined numbers repre- 
sent the corresponding topological characteristics of the triangles after the shift 
of one line across the central triangle. It must be remarked that the clockwise 
or counterclockwise order of the six others around any one is quite immaterial 
since the surface is one-sided and, viewed from one side, the order is the reverse 
of that observed from the other side. 
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TaBLeE | 
21 30 20 ii 00 22 21 10 
31 20 10 21 10 21 20 11 
32 33 22 32 22 33 32 11 31 30 00 31 
22 33 32 33 22 32 31 11 32 31 00 30 
30 21 11 20 22 00 10 21 
20 31 21 10 21 10 11 20 
TABLE II 
Region for 
= Ps | wtzeuev fn 
Triangle ~| _ 





12, 34,56 | 11 10 10 00 00 10 
23,45,16 | 22 22 32 31 31 32 
34,51,26 | 20 21 31 32 33 33 
45,12,36 | 30 31 21 2222 21 
51, 23,46 | 31 30 20 20 10 00 
13, 24,56 | 33 3333 33 32 31 
24,35,16 | 00-000 00 10 20 20 
35, 41,26 | 32 32 22 21 llell 
41, 52,36 | 21 20 30 30 30 30 
52,13,46 | 10 11 Lleoll 21 22 


The above table is to be read as follows: As the point Ps is moved across the 
line 1; 24, 35 from the region w to the region ¢ of Figure 5, the triangle which has 
the bounding lines 24, 35, 16 and the characteristic numbers 00 shrinks to a point 
and reappears again on the opposite side of each of its bounding lines. No 
shift is made across any other triangle. The triangles originally having the 
characteristic numbers given in column one will, after the shift, have those given 
in column two; etc. to the other columns. 


The only arrangements not altered by a shift are those around the four 
triangles having the symmetric numbers 33, 22, 11, 00. These are the ones 
given in Table I. In completing Table II, the only triangles across which 
lines are moved are those same four. Thus the triangles always have the 
numbers 33, 32, 31, 30, 22, 21, 20, 11, 10, 00. We conclude, then, that the map 
on every general cubic surface with 27 real lines is that shown in Figure 3. 


3.6. The group of the map. In fitting a map topologically upon itself, 
regions of a given number of sides must fit upon regions having that same number 
of sides. The adjacent regions must fit upon the adjacent regions, etc. In 
particular, every triangle must fit upon a triangle. The adjacent pentagons and 
quadrangles must fit upon the adjacent pentagons and quadrangles, etc. Pre 
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ceeding outward in this manner from any triangle of the map, we see that 
every triangle must be fitted upon a triangle having the same characteristic 
numbers, i.e., upon itself. Thus the whole map may be fitted upon itself in 
only the identical way. Hence the group of the map is the identity, and the map 
has no regularity whatever. 

If we look at this fact from a different viewpoint, it is clear that it must be 
possible to start with the whole group, Gsisw , of the surface and reduce it, by 
successive steps, to the group of the map. 

This reduction may be carried out by first selecting the unique double six 
which has no line bounding any of the ten triangles of the map. Since there are 
thirty-six double sixes, the group will be reduced to one of index 36, i.e., to a 
Gyo. The elements of this group are the 720 elements of the symmetric group 
of degree six and their products by A jz j24272m2n2, the quintic Cremona transfor- 
mation having the six base points of the plane representation as double principal 
points. The quintic transformation interchanges the two halves of the funda- 
mental double six, but leaves the other lines invariant. The permutations of 
Ym permute the six lines of either sixer in all possible ways and those of the other 
sixer in the same way. They also permute the remaining 15 lines, 7j, but in a 
less obvious way. 

The 15 lines 247 can be grouped into 15 sets of three: ij, kl, mn. Each of these 
sets represents one of the 45 tritangent planes of the surface. Five of these 15 
are different from the remaining ten since only ten of the sets can form bounda- 
ries of the ten triangles of the map. Any two sets have only one line in common. 
The six functions of Joubert [7] make exactly this distinction between the lines 
and the sets of three lines. I shall use these functions in a form similar to that 
in which they were written by Coble ((5], I, p. 167): 


A = 25, 13, 46 + 51, 42, 36 + 14, 35, 26 + 43, 21, 56 + 32, 54, 16, 
B = 53, 12, 46 + 14, 23, 56 + 25, 34, 16 + 31, 45, 26 + 42, 51, 36, 
C = 53, 41, 26 + 34, 25, 16 + 42, 13, 56 + 21, 54, 36 + 15, 32, 46, 
D = 45, 31, 26 + 53, 24, 16 + 41, 25, 36 + 32, 15, 46 + 21, 43, 56, 
E = 31, 24, 56 + 12, 53, 46 + 25, 41, 36 + 54, 32, 16 + 43, 15, 26, 





F = 42, 35, 16 + 23, 14, 56 + 31, 52, 46 + 15, 43, 26 + 54, 21, 36. 


Any one of these functions (B will be used in order to agree with Table II) 
isolates five sets of three lines. These may be taken as the five tritangent planes 
which do not cut out triangles of the map. The remaining ten sets, then, give 
the boundaries of the triangles of the map. Hence, each of the six functions 
determines a naming for the triangles and, conversely, any naming of the 
triangles determines one of the functions. Therefore, within the Giuo, there 
are six ways of naming the triangles. One of these ways having been chosen, 
the group is reduced to a subgroup of index six, i.e., to a Gao. The elements of 
Gyo are the 120 elements [2, 10] of one of the six subgroups of 279 which are of 
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degree six and their products with A j2;242;2m2n2.. Thus it might be said that the 
elements of 2729 permute the ten sets of lines 7j, kl, mn through six conjugate 
sets which correspond to the six functions of Joubert. 

The five different terms underlined above are the five tritangent planes which 
do not cut out triangles of the map as they are written in Table Il. The ten 
triangles might equally well be named by the pairs of functions in which they lie. 
Thus, having isolated B, the triangles have two equivalent sets of names: 


12, 34, 56 = AD, 13, 24, 56 = CE, 
23, 45, 16 24, 35, 16 = DF, 
34, 51, 26 = 35, 41, 26 = AC, 
45, 12, 36 41, 52, 36 = DE, 
51, 23, 46 52, 13, 46 = AF. 
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From arguments similar to those used in §3.2, it may be seen that the above 
selection of the sets of lines bounding triangles requires that the points lie in 
one of two possible orders on the conics which they determine. For example, 
the above selection requires that the order on C, be either 1, 2, 3, 4, 5 or (its 
square) 1, 3, 5, 2, 4, and the corresponding orders on the other C; . 

In order to reduce the group to still lower order, it is nevessary to use the 
properties derived in §§3.4 and 3.5. Since every triangle must fit upon itself, 
the line which joins two separated triangles must fit upon itself. Every one 
of the 15 lines 7j joins two separated triangles and must, therefore, fit upon 
itself. The intersection of the fixed lines ij and zk must, then, be the fixed § 
point P;. This reduces the group to order 2: J, A j2;24272m2n2. But the quintie 
transformation destroys the identity of the regions of types (B), (C) and (D). 
Hence, we conclude, as before, that the group of the map is the identity. 














3.7. The shifts of Zeuthen. Consider the two line-segments which form the 
common boundary of an adjacent fundamental hexagon and fundamental 
quadrangle. One of the segments bounds a region of type (B) and a region of 
type (D). The other segment bounds regions of types (C) and (D). Let the 
first of these be called a segment d and the second a segment e. Zeuthen ((12j, 
p. 8) says that “‘the order of these two segments—or that of the regions of types 
(B) and (C) which they bound—can vary independently of that of the other 
segments d and e of the same line, as may be seen by varying the size of the 
ovals of the parabolic curve. At the moment when a change is made in the 
order, one of the triangles shrinks to a point.” 

The idea of changing the order of the regions of types (B) and (C) of a funds 
mental hexagon by “shifting” a line across the central triangle appeared i 
§3.5. The shifts, however, appeared as incidental consequences of moving the 
positions of the base points of the plane representation, and no such statement 
as the above was either made or implied. 
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The fundamental hexagons 00, 11, 22, 33, 30 lie along a line (P; in Figure 3). 
The order of the segments d and e along this line is e, d; e, d; e, d; e, d; d, e. 
Zeuthen’s statement requires that the segments around 30 could be interchanged 
leaving the order e, d; e, d; e, d;e, d;e,d. But it has been proved in §3.5 that 
the map on every general cubic surface is that shown in Figure 3. This map 
contains no line on which the order of the segments d and e is e, d; e, d; e, d; 
e, d; e, d. Hence Zeuthen’s statement is incorrect. It may be replaced by 
Theorems IV and Y which are the answers to the following two questions: 

(1) Across which triangles, as given by their characteristic numbers, may 
lines be shifted without first making other shifts at other portions of the surface? 

(2) If a line may not be shifted across a given triangle without first making 
other shifts, how many other shifts must be made first and in how many ways 
may they be selected? ‘ 

It appeared in §3.5 that the map on every general cubic surface has ten 
triangles whose characteristic numbers are 33, 32, 31, 30, 22, 21, 20, 11, 10, 00, 
Le., pq (p, gq = 3, 2, 1,0; p 2 gq): A little reflection will show that a shift of 
any one of its three bounding lines across the triangle pg changes that triangle’s 
numbers to gp. Since p 2 q for every triangle of the map, it is not possible to 
shift a line across any triangle except those having the symmetric numbers 
given in Table I. In completing Table II, shifts are made across all four of 
these triangles. This leads to the question of whether p = q is also a sufficient 
condition for the shifting of a line across the triangle without first making other 
shifts. 

The subregions of Figure 5 are regions of two, three or four sides (counting 
only the lines of the Desargues Configuration as sides). If P, be placed in a 
subregion of four sides, say in w or z, then a line can be shifted across all four 
of the symmetric triangles by moving Ps only. If Ps be placed in a two-sided 
or three-sided region, then only two or three of the shifts may be made by moving 
only Ps. There remains the possibility of moving both P; and Px . 

In order to check the remainder of this proof, one will find it practically a 
necessity to have all ten figures like Figure 5. I have checked the statements to 
follow for all 41 subregions. Examples will be given to show the typical line of 
argument, for a complete enumeration would be long and probably useless. 

THeoreM IV. A necessary and sufficient condition that a line can be shifted 
across a triangle without making any other shifts is that the triangle have one of the 
symmetric characteristic numbers. 

The necessity has already been shown. As an example of the demonstration 
of the sufficiency, suppose Ps to be placed in the subregion ¢ of Figure 5. This is 
athree-sided region. By moving Ps across the lines 1;24,35, 4;13,25 and 5;13,24, 
4 line may be shifted across the triangles 00, 11 and 33, respectively. In 
order to shift a line across the triangle 22, it would be necessary to move Ps, 
across 1 ;23,45. This may be done by moving both P;and P,. First move Ps 
across X}.23 42 (my Figure 5 is drawn with P; in the region bounded by P,, 14, 
Xz12,4 and X1.23,42 of Figure 4), moving Ps at the same time, if necessary, so that 
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no line of the Desargues Configuration crosses Ps. This has the effect of re 
placing 1;24,35 by 1;23,45 as one of the boundaries of the subregion in which 
P, lies. Ps can now be moved across 1;23,45, and a shift has been made over 
the desired triangle, 22. One must take care not to move P; in such a way that 
the subregion in which P, lies is destroyed. This also has been checked and 
found to be always possible. 

Suppose it is desired to shift a line across a given triangle. If that triangle 
does not have a symmetric characteristic number, how many other shifts must 
be made before the desired one may be accomplished? Only shifts over triangles 
vertical to the given one will be counted, for the remaining three are separated 
from it and a shift across one of them does not alter the characteristic number 
of the one under consideration. A table giving the relations among the triangles 
follows. An x means that the triangles are separated. A 0 means that they 
are the same triangle. Those not marked are vertical. As a matter of possible 
interest, attention is drawn to the fact that the separated marks of this table ar 
the incidence marks of the points and lines of a Desargues Configuration. 





TasB.e III 

00 10 11 20 21 22 30 31 32 =«33 
33 x x x 0 
32 x x x 0 
31 x x x 0 
30 x x x 0 
22 x 0 x x 
21 x 9 x x 
20 x 0 x x 
11 0 x x x 
10 0 z x x 
00 0 x x x 


Before a line can be shifted across any triangle, enough other shifts must be 
made to change that triangle’s number into a symmetric number. Table | 
shows that a single shift changes at most one of the two numbers characterizing 
each triangle and that number only by 1. Hence, the triangle pq can not be 
changed into a symmetric one in less than p — q shifts. The following is # 
example of the method which may be used to show that p — q shifts are sufficient 
and that these may be chosen in p — q + 1 different ways. Consider the 
triangle 30. It is vertical to both 33 and 00. Let a shift be made across one d 
these, say 00. The new numbers for 30 are 31. 31 is vertical to 00, 11 and 3 
Let a shift be made across one of these, say 11. (Do not use 00, for that changes 
31 back to 30.) This changes 31 into 32. A further shift across 22 changé 
32 into 33. This is the series of steps indicated in (1) below. The lines may 
now be shifted across 33, i.e., across the triangle whose original numbers were 3. 
Three other shifts have been made first. The four possible ways of choosinf 
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the three triangles across which shifts must be made first are given in the 
following scheme: 


(1) 30 > 31 =p 32 4p 33 

30 =p 31 =p 32 4p 22 
(2) 30 => 31 4p 21 22 
30 =; 20 => 21 => 22 
30 => 31 =p 2114p 





(3) 30 —> 20 = 10 =? ll 
30 => 20 -> 21 =z? 11 
(4) 30 => 20 => 10 = 00 


The three ways given under (2) and (3) look somewhat different, but they 
represent shifts across the same three original triangles. They are the three 
originally numbered 00, 10 and 33 in (2) and those originally numbered 00, 
32 and 33 in (3). Schemes like this one, though shorter, may be made for each 
of the other five non-symmetric characteristics. This leads to 

THEoREM V. In order that a line may be shifted across the triangle having the 
characteristic numbers pq, p — q other shifts must be made first, and these may be 
chosen in p — @ + 1 different ways. 
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FUNCTIONS WHICH ASSUME RATIONAL VALUES AT RATIONAL 
POINTS 


By J. W. Green 


1. Introduction. Of the continuous functions which assume rational values 
for rational values of the argument, the familiar examples either are extremely 
regular, as the rational or piecewise rational functions, or else exhibit some 
extremely irregular properties. For example, the functions z(t), y(¢) defining 
Peano’s area filling curve assume rational values for rational ¢ and are nowhere 
derivable. Likewise the familiar function defined with respect to Cantor's 
ternary set as } on the middle extracted one-third, } and ? on the extracted 
middle one-thirds of the left- and right-hand remaining intervals, respectively, 
etc. can be shown to assume rational values for rational z. This function 
possesses a derivative at no point except points where it is piecewise rational. 

It is desired, then, to investigate what kinds of functions may possess the 
property of assuming rational values at rational points, which property we 
shall denote by (A). For example, it might be asked whether the only analytic 
functions with property (A) are the rational functions, or it might be asked 
if it is possible that a function exist with property (A), the function being 
analytic in no interval and yet, say, having a continuous derivative. 


The author has been informed that something of this nature was discussed J 


in a conversation between Weierstrass and Hilbert and that Hilbert exhibited 
an example; however, no record of the conversation seems to be extant. Neither 
has the author been able to find the example mentioned in the literature, or to 
discover its exact nature. Consequently, some of the results obtainable may 
be of sufficient interest to warrant their exposition. 


2. Analytic functions with property (A). Let there be given any set £ of 
rational points in the complex plane; that is, a set of points of the form a + bi, 
when a and } are rational. Let 


21,22, °°: 
be an arrangement in denumerable order of the points of the set. Let a be 
any other point of the complex plane. We prove the following lemma. 

Lemma. There exists an entire function of z assuming rational values at poinls 
of E and assuming a transcendental value at zp . 
Let 
P,(z) = (@ — “)/M., 
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where N, is an integer sufficiently large that | P:(z) | 
P,(z) = P,-1(2) (z > 2n)/Na, 


where N, is an integer large enough that |P,(z)| S$ 1 in|z| < n. Let 


lA 


lin|z| <1. Let 


A,, Az, --- be non-zero rational complex numbers such that yo |An| < +o, 
1 


Then it is readily seen that 
P(z) = bm A, P,(z) 
1 


is an analytic function in the entire plane, for the series on the right converges 
uniformly in any bounded portion of the plane. Furthermore, P(z) assumes 
rational complex values at all points of Z. In fact, 


n—l 
P(zn) = Dd. Ax Pu(en) (n = 1, 2,3, ---), 
k=1 


since P,(z,) = Ofork 2 n. Now P;,(z,) is rational, and so is A, ; hence P(z,) 
is rational. 
Consider now 


P(a) = p> Ax Px (ez). 


Since the A; are at our disposal, we can always choose them so that 


T 


2 
That is, if A,P (2) = a& + 1b; » > 0, by =>0. Let 


0 S argument A; Pi(z) < 


P(z) = } » (ax + tbk) = a + 2b. 
k=l 


If y is any real transcendental number less than a, we can find real positive 
rational numbers c; , each less than one, such that 


Z. Crary = Y.- 


1 


ae nmi 
In fact, put >» a, = R,. Let >. abe >. Choosea positive rational num- 
1 


k=s+1 
ber ¢, , less than one, such that 


ni 
0 < 7 — 1: >, Gs < R,,. 
1 
Then let m2 be such that 


ni n2 
Y <a 2i ax + > a 


n itl 
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and choose é: positive, rational, less than one, and such that 


ni ne 
0<y¥ — @° 2, Os — &- 2, < R,,- 
1 


nyt+l 


Continuing in this way, we get rational numbers e, , 0 < e, < 1, such that 


ni n2 mr 
0< Y — €1°D, Oe — es* Dy ae — 9° Gps Z ar < R,y,. 
1 ny +1 Nre- +1 
It is obvious then that 
ni ne n3 
@1- De + ee Dy Oe Hes- Dy ae + s+ = 7; 
1 ny+1 notl 


or 


> crar = 7, 


1 


where ¢ = e;forni4 <k S ni;m = 0. Thus 


> Axcx Px(2) = ¥ ela + ib;) =yt+ ib’. 
Let then 
Plz) = 2 (Arce) Pa(2). 


P(z) will possess the same properties that were mentioned for P(z), since it is 
obtained by replacing A, in P(z) by Axcx. Furthermore P(z) = y + Ww, 
which is trancendental. This completes the proof of the lemma. ( 
TueoreM 1. There exist entire functions which possess the property (A) with 
respect to all rational complex numbers, and which are not rational functions. 
In the lemma, take for E the set of all rational complex numbers, and for4 § 


take an irrational algebraic number, as »/2. Then the P(z) obtained will not 
be rational, for if it were, it would have to have rational coefficients and 90 


would not assume a transcendental value at z = +/2. 
It may be remarked that if P,(z) is defined in a slightly different way, 


namely, as 





P,(2) = Pua(e)(@ — 2n)(@ — 2x)/Na, . 
al 
where 2 is | z |*/z, the functions P,(z) are all polynomials with real rational 
coefficients, and if the A, are chosen real, P(z) will be real for real z. 
TueorEeM 2. Let E, and E, be any mutually disjoint sets of rational poinls. 
Then there exist analytic functions assuming rational values at points of E, and § 
wi 


assuming rational values at no point of Ez: . 


Let 
E, = 2, 22, 23, se. 








hat 


potnls. 
E 1 and 
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and 


Eo = $1, 2,3, +++. 


By the lemma, there exists a function P;(z) which assumes rational values on 
E, + (£2 — &:) and which assumes at {; an irrational value a;. Let 


Qo(z) = Pi(z)/Mi, 


and 


Q(z) = Prssle) I (e — 2:)-(¢ — f1)/Na, 


where N, is an integer large enough that | Q,(z)| S lin|z| sn. Then 
=~ 1 
Q(z) = r= Q,(z) 
n=0 
possesses the properties stated in the theorem. In fact, 
n—1 
1 
Q(zn) = Zz ny Qi (Zn), 
k=0 2 
and so Q(z,) is rational. Similarly, 


Qt.) = p of ¢ Q(Sn) = B+ Sy md TT (tn — ze) (Sn — £2), 


where R represents a rational number. Hence Q(f,) is irrational. 
In connection with the functions with property (A), we may ask the following 
questions. Let the function 


P(z) = ao + az + age” + --. 


possess the property (A) with respect to all rational complex numbers; the 
series is supposed to converge for all z. Then is it possible that 

(1) ao, a, --- be rational without P(z) being a rational function? 

(2) some of the coefficients in the series be irrational? 


THErorEM 3. The questions (1) and (2) above may be answered affirmatively. 


To show that the a, may be rational without P(z) being a rational function, 
let us construct a function as follows: If z,, z., --- represents a denumerable 
arrangement of all the rational complex points, put 


Pi(z) = (2 — a)/Mi, 
P,(z) = Pa-a(z)(2 — 2n)2” "/Na, 


where NV, is an integer large enough that | P,(z) | S lin|z| <n. Let 


P(z) = > A, P, (2). 
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The A, are chosen as in the lemma to insure convergence of the series to a non. 
rational function with the property (A). Now 


P®(z) = D AnPS(2). 
n=l 
From the formula for P,(z), we see that P“’(0) = 0, forn >k+ 1. Hence 


k+1 
P®(0) = 2 AnP2”(0), 

n=l 
or P,(0) is rational. Hence the coefficients of the power series for P(z) wil 
all be rational. 

To show that it is possible that the power series expansion of a function 

with property (A) have some irrational coefficients, we perform the construc. 
tion of a function P(z) as in the lemma and Theorem 1 except that instead of 


choosing the A, such that >> A,P:(z0) is transcendental, we choose them so that 
1 


p A,P{(0) is irrational. Then P(z) will have the second coefficient in its 
1 
power series irrational. 


3. Real functions of a real variable with property (A). As was stated in 
the introduction, the familiar examples of continuous functions with property 
(A) are either built up piecewise from analytic ones, or are extremely irregular 
with respect to differentiability. In this section we shall show that, given k, 
a non-negative integer, there exists a function with property (A) on the interval 
(0, 1), with a continuous derivative of order k and with a derivative of order 
k + 1 at no point. That is, we shall show that functions with property (A) 
can be as regular or irregular as we desire. 

There are several ways to construct such functions. The simplest, in prin- 
ciple at least, would be to construct a continuous function without a derivative, 
and attempt to show that it and its integrals possess the property (A). We 
shall adopt this procedure. 

We define a function f,(z) as follows. Let S, be the set of points between 
zero and one of the form m/(2”™'n!) (m = 0, 1, --- , Ans; Let p < qbhe 
two consecutive points of S, ; then f,(z) is defined for p S xz S q as the con 
tinuous function vanishing at p and qg, and with derivative +1 for p < z < } 
(p+ 9) and derivative —1 for #(p+q)<x<q. ThenO Sf,(z) S (2 *nl)”, 


and hs f.(x) converges uniformly. We define 
1 
f(x) = Ds. (z). 


It follows from well-known principles that f(z) possesses a derivative at n0 
point.’ We consider now the integrals of f(x), and those of f,(x), since the series 
may be integrated termwise. 


1See, for example, Hobson, The Theory of Functions of a Real Variable, 1907, p. 621. 
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To obtain a general result, let g(x) be a function defined in 0 S zx S 1, periodic 
with period « = 1/r, r being a positive integer. Let gi(zx), g(x), --- be the 
successive integrals of g(r). We see easily that 


gi(x) = hy(zx) + S,(z), 


where h,(x) = [ g(t)dt for 0 S x S i and Aj(x + 7) = Aj(x) for x > O, and 
0 
where S,(x) is a step function defined as 0 for 0 S x Si and S,(z + i) = 
S(z) + a: for x > 0, where a; = [ g(t)dt. Now h,(z) is another periodic 
0 


function such as g(x) (except at x = 0, and the value of A,(z) at this point is 
of no importance), and so we see that 


ga(z) = ha(x) + S2(z) + Si(z), 


where 


(a) ho(x) = [ h,(t)dt for 0 S x S i and Ap(x + i) = Ap(z) for xz > 0; 
0 
(b) S:(z) = Ofor 0 S x S cand S.(z + 7) = S2(x) + a forz > 0, 
where a2 = hy (t)dt; 
0 


(c) Si(z) = [ ‘ Si(t) dt. 


By continuation of this process, we get 
(1) ge(z) = hi(x) + Se(xz) + Sia(z) + --- + SY (2), 


where 


(a) hi (x) 


[ hy_s(t) dt for 0 S x S i and hi(x + 2) = A, (zx) for x > 0; 
0 
(b) S.(z) = Ofor0 S x S iand S,(z + 1) = S.(xz) + a, r > 0; 


a. = [ nsoan; 


() si(z) = [ ” si") at. 


We now find a formula for the successive integrals of a step function. 


Lemma. If S(zx) is a step function defined as S(r) = 0 (0 S x S 1) and 
Si +i) = S(x) + afor x > 0, and if 


S\(z) = [so dt, --+, S(z)= [sro dt, 
0 0 
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then 
“rv m—1L 
. at P 
(3) S'(mi) = 1 oy j. 
We have 


S'(2) = [so dt, 


S*(zx) an ja { S(a) da = [soe — t) -dt, 
0 Jo ° 


S’(z) = fa [s ‘(a) da = ; S(t) C - dt. 


Integrating this last by parts, we obtain 
a riz )’ 
sz) = —s@ © 5 oT + +f ie Dds). 


The integrated term vanishes, and if we put rx = mz, we obtain immediately 
the stated result. 
If we use (3), (1) reduces to 


soled) = mae + is its +7 =u pa basal ‘oes mar 
ae j=l ! 


| i | g(a) da; «++ da,. 
0 0 0 


We apply these results to f,(z). The intervals in this case are of length 
= (2""'n!)". By direct integration of f,(z), which equals z for 0 < x < }t,, 
and equals 7, — xz for 37, S x S 7, , it is but a simple exercise to show that 





(4) 


a, 


“tn "ig r 
= oe = 1 _ artl 
we i ee ip & me > +- he. i » sir s+)!" b,. 
Thus 
E . k+1 i 1 pes a 
fi(min) = mish + ih oes +3 24) - 
j=1 a | 
(5) 
+ gee tents sj id 


(k — aay j=1 


Consider now a rational number z = p/g. For n = q, the set of points §, 
contains z, and the number of intervals between points of S, , preceding 2, 
is z-2”*-n!. In equation (5) we put m = x-2”'n!, 7, = (2” ‘n!)” and we 
get the value of fi (x). Let us examine one term of the right member, say 


Di-s Pe ot 
(6) ny in : of 





ately 
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The summation in (6) is a polynomial of degree ¢ + 1 in z/i,, hence when 
bt, /t! is multiplied in, there results a polynomial of degree ¢ + 1 in z with 
coeficients that are products of powers of 7, and numbers not dependent on n; 
the lowest power of 2, appearing as a factor in one of these coefficients is k + 1 — 
(+1) =k — t. We see then that the expression on the right side of (5) 
is of the form 


Aitk, n)x + Ag(k, n)x* + --- + Ax(k, n)a* = fr(z), 


where the A’s are polynomials in 7, of degree at least one and with coefficients 
rational numbers depending only on k. Now 


f(z) © fila) + Efe 


¥ @) + bs (Ai(k, n)z + «++ + Ax(k, n)z"). 


n=l n=q 


Put 
> Adk,n) = 1k), and he +--+ + We = Pala). 
Then 
q-1 q-l 
f(z) = X fa(z) _ X (Aik, n)x + +++ + Ax(k, n)x*) + P,(z). 


We see then that 

f(z) — Pilz) 
wsumes rational values at all rational points. We may state the results in a 
theorem . 


THEOREM 4. A function possessing property (A), with continuous k-th de- 
rwative and with (k + 1)-th derivative nowhere, can be obtained by integrating 
f(t) k times and subtracting a polynomial of degree k, possibly with irrational 
woefficients. 


Example. P,(x) = }e*x; thus 


[ " f(t) dt — 4ebx 


sa function with continuous first derivative f(z) — Ae and with a second deriva- 
tive at no point. 


HarvarD UNIVERSITY. 











A REMARK ON THE NORMAL DECOMPOSITIONS OF GROUPS 
By OystTeIn ORE 


In a recent paper’ I have considered the representations of a group G as the 
union of normal subgroups 


(1) G = [Ai, Az, --- , Aol; 


where the A; are normally indecomposable in G; i.e., they are not the union of 
two proper subgroups which are normal in G. 

The question arises whether the A; may be normally decomposable in them- 
selves, i.e., whether there exists a representation 


(2) A = [Bi, Be, --- , Bil, 
where the B; are proper normal subgroups in A. We shall prove the following 


THEOREM. A component A; of non-Abelian type in a normal indecomposable 
representation (1) is also indecomposable in itself. 


To prove this theorem let 
BY B® a 


be the various conjugates of a B; occurring in some representation (2). All 
these conjugates are also normal in A, and their union is normalinG. Since Ais 
normally indecomposable in G, this means that there exists one B in (2) such that 


A = [B™, B®, ..-] 


is the union of indecomposable conjugate groups.’ 
Now let N © be the unique maximal normal subgroup of A contained in 
B®. All N“ are conjugate and the simple groups 


Lx _ B® /N® 
are all isomorphic. Furthermore, the union 
oP = [(v™ N® a .] 


Received November 25, 1938. 

10. Ore, Structures and group theory, II, this Journal, vol. 4(1938), pp. 247-269. 

2 In the paper mentioned above it was indicated (p. 260, lines 18-21) that such a theorem 
could be proved. In this statement the condition that A should be of non-Abelian type 
had, however, inadvertently been omitted. 

* Of course not all conjugates of the indecomposable B need to appear in the reduced 
form of this representation, but we assume that the descending chain condition holds for the 
normal subgroups in A such that the reduced representation contains only a finite number 
of components. 
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js the upper normal cover group of A. Since C, is a characteristic subgroup of 
A, it is normal in G. 

Now let M be the unique maximal normal subgroup of G contained in A. 
Then M must contain C,. The quotient group A/C, is known to be the direct 
product of simple groups each isomorphic to L;. This implies that also M/C. 
is the product of simple groups. Furthermore, the product representation of 
M/C, can be completed into a direct product representation for A/C. 


(3) A/C, = M/Ca4 X K/C,. 


Here K is normal in A and the group K/C, is simple and isomorphic to any 
lL, and to A/M. 

In (3) the group K cannot be normal in G since it would make A normally 
decomposable inG. Therefore by transforming (3) with the various elements of 
G one obtains different basis for A/C,. This is, however, only possible when 
the simple groups are cyclic of prime order, and we have assumed that this is 
not the case. 


YaLe UNIVERSITY. 











ON IMBEDDING A SPACE IN A COMPLETE SPACE 
By L. W. CoHnEN 


If S is a metric space, a sequence p, ¢ S is a Cauchy sequence if for every 
« > 0 there is a k, such that, fork = k,, h > 0, p(pe, Pesan) <e. If S(p,¢ 
is the sphere of radius ¢, this condition may be expressed as 


Pk € S(pe, ’ €), k = k. . 


It is a classical result that for any metric S there exists a complete metric S* 
such that S is homeomorphic to a subset of S* and the image of a Cauchy 
sequence in S is a convergent sequence in S*. If we consider a class S of ele 
ments p, called points, and a class A of elements a, called indices, such that 
for each pe S and aeA there is a well defined subset U.(p) C S, we may 
study an analogous problem. A sequence p, ¢S may be called a Cauchy se 
quence if for every ae A there are a ggeS anda k, > 0 such that 


pr é Ua(Ga); E2k.. 


The problem is that of formulating conditions upon the U.(p) such that a 
theorem analogous to the one given above for metric S may be proved. We 
shall give a solution of this problem in this paper. The method is related to 
that used by Cantor in defining the real numbers as classes of equivalent 
sequences of rational numbers. The conditions are related to those of Chit 
tenden, Alexandroff and Urysohn, Niemytski and Weil in their work on the 
metrization problem and uniformity properties of topological spaces. 

The space S, the index set A and the sets U.(p), called neighborhoods, are 
subjected to the following postulates: 


I. il U.(p) = p. 


Il. If pe Sanda, B € A, there isy = y(a, 8; p) such that U.(p)Us(p) > U,(p). 
III. If p ¢ S and a A, then there are d(a), 5(p, a) € A such that, if q ¢ S and 


Usep.a)(Q) Uap) # 0, 
then 
Use.a(Q) U.(p). 


We shall refer to \(a) as the first index of III and 4(p, a) as the second index 


of III. 
If M CS, M is the set of all pe S such that, for all ae A, U.(p)M # 0. 


Received January 3, 1939. 
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THeorREM 1. If pe S, ae A and X(a) is the first index of III, then Oya)(p) C 
Ua(p)- 

Proof. If q¢Ux:a)(p), then for all 8 ¢€ A, Us(q)Uxa)(p) # 0. In particular 
this is so for 8 = 6(p, a), the second index of III. Thus from I and III 


ge Usp,a)(Q) Cc U.(p), 
and so 


Ux.a)(p) Cc U.(p). 


We shall study families {U.(p.)} of neighborhoods containing just one 
U.(pa) for each ae A and such that, for every finite set {a,;,--- ,a,} CA, 


(1) et Ua(Pa;) ¥ 9. 

Such a family will be denoted by II = {U.(pa)} and the product (1) by 
I(a;,---,a@n). It is clear that if {a:,---,an} D {Bi,---, Bm} then 
Ia, --- , an) © I(6,,---,Bm). We will call two families 1’ = {U.(p.)} 
and Il’ = {U.(p.)} equivalent and write II’ ~ Il” if for every aeA there 
are pz € S and a set {a;, --- ,a,} C A such that 


(2) TI’(a , ++, @n) + II’(a1, «++ , @n) © Ua(pa). 
THEOREM 2. If II’ ~ II”, there is a Il such that for every {a,,---,a,} CA 
there is {B,,---,Bm} © A such that 
TI’(B: , --- , Bm) + T1(Bi, --- , Bm) © W(ar, --+ , an). 
Proof. For any a;eA (j = 1,--- ,n), let ai; = aaj) (¢ = 1, --- ,m;) 


be the indices satisfying (2). Denoting the k = n(m, + --- + m,) indices 
aj; by Bi, --- , Be we get 


TI’(Bi, «++ , Be) + 1B, «++ , Be) C IT Ua;(Pa;). 


Thus the U.(p.) of (2) define a II satisfying the theorem. 

THEOREM 3. If II’ and II” are such that for each {a:,--+,an} CA 

TI’(a1, +++ , Gn)II’’(ay, --- , en) ¥ 0,7 

then TI’ ~ II’. 

Proof. Let Il’ = {U.(p.)} and ll” = {U.(pa)}. For aeA let d(a) be the 
frst index of III and 6(a) = 8(pxa) , @) be the second index of III. Now 

0 # 11(8(a), A(a))I1’(5(a), (a) CS Usia)(Ps¢a)) Urca(Pria): 

From III we have Usa) (P3ca)) = U.(prx«)) and from Theorem 1 Ua) (rca) & 
U.(Prra). Hence 

1”"(5(a), A(a)) + I1’(6(a), Ma)) CS Unca)(Psia) + Urcay(Prra) © Ual Pred) 
and TI’” ~ I’, 
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TueoreM 4. Jf Il = {U.(pa)} and, for each a, a) is the first inder 
of Ill, then {Ua(pra)} defines a II* such that Il ~ II*; and of Il’ ~ I, 
{a1,-+-,@n} © A, then there are B; = Bi(a,---,a,; TI’) (@@ = 1, ---,m) 
such that I1'(B, , --- , Bm) C II*(ay, «++ , @n). 

Proof. For any a¢€A, Ux a)(Prxra)) CG UalPra)) follows from Theorem 1, and 
for every {a1,---,an} CA, 


O ¥ II(A(a), -- + , Ma@n)) II Ua; (Prca;))- 


Thus the U,(px.a)) define a family we may denote by II*. If {a., --- , an} CA, 
we consider A; = A(ai), pra; , 5s = 5(pr;, as) fori = 1, --- ,n, where A; and 4; 
are the first and second indices of III associated with a; and p,,. Then since 
Il ~ II’, there are a II” = {U.(qa)} and {8;,--- , 8} GC A such that 


(3) (6, --- , Bx) + II'(Bi, --- , Be) C (hs, --- , dn) = I Us, (qs) 


according to Theorem 2. Now 
T1(Bi, «++ , Be, Ar, +++, An) CWB, «++ , Be) © Us,(Qs,), 
T1(Bi, «++ , Be, Ar, +++, An) GC Uy,(Mr,), (¢ = 1,2, --- ,n). 
Hence U3,(qs;)Ux;(pr,) ¥ 0 and Us,(qs;) C Ua (Pra), since 6; = 8(prra,) , a), 
A; = A(a;). Thus from (3) 
II’(6:, ---, BoC I Us.) C I Ua (Pray) = W*(ar, «++ , an). 


Clearly 
O © II(A(ai), «++ , (an), a1, +++» @n) C Tar, --- , an) II* (an, --+ , on), 
and, from Theorem 3, IT ~ II*. 
TueoreM 5. If peS, the family {U.(p)} defines a 11 = Il” which satisfies 
Theorem 4 with respect to TI’ ~ II’. 


Proof. From I it follows that p ¢TI’(a., --- , an) for all {a; , --- ,an} CA. 
Since for all a, p = Pa = Pra), I” = I* in Theorem 4. 


TueoreM 6. The relation lI’ ~ Il” is reflexive, symmetric and transitive. 

Proof. The first two properties of the equivalence relation are clear. Suppose 
that 0 ~ 1 and m® ~ m1. There are Il’, 11” such that, by Theorem 2, 
for every {a , ---,an} C A, there are {B,,--- ,Bm}, {v1,---, 7x} CA such 
that 


(61, --- , Bm) + (Br, --- , Bm) CHM’(ar, «++ , on), 


(4) 2) 2 
MT? (yi, +++ ve) FHM, --+ 14) CM’(an, --- , on). 











’ ai), 


lasfies 
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Hence 


0+ '(G, , - ++ , Bay Ma, *** » YK) C II’'(a,, --- , an) I" (ay, - -- , Qn), 


and II’ ~ II’”’ by Theorem 3. For any ae A there are then p,. ¢ S and a;(a) = 
ae A (t = 1, --- ,m) such that 


(5) II’(ai, «++ , @n) + I’(a, --- , an) C Ua(pa). 
From (4) and (5) there are 6, --- ,8m,¥1,-°-,Ye¢€A such that 

nm (6: , 0+ yBmy Yr5*** 5 Vk) + m1 (6; , +++ Bm, V1, -** > Ve) © Ualpa) 
and no” — no. 

On the basis of Theorem 6 all families I = {U.(pa)} fall into mutually 


exclusive classes C(II) such that II’ e C(Il) if and only if I’ ~ 1. To each 
peS there is a class C(II”), where II” = {U.(p)}. Let S* be the class of all 
points P = C(I). From each P ¢ S* we choose a II” satisfying the conclusion 
of Theorem 4. As neighborhoods of P e S* we define sets L a, for each 
la, +--+ ,@n} CA consisting of all Q « S* such that for some {8,, --- , Bm} CA 


T1°(6; , «+ - , Bm) CTI" (ar, --+ , an). 
THEOREM 7. The space S* is a regular Hausdorff space with the property: 
III*. For each {a,,---,an} CA there is {yi,---,ve} GC A such that if 
Us, ---1(Q)U 5, ---1(P) ¥ 0, 


pi Sf ow 
Proof. From the definition of the neighborhoods of P it is clear that 
Pc EE tlm 


fai***a@n}Ca 


Suppose that for every {a,, --- ,a,} CA, US, ---ee(P)U ay. --e.(Q) ~ 0. Then 
for every {a,,---,an} CA 


1°(ay , +++ , @n) II” (ay , ++, @a) € 0, 


and by Theorem 2, 1® = m1”, C(m*) = C(I’) and Q = P. Hence for Q # P 
there are disjoint neighborhoods of P and Q. Since 


TI" (ay , «++ , an) II" (61, «++ , Bm) = I(r, «++ , an, Br, «++ » Bm), 
ip | on. eae 
IfQeU%,...a(P), then, for some {fi,---, 8m} C A, 1%, ---, Bm) C 


"(a1 , --- , am) and U},...2,(Q) € U%,...a,(P). Thus S* is a Hausdorff space. 
To establish III* consider P ¢€ S*, {ai,---,an} C A, 1” = {U.(pa)} and, 
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for a;, the first index 4; = A(a;) of III. For a; and ; consider p,,; and the 
second index 6; = 4(p,,, ai) of III. From Theorem 1 we have 


n 


0 T(x, ---, dn) = [] Ua,(—~a) < IT Ua;(Pr,). 


i=1 
Hence the family {U.e(paca))} defines a Ti. Since for {a:,---,an} CA 
O # W{dy, --+, An, O1, «++, Qn} CII(ay, --- , an) f(a, +--+ , an), 


fi ~ M1” follows from Theorem 2. Thus from Theorem 4, for each 
fa,, ---,@n} CA there is {8,,--- ,8n} C A such that 


(6) fi(fi, --- , Bm) CT" (ar, «++ , an). 


Now for each 8; let A; = A(8;) be the first index of III, let p,; be the prgy of 
Uxay(Prwy) and let 6; = 5(p,;, Bi) be the second index of III. Suppose that 


(7) US ,---v9n(Q)U 9 4---79n(P) 9 0 (vs = Vi, Yeas = 8:34 = 1, --- , m), 
There is R ¢ U5 y.--7am(Q)U 4; ---1am(P) and so for some {u,---,me} CA 


0 x "(4 “Petey bk) C. 1°(y; a ee » Yam) 1" (v1 ells » Yam) 
C II°(8;, ---, dn) I (Ar, ---, Aw) = I] Us;(%,) J Uy, (pr,), 
where II® = {U.(qa)}. From the definitions of \;, 6; we have 


U5,(G) Ua. ri) = User 60(G)U eo(Proo) # 0. 
Hence by III 
Us,(qs,) © Us,(pr,) (¢ = 1, ---,m). 
Thus 


M%(b, «++, bm) = TE Us(gs.) © TE Union) = 106i, «5 Br. 


Combining this with (6) and the fact that {y1,--- ,Y2m} 2D {d,--- , dnl; 
we have 


TI°(yi, ++» Yom) © W%(5:, +++ , 5m) CS T(Br, --- , Bm) CI (ar, «++ , an) 
from which it follows that 
(8) Wenge S Oe,afP. 


Thus (7) implies (8) and III* is proved. 

The regularity of S* is a consequence of IlI*. For any U%....«,(P) let 
fyi, «++, Ye} CA satisfy III*. If Qe U%,...,,(P), then U3,...7,(Q)U},...1(P) # 
0 and 


Q¢U5,...n(Q) C U%,...00(P). 








nd the 


each 


Sn, 


Gn) 


P) let 
(P) # 
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A sequence P; « S* is a Cauchy sequence if for every {a,---,an} CA 
there are Qa,...2,€ S* and a k(a,,---,a@n) > O such that 
Pye US, ---en(Qa;--a,), KE Rl, ---, an). 


We write lim P;, = P if 
k 


Pye US,..a(P), hk 2 klar,--+, a). 


V 


THEOREM 8. The space S* is complete. 


Proof. If Px is a Cauchy sequence in S*, then for each a ¢ A there are 
Q, « S* and k(a) > 0 such that 


Pye U(Qa), k= ka). 


Let 1°* = {Us(ps)}, 1° = {Us(qs)}. Then for each k = k(a) there are 
Bt = Bila) eA (i = 1, --- , n(k, @)) such that 

1”*(6i, «++, Bace.ay) C M°*(a) = Ua(ge). 
Consider any {a1,---,a@m} CG A, k(ai,---,am) = max k(a,;), k 2 


lsism 
ka , pho » &m). Let Bi; _ Bi(a;) (z _ 1, os , nk, a@;); j = 1, tals ,m); 
N = n(k, a1) + --- + n(k, am), and put 


{Bi, rere Batk.a,),15 ake " ye = {vi, Te yw}. 
Then 
n’*(yi, vnbt, . yy) _ 11”*(Bi(a;), stele Bin (k,a;) (aj) 2a Ua;(qai Gj = 1, oe m), 


(9) 0# m”*(yi, ee? Yn) Cc IT Ua;(qa), k2 k(a,, “oe Om). 


Hence the U.(q%) define a II and a C(I) = Pe S*. Let I” be the family of 
C(I) in terms of which the neighborhoods of P are defined. Then from 


Theorem 4, for every {6:,--- ,5:} C A there is {a,, --- ,am} CA such that 
(10) M(ar, ---, am) = IT Uaj(ge}) C 1", +++, 80). 
For these a; we may determine ky = k(a,,--- , am) such that (9) is satisfied 


fork = ko and some {yi,---,ywv} CA. From (9) and (10) 
W’*(yi, +++, yw) CW", ---, 5), & 2 ho, 


PreU3,...s(P), lim Py = P. 
k 


The neighborhoods for the points of S* are determined by the choice of II* 
from P = C(II), the only requirement being that II* satisfies Theorem 4. It 
is easily seen that such are not unique. Let S be the space whose points are 
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the C(II), but whose neighborhoods are defined by [l” eP. The space S has 
the properties of Theorems 7 and 8. 

THEOREM 9. The spaces S* and S are homeomorphic. 

Proof. Let the neighborhoods in S* be Us,.--e(P) and those in S§ be 
O4,...a,(P). Since 1” and fi" both satisfy Theorem 4, there are, for any 
far, +++ ,@mn} CA, {Bi,--+,Bme} CA and {61,---, Bm} CA such that 


ir” {B;, saat , Bar} CI fa, “—* , an}, 
m1” {6Y, a » Bin} Cii*{a, a, » An}. 
From this it follows that for any U%,....,(P) there is Us;...3,,.(P) C Us, ---a,(P) 


~ 


and for any Uq,...«,(P) there is U3,’...82(P) C Oa,...2,(P). Thus S* and § 


are homeomorphic. 
Let S* be that one of the various homeomorphic complete spaces constructed 


above for which the neighborhoods of P = C(II’) are determined by II’ = 
{U.(p)}, peS. This is legitimate because of Theorem 5. We prove the 


following imbedding theorem. 


THEOREM 10. The mapping f(p) = P = C(II’) on S to f(S) C S* is a homeo- 
morphism such that if p, is a Cauchy sequence in S, then f(px) is a convergent 


sequence in S*. 
Proof. If C(tI’') = C(I’) then I1”' ~ II”? and for each {a1 , --- ,an} CA 
there is {8,, --- , 8m} C A such that 


Po € I1”*(8; , -++ 5 Bm) C II""(a1, +++ , an). 
Hence p; = pe by I. It follows that f(p) is one-to-one on S to f(S) C &*. 
Consider p « S and US. ...as(I(p)). If for some {f;,---,8m} CA 


1°(6, peg Bm) G TI" (a, re Gn) = IT Ua;(p), 
then QeU%,...2,(f(p)). Applying induction to II, we obtain an a = 
a(a;,,---,@n; p) such that 


Up) C I U.,(p). 


For a and p let (a), 5(p, a) be the indices of III. If q¢ Ux a)(p), then 
Use.e)(QUxe(p) # 0 so that from III Usy,.)(q) C Ualp) and 
I1*(8(p, a)) = Usp,(9) © Ua(p) © W’(ar, «++ , an). 


Thus 
f(g) = CM) C U%,...an(S(p)), 


and 


MU xca(p)] © Ua,.--an(f(P)). 








ce 


then 
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This establishes the continuity of f on S to S*. Conversely, consider f ’(P) 
peS and U.(p). If Qe U2(P)f(S), then f'(Q) = qe S and, for some f; 
Bla, P)e A (i = 1,---,n), Usy.-.2,(Q) C UZ(P). That is, 


q e118, --- , Bn) CM’(a) = Up). 


Thus 
f[UZS@)yf(S)] C Up), peS,aeA 


and f is uniformly continuous on f(S) C S* to S. 
Finally consider a Cauchy sequence p,e S. For each ae A there are pa eS 
and kz > 0 such that 


Pt € Ua(Pa), k2ka. 
For any {a;, --- ,a@n} CA letk(a;, --- , an) = maxk,,andk = k(a, --- , an). 
lsign 
Then 


Pre et Ua;(Da:) . 


Thus U.(pa) determines a II and a Q = C(II) e S*. Let 1° = U.(qa). Since 


Il ~ II°, there is for every {a,, --- , an} C A aset {f,,--- ,Bm} C A, accord- 
ing to Theorem 4, such that 
T1(6:, --+ , Bm) CT%(ar, --~ , dn) 

and 

pr € TI? (ay , gt » An), k 2 k(B, , Par » Bm) -™ K(a, sy » Qn), 
since the B; = B;(a,,---,a@n). Now for each a€ A, Uxa)(Qria)) CG Ualdue), 
so that for k = K(A(a), --- , A(@n)) 
(11) prell*(n(ay), --», Man)) = TT Unian(Qneo) © TT Va, (Qxa) 
for all {a;,---,a@n} CA. Thus the family U.(q,a)) defines a fl. Since 


0 T1°(A(a:), ---, Aan), 1, «++, Ga) = IT Ux¢ai) (Grea) I Ua;(Ga;) 


<< I] Ua;(Quiay) IT Ua;(e;) = li(a;, oo” , &n) 11? (as, nee Gn), 
fi~ 11° by Theorem 2. Again by Theorem 4, there is for every {a:, ---, an} C 
Aaset {yi,---,va} CA such that 
(12) lity: eg *%%e Yn) a 1°; 9 °° , Mn). 


For these y; consider A(y,) the first index of III, gy, and & = 6(Q4, Ya) 
the second index of III. From (11) 


pee TI°(A(y1), «+, Myx) = I] Urea), k = K(A(m), ---, A(ve)). 
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For such k 
Us (Pi)Uxao(oo) # 9. 
Thus from III and 6; = (qx, , Ya) 
(13) Us,(pe) © UyQrerw) (¢ = 1, ---, &). 
Hence from the definition of Ii, (12), and (13) 


T1”*(6;, «++, de) = 0 Us,(pe) C II Uy(Qoo) 
= f(y, ---, ve) C W%(a,, ---, a), 
k = K(A(m), ---, Mve)) = K*(an, «++, an). 
Thus 
S(px)€U2,.-.(Q), k= K*(a, ---, an), 
lim f(px) = Q. 


THEoREM 11. f(S) is dense in S*. 


Proof. Let U%,...a,(P) be any neighborhood in the space S* and let II” = 
{U.(pa)}. It follows from Theorem 4 that {Ua(prxca))} defines a TI’ ~ II” and 
that for the given {a,, --- , an} there is a set {6,, --- , 8m} © A such that 


II’(6,, «>> , Bu) GI (an, «++ , Ga). 


There is a q such that 
qe II" (A(G1), --- , A(Bm)) = I Uren (prey); 


where \(§;) is the first index of III. If 6; = 6(pag, , Bs) is the second index 
of III, then 


Us,(q) © Us (prey) (¢ = 1, ---, m). 


Hence 
II"(6;, +++, 5m) = I U3,(q) C at Us,(pxa) = T'(B1, - ++ , Bm) C I" (an, «++ yan). 


Thus 
$(Q) € Uay--a9(P). 


Remark on the first denumerability axiom. If the set A of indices is the set 
(1, 2,---,m,---), S and S* satisfy Hausdorff’s first denumerability axiom. 
In this case we have the following result: 

THEOREM 12. S* is a space of the second category. 

Proof. It is the case in general that every regular, complete Hausdorff space 
satisfying the first denumerability axiom is of the second category. 











On), 


index 


space 
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The question arises as to whether a Hausdorff space, satisfying the first 
denumerability axiom and 
IIL. To each pe S and n > O there are positive integers m(n) and k(p, n) 
such that if Uscp.»)(q)U mn (p) ¥ 0, then Ui.» (q) C Un(p), 
is metrizable. 
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THE JACOBI CONDITION AND THE INDEX THEOREM IN THE 
CALCULUS OF VARIATIONS 


By E. J. McSHANE 


In 1916 Bliss’ published a paper on the Jacobi condition in which he presented 
the method now familiar to every student of the calculus of variations. Fora 


parametric problem [f(y s+ Yny Yry +++ 5 Ynddt = min. conjugate points 


on an extremal y = y(t) were defined as zeros of a non-identically vanishing 
“normal” solution (t) of the Jacobi equations; that is, a solution such that 
yi(t)ni(t) = 0. 

Hestenes’ recently commented that, since there are only 2n — 2 linearly 
independent normal solutions of the Jacobi equations, Bliss’ treatment is quite 
different from that usually given (i.e., since 1916) for non-parametric problems. 
He then gave a discussion of conjugate points by adjoining the equation y;n, = 
constant (or y:n; + y;; = 0) to the Jacobi equations. There are 2n linearly 
independent solutions of the resulting system of equations. 

More recently, Birkhoff and Hestenes’ used the device of adjoining any one 
of several second-order equations to the Jacobi equations in studying natural 
isoperimetric conditions, and Morse‘ used one of these equations 


fyin + fyi n” = const. 


(assuming f > 0) in establishing the index theorem. 

As compared with earlier treatments of the Jacobi condition, the advantages 
of Bliss’ method are too well known to require mention. But even in con- 
parison with the more recent treatments just mentioned it has the advantage 
that the property of being a “normal” solution is evidently invariant under 
change of parameter along the extremal, so that all representations of the curve 
are equally usable. This is not true of the “special” solutions of Hestenes, 
and the treatment of Morse rests on a special choice of parameter. 


Received January 16, 1939. 

1G. A. Bliss, Jacobi’s condition for problems of the calculus of variations in parametric 
form, Trans. Am, Math. Soc., vol. 17(1916), pp. 195-206. 

2M. R. Hestenes, A note on the Jacobi condition ---, Bull. Am. Math. Soc., vol. 40(1934), 
pp. 297-302. 

3G. D. Birkhoff and M. R. Hestenes, Natural isoperimetric conditions in the calculus of 
variations, this Journal, vol. 1(1935), p. 264. 

4M. Morse, The index theorem in the calculus of variations, this Journal, vol. 4(1938), 


pp. 231-246. 
’ However, it should be remarked that Hestenes suggests several other equally useful 


forms of adjoined equation, and one of these (yin;/Y;Y; = constant) gives solutions with 
the invariance property under discussion. 
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Furthermore, Bliss’ statement of the parametric problem can be made, by a 
simple device, to include the non-parametric case. While the non-parametric 
problem offers less difficulty than the parametric in so far as the Jacobi condition 
is concerned, it seems a definite gain to be able thus to obtain the results in one 
ease practically free of charge. 

In this note I present a discussion of conjugate points which, being only a 
minor modification of Bliss’ method, retains its advantages, and moreover, (1) 
is invariant under change of parameter and of coérdinates, and (2) can be used 
as well as Morse’s for proving the index theorem. Another advantage is that the 
tests for conjugate points in non-parametric problems follow at once from the 
tests developed for parametric problems. 


2. Throughout this paper y and r will denote either n-tuples (y’, --- , y”), 
(r,---,7r") or (n + 1)-tuples (y’, --- , y"), (r°, --- ,r"). The danger of con- 
fusion will be diminished by using 6 and (except in §§13, 14) a as variables on 
the range 0, 1, --- ,m andi andj as variables on the range 1, --- ,n. Likewise 
yand p will denote n-tuples or (n + 1)-tuples according to need, the superscript 
indicating the number of components. The principal object of study is the 
integral 

te 
21) uo) = [" iyo, wore 

1 
an expression whose elements we must discuss more fully. In order to have 
adequate generality, we assume that y is a point of a manifold M. There may 
be no single coérdinate system for all of M, but it will be assumed that every 
point of M has neighborhoods homeomorphic with a Euclidean n-sphere, so 
that local codrdinates can be introduced. We assume that M can be covered 
by local systems in such a manner that if y, 7 are the codrdinates in two local 
systems of a common point, then the y’* are functions of class C* of the 7’, and 
conversely. 

Let us then suppose that FR is a collection of elements (y, r), where y ranges 
over a point set in M, and for each y the element r ranges over a set of contra- 
variant vectors such that if (y, r) is in R, so is (y, kr) for allk > 0. We make 
the following assumptions concerning the integrand. It is defined and con- 
tinuous on R. At each point (y, r) of R with |r| > 0, the function F has con- 
tinuous partial derivatives of all orders up to and including the fourth. It is 
positively homogeneous of degree 1 in r. Under a change of coérdinates from 
y to 9 which replaces the contravariant vector r by 7, the function F(y, r) is 
invariant; that is, it is replaced by F(g, 7) = Fy, r). 

Well-known consequences of the positive homogeneity 


(2.2) F(y, kr) = kF(y, r) (k > 0) 
of F are the identities 
(2.3) rF, iy, r) - Fy, r), 


(2.4) rFyizi(y, r) = 0. 
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7 ° : 1 . ° 
The curves C considered will be those of class D’; that is, those curves having 
representations 


(2.5) Cry = y(t) (4 St S44) 


in which each function y'(¢) is of class D’ (i.e., continuous and with a derivative 
which has at most a finite number of simple jump discontinuities) and y’’y" 
is bounded from zero. If ¢(r) is a function of class D' with t’/(r) > 0 (71 < + 
S 12) which satisfies t(r,) = t, (s = 1, 2), then 


(2.6) y = x(t) = y(r)) (1 37 Sn) 


is another representation of C. 
The curve C is admissible if it has a representation (2.5) such that (y(¢), y’(é)) 
isin Rfort; St St.. It follows readily that if C is admissible and (2.6) is also 


a representation of C, then (n(7), n’(r)) isin R for 7 S +r S re. Thus the two 


integrals 
te T2 
[ F(y, y’) dt, i F(n, n') dr 
ti TT!) 


are both defined. By the usual proof, the positive homogeneity of F implies the 
equality of the two integrals; we denote their common value by J(C). 

As usual, we say that an admissible curve C gives a weak relative minimum 
to /(C) in a class K of admissible curves if there is a representation (2.5) of C 
and a positive number ¢ such that the inequality J(C) = J(C) holds for every 
curve C of ‘K which has a representation 


(2.7) C:y = 9 (4 St <h) 
such that 

(2.8) lg) —y|<e« (4 St Sh) 
and 

(2.9) lg) —y’@®|<e 


except at corners. If (2.8) holds, it continues to hold under any simultaneous 
change of parameteronCandC. Thesame is not true of (2.9). But it is easily 
seen that if C gives a weak relative minimum to J(C), then to each representa- 
tion of C there corresponds a positive « such that J(C) = J(C) subject to (2.8) 
and (2.9). Henceforward we shall be interested in the properties of a curve 
C: y = y(t) (4 St S te) which gives a weak relative minimum to J(C) and has 
(y(t), y(t) interior to Rfort; St Ste. 

By the usual methods we can show that for such a curve C the Weierstrass 
Erdmann corner condition 


(2.10) (y(t), y(t — 0)) = F«(y(), g(t + 0)) (¢ = 1,---,9) 
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holds for 4; < ¢ < t , while the Euler equations 
d , ; 
(2.11) L(y) = Ta y) — Fy(y,y) = 0 (i =1,---,n) 


hold except perhaps at corners of C. These equations are not independent; 
they satisfy the identity 


(2.12) y'Li(y) = 0, 


as follows from (2.3) and (2.4). 

A curve of class C’ which satisfies the Euler equations is called an extremal. 
A curve C, represented by (2.5), is non-singular if the determinant 
(2.13) | Fries(y, y’@) | 
(which must be zero because of (2.4)) has rank n — 1. By a theorem of Hilbert, 
a non-singular curve of class C’ which satisfies the Euler equations can be given 
a representation (2.5) in which the functions y‘(¢) are of class C*; in fact, this 
holds if arc length is chosen as parameter. Henceforth we adopt the standing 
hypothesis and notation that the curve 
(2.14) gy = 7) (i Sth) 
is a non-singular extremal, the functions y'‘(t) being of class C* and (y, 7) being 
interior to R fort; S t S tg. For compactness, we use the superscript 0 on F 
or any of its partial derivatives to denote the arguments on (y(¢), y(¢)). It 
will be observed that the notation is chosen as though it were possible to choose 
a single coérdinate system for a neighborhood of the whole of g. This is not 
essential for (2.10) and (2.11), which are local properties; but it is very useful 
in studying the Jacobi condition. That there is no loss of generality in this 
assumption has been shown by Morse.° 

Let n(t) be a function of class D’ which vanishes at t; and t2. The second 
variation of J(C) along y due to the variation 7 is 


te 
(2.15) I(q) = [ 20(t, n, 9) at, 
1 
where’ 
(2.16) 2A(t, n, p) = Feicin'n’ + 2Foiein' p’ + Fricip'p’. 


If the curve g gives a weak relative minimum to J(C) in the class of curves 
joining the end points of g, this second variation must be non-negative. The 
Jacobi equations for J(C) are the Euler equations for J(n), and have the form 


(2.17) Jin) = 59, — Q,: = 0. 


°M. Morse, The Calculus of Variations in the Large, Am. Math. Soc. Colloquium Publi- 
cations, vol. XVII, p. 108. 

™We depart from traditional notation in writing p in place of 7. This is in analogy 
with the notation F(y, r) and avoids printing complicated subscripts in (2.17) and later 
equations involving Qpé . 
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The problem in non-parametric form is concerned with the integral 


(2.18) J{y] = [ S (zx, y(x), y(x)) dz. 
Here f(z, y, r) is defined and of class C* for all (zx, y, r) in a set R* in (2n + 1). 
space. 

We avoid a separate discussion of this problem by the following device. Let 
R be the set of all points (y’, y’, --- , y",r°, r’, --- , r") such that r° > O and 

yy sss r/r, ++, r*/r’) 

isin R*. On R we define 
(2.19) Fly, r) _ r°fty’, y’, eekiagse . y", r/r’, em r"/r’). 


This has the properties required of F in the preceding paragraph, y and r being 
now (n + 1)-tuples. A curve y’ = y'(xz) (11 S zt S 22) can be regarded as a 
curve C: y* = y“(t) (a1 S t S 22) in which y(t) =¢. From the identity 


(2.20) F(y’,---,y", 1,1’, «+: ,r") = fly’, ---,y,r,--e sr") 


derived from (2.19) we see that for this representation of C (and therefore for all 
representations of C) we have J(C) = J[y]. Thus for every curve C in R which 
has a D’ representation of the form y = y(x) the functionals J(C) and J[y] differ 
only in that the special representation y = y(zx) is needed to compute J[y], 
whereas the same number J[y] is arrived at by computing J(C) for an arbitrary 
representation of C. This makes it evident that the problem of finding neces- 
sary and sufficient conditions that a curve C: y = y(x) minimize J[y] is equiva- 
lent to the problem of finding such conditions when J[y] is replaced by J(C). 
The only difficulty, and that a minor one, is that the conditions thus arrived at 
are expressed in terms of the auxiliary function F rather than in terms of f itself, 
and it is desirable to reduce them to such a form that only f and its derivatives 
enter. This is quite easy todo. From the identity (2.20) we obtain by differ- 
entiation a set of similar identities for all the existing partial derivatives which 
do not involve differentiation with respect to r°. Since F is homogeneous, 
equation (2.3) holds, and for r° = 1 this yields 


(2.21) Fooly, r) = F — Fy =f — rf. 
The Euler equations for J(C) then take the form 

d d ip 2 
(2.22) ai = Syi _ 0, dz (f ins y' fri) — J. ee 0. 


The last of these is a consequence of the others, by (2.12). If we represent g by 
equations y* = y*(t) with y°(t) = ¢t, the matrix (2.13) takes the form 


} Fooye Foori 


2.23 Fraps | = | 
' , : , | Fei,0 Srivi | 








, g by 
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If C:y = y(z) is such that 

[Seen | # 0, 
it is non-singular by the definition above. The converse is also true, since the 
first row [column] of (2.23) is a linear combination of the other rows [columns] 


by (2.4). 
The Jacobi equations for J[y] are by definition 


d 
(2.24) Ji(n) = ag Ot Ot = 0, 
where 
(2.25) QWo(x, 0, p) = Syiyin'n’ + Pyirin'p’ + Series pp’. 


Equations (2.24) differ from the Jacobi equations for J(C) only in that every 
term involving a partial derivative of F as tor’ or y’ is omitted. If we observe 
that every such term has a factor 7’ or 9°, we have at once 


Lemma 2.1. The functions (n'(t), --- , n"(é)) form a solution of the Jacobi 
equations (2.24) for J[y] if and only if the functions (0, n'(t), --- , n"(t)) forma 
solution of the Jacobi equations (2.17) for J(C). 


3. At this point I wish to permit myself the luxury of a digression on the 
organization of the subject matter of the elementary calculus of variations, from 
a pedagogical point of view. There is a great similarity between the parametric 
and non-parametric problems, so much in fact that a sequence of lectures 
covering both problems frequently contains a considerable amount of repetition 
required by the need of changing a few details. If, however, the parametric 
problem is treated in full detail, with the assumption as above that F(y, r) is 
defined for all (y, r) in a set R (not necessarily containing all r), essentially no 
added effort is required in discussing the parametric problem, and the results 
for non-parametric problems fall out at once. This is especially true if strong 
and weak relative minima are defined as above in terms of the curves defined by 
y = y(z) instead of in terms of the functions y(z). (Incidentally, this avoids 
some verbosity, especially in defining weak relative minima for problems in- 
volving variable end points or involving minimizing curves which are not of 
class C’.) The Euler equations being established for the parametric form, we 
need only introduce z as parameter to obtain (2.22). The Weierstrass condi- 
tion and Legendre conditions are likewise obtained. For example, let it have 
been proved that 
(3.1) u* Fea,su = 0 
for all u. If in particular we set u’ = @ we have 

u'fiiiw’ =0, 
as a consequence of (2.23). Similarly, if the Jacobi condition is established for 
J(C), it holds for the non-parametric problem. All that remains is to express 
the condition in terms of f, and this we shall do in §11. 
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A similar situation holds in sufficiency theorems. For parametric integrals 
with a general range R for (y, r) we find that the Euler condition, the strength- 
ened Legendre condition, the strengthened Jacobi condition and the Weierstrass 
condition in the doubly strengthened form (IIj , in the notation of Bliss*) are 
sufficient for a strong relative minimum. It is easy to verify that if y = y(z) 
satisfies the analogous conditions in terms of f(z, y, r), then it satisfies these 
conditions for the associated parametric integral. For the usual type of para- 
metric problem it can be shown as usual that II’ and the strengthened Legendre 
condition imply IT; . 


4. We return to our problem. For parametric problems the Jacobi equations 
are not independent; they satisfy the equation 


(4.1) VJi(n) = 0 
identically’ in t, 7, 4, and #7. This leads te a superfluity of solutions of the 
Jacobi conditions. In fact, assuming as usual that 
(4.2) gi y = y@) (4 St $4) 
is a non-singular extremal, we can prove 

Lemma 4.1. If p(t) is any function of class C’ on the interval [t; , te], the func- 
tions p(t)y'(t) satisfy the Jacobi equations. 

The extremal g can be extended so as to be defined on an interval 4; — « S 
tSt.+¢,¢>0. For all small e the curve 
(4.3) y = yt, 6) = 7'(t + ep) (4 St St) 
is an arc of this extended extremal g, hence isan extremal. By Jacobi’s theorem, 
since (4.3) is an extremal for all small e, the partial derivatives 
(4.4) yi(t, 0) = 7‘) 


satisfy the Jacobi equations. 

We therefore cannot profitably say that two points y(ts), y(t) are conjugate if 
they are zeros of a non-identically vanishing solution of the Jacobi equations, 
for by this definition any two points of g would be conjugate. It is necessary to 
select in some manner among the solutions of the Jacobi equations. This selec- 
tion can be effected in an assortment of ways. We shall select a class which 
we shall call p-normal solutions. 


5. Let us suppose that, given the pegpesentntion (4.2) of g, to each ¢ in [t , 4] 
there corresponds a vector p(t) = (pi(t), ---, pa(t)) with the following 
properties: 


8 See, e.g., Bliss’ Carus Monograph, The Calculus of Variations, pp. 135 and 158. 
* Bliss, loc. cit. (footnote 1), p. 201. 
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(5.1) Each p(t) ts of class Cc. 
(5.2) The inequality 
pilt)y'() ¥ 0 
holds forth; St Sk. 
(5.3)"" For each fixed coérdinate system, if the change of parameter t = t(r) (of 
class C’) is made on g, the vector p,(t) is replaced by qi(r), where 


qi(t) = k(r)ps(t(z)), 


the function k(r) being non-vanishing and of class C’. 
(5.4)" For each fixed representation of g and each fixed value of t, the vector p(t) 
is a covariant vector under change of codrdinates. 

For example, if the space has a Riemannian metric defined by g;;(y), we can 
choose 


pilt) = gis(yo(t))v'(2). 
If F’ > 0, then 
pit) = F,«(y(t), y(@)) 
satisfies the conditions. The functions 
pit) = 7’) 
satisfy (5.1), (5.2) and (5.3), but not (5.4). 
A function »(t) will be called p-normal if it satisfies the equation 
(5.5) pi(t)n'(t) = 0 (4 St Sh). 


To save repetition, we shall usually use the phrase “p-normal solution” as an 
abbreviation for “‘p-normal solution of the Jacobi equations (2.17)”’. 

Since the Jacobi equations and the equations (5.5) are linear, it is evident 
that every linear combination of p-normal solutions is again a p-normal solution. 


6. In order to make use of p-normality we establish some lemmas. 


Lemma 6.1. For each t in the interval [t, , t2], the only solution c', --- , c” of 
the equations” 
(6.1) Fic = 0, pic’ = 0 
isc S oc = c” = 0. 


Let the c’ satisfy (6.1). The first n of these equations hold with 7*(é) in 
place of c’, by (2.4). The determinant of coefficients of these n equations is 
(2.13) with y(t) in place of y(t), and this has rank n — 1 since the extremal g 


© This condition is needed only to establish invariance under change of parameter. 
" This condition is needed only to establish invariance under change of codrdinates. 
® Recall that the superscript 0 indicates that the arguments are (y(t), 7(é)). 
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is non-singular. Hence any two solutions of these equations are linearly de 
pendent, and there is a number k such that 


(6.2) c' = ky'(). 


Substituting this in the last of equations (6.1) and recalling (5.2), we have 
k = 0. This with (6.2) establishes the lemma. 


LemMa 6.2. The determinant 


| Fr igi Di | 
(6.3) 
ip oO 
is not zero. 
If it were, there would be numbers c’, --- , c", d not all zero such that 
Foie? + dp; = 0 (¢ = 1, ---,n) 
pc’ = 0. 


Multiplying the first n of these by 7‘ and summing yield (with (2.4)) 
dpvy = 0; 


so by (5.2) we see that d = 0. But now the c’ are non-zero solutions of equa- 
tions (6.1), and this is impossible by Lemma 6.1. 


7. It is evident that every p-normal solution 7 satisfies the set of equations 
(7.1) Jin) + dpi = 0, (pin) = 0 


with \ = 0. On the other hand, if 7, \ satisfy (7.1), then \ vanishes identically 
as we see by multiplying. the first n equations by 7‘ and summing, and using 
(4.1) and (5.2). From the definition (2.17) of Ji(n) we see that the deter- 
minant of coefficients of the variables 


(7.2) ce he 
in (7.1) is the determinant (6.3), which is not zero. Hence equations (7.1) 


can be solved for the variables (7.2), and (disregarding the equation for A) we 
obtain a system of equations 
(7.3) i’ = Agi + Bein’ 
equivalent (when the equation \ = 0 is added) to (7.1). We can therefore 
state 

Lemma 7.1. A set of functions n(t) = (n'(2), -- - , n"(t)) satisfies (7.3) of and 
only if n(t) satisfies the Jacobi equations and p,(t)n'(t) is a linear funcivon of t. 
In particular, every p-normal solution satisfies (7.3); and if n(t) is a solution of 
(7.3) such that pin‘ and (pin')’ both vanish for some value of t, then pin’ vanishes 
identically, and n(t) is a p-normal solution. 
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From the well-known theorem on solutions of linear differential equations 
we have 

LemMaA 7.2. If m and m are two solutions of equations (7.3) which at some 
value t; of t are equal and have equal derivatives, they are identically equal. In 
particular, if » is a p-normal solution which vanishes with its derivative at some 
value t; of t, it is identically zero. 

The last remark follows from the fact that 7 and m2. = 0 both satisfy (7.3), 
and are equal and have equal derivatives at ¢; . 


8. Our definition of conjugacy is as follows: 

If y(ts) and y(t) are two points of the extremal g (t; S ts < ts S te) such that 
there exists a p-normal solution n(t) which vanishes at ts and t, but is not identically 
zero, then these two points are conjugate to each other. 

The Jacobi necessary condition is 

THEOREM 8.1. Jf g is a non-singular extremal which gives a weak relative 
minimum to the integral J(C), then there is no number t; in the interval th < t < te 
such that y(ts3) is conjugate to y(t). 

Suppose the contrary. There is a p-normal solution n(¢) not identically zero 
which vanishes at ¢; and at t; , where t; < t3 < tg. Define 


u'(t) = n'(t) (4 St S ts), 
u'(t) = 0 (ts <t Ste) 


Then u(t) is of class D*. It yields the second variation 


IIA 


(8.1) 


te tz 
(8.2) I(u) = [ 2Q(t, u, a) dt = / 22(t, n, 4) dt. 
ty t 


1 
Since 2 is homogeneous quadratic in 7 and p, it satisfies the relation 
(8.3) 22(t, n, 9) = 1'Q,° + 9'Q,:. 
Substituting in (8.2) and integrating by parts give 


t3 t3 
(8.4) I(u) = 7'2,:| + [ n' (2, .% 2) = 0, 
t Jt dt 


since 7 vanishes at ¢, and ¢; and satisfies equations (2.17). But IJ(n), being 
the second variation of our integral, is never negative; so u(t) minimizes I(7) 
in the class of all D’ functions vanishing at tf; and t. It therefore must satisfy 
the necessary conditions for a minimum, and in particular the Weierstrass- 
Erdmann corner condition: 


(8.5) Q,i(ts ‘ u(ts), u(ts - 0)) = Qi (ts ; u(ts), u(ts + 0)). 
But by (8.1) we have 


(8.6) u' (ts) = ui (ts a 0) = 0, ui‘ (ts —_ 0) = (tx) 
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If we recall the definition (2.16) of 2, equation (8.5) becomes 


(8.7) Frit’ = 0. 

Since » is p-normal, we have on differentiating (5.5) 

(8.8) Bi(ts)n‘(ts) + pilts)4'(ts) = pilts)4'(ts) = 0. 

Equations (8.7) and (8.8) imply 

(8.9) n' (ts) = 0 (¢ = 1, ---,n) 


by Lemma 6.1. By Lemma 7.2, 7 vanishes identically. This contradiction 
establishes the theorem. 


9. To develop criteria for conjugate points we need some properties of 
p-normal solutions. We observe to begin with that there is no loss of generality 


in supposing that 
(9.1) pit)y'(t) = 1. 
For we can replace p;(t) by 
pilt)/pilt)7'(), 
by (5.2), without injury to any of the conditions (5.1) to (5.4). 


LemMa 9.1. To every solution n of the Jacobi equations there corresponds a 
unique p-normal solution of the form 


(9.2) u(t) = n°) — ey‘. 

The functions u(t) vanish for all t such that y(t) = 0. 
If we take 

(9.3) p(t) = pi(t)n'(d), 


we see immediately that u(t) is p-normal. By Lemma 4.1, it is a solution of 
the Jacobi equations. Conversely, if u(t) is p-normal, then on multiplying by 
p: and using (9.1), we obtain (9.3). So the solution is unique. 


Lemma 9.2. The functions H, , He defined by 
(9.4) MY) =(t-4)7O, MmO =7O 
satisfy equations (7.3). 
By (9.1) we have 
(9.5) pHi) =t—h, pit) Ha) = 1. 
By Lemma 4.1 the functions H,(t) and H(t) satisfy the Jacobi equations. 0 
by Lemma 7.1 they satisfy equations (7.3). 


Lemma 9.3. If m, +--+, n2n-2 are linearly independent p-normal solutions, 
every p-normal solution is a linear combination of them. 
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Consider the determinant 


|m(t) H(A) | . 
(9.6) Pp Ki: (k= 1,---,2n—2;¢ =1,---,n38 = 1, 2). 
im) H(t) | 
Suppose that this vanishes at ts. Then there are constants c‘, C* not all zero 
such that the function 


(9.7) c‘n(t) + C*Hi (0) 
vanishes with its derivative at ¢;. It then is identically zero by Lemma 7.2. 
Multiplying by p(t) and summing give, since the 7 are p-normal and (9.5) 
holds, 

C(t —4)+C =0. 


Hence C’ = C’ = 0, and the function c*n;(t) vanishes identically. This is im- 
possible, since the 1 are linearly independent. 

Since the determinant (9.6) is non-vanishing, every solution of equations (7.3) 
is a linear combination of its columns. Let n(¢) be any p-normal solution. It 
satisfies (7.3), so is a linear combination of the m and H, : 


(9.8) n'(t) = c'm(t) + C'HA(). 
Multiplying by p; and summing give (with (9.5)) 
0=C(t-—4)+C’, 
so C' = C” = 0, and (9.8) expresses 7 as a linear combination of the 7 . 


Lemma 9.4. If m,---,n-1 are linearly independent p-normal solutions 
vanishing at t, , every p-normal solution vanishing at t, is a linear combination 
of them. 


Suppose that the determinant 
(9.9) | a(t) Hi(t) | (h=1,---,n—1;% =1,---,n) 


is zero. There is then a zero combination of its columns with coefficients 
h 1 e 
¢,C. Therefore the function 


(9.10) e*ni(t) + C'Hi() 


vanishes with its derivative at t,. Since it satisfies (7.3), it vanishes identically, 
by Lemma 7.2. Multiplying by p; and summing give (with (9.5)) 


C'(t — t) = 0, 


so C' = 0. Therefore the vanishing of (9.10) expresses a linear dependence 
among the »,, contrary to hypothesis. We conclude that the determinant 
(9.9) is not zero. 
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For every p-normal solution »(¢) vanishing at ft; we can find constants c’*, ¢" 


such that 


(9.11) a(t) = e'm(h) + C'Hi(A). 
Thus the two members of the equation 
(9.12) n'(t) = e'm@) + CH 


are equal and have equal derivatives at 4; , and so (9.12) is an identity. Multi- 
plying by p; and summing give C' = 0, and »(¢) is expressed as a linear com- 
bination of the »,(é). 


10. We now take over §4 of Bliss’ paper” almost verbatim. It is only 
necessary to replace the words “normal” by “‘p-normal’’, and in the last line 
on page 203 to replace y’(ts) by p(ts). Also, the references to Lemmas 5, 6,7 
are replaced by references to our Lemmas 9.1, 9.3, 9.4, respectively. This 


gives us 
THEOREM 10.1. Jf m, --- , nen-2 are solutions of the Jacobi equations and the 


determinant 
nit) ¥() 0 
Ot, =| | (k =1,---,2n—1) 
mi) O y(t) 
is not identically zero, then its zeros ts; # t, determine the points on g conjugate 
to y(t). 
THEOREM 10.2. If m,---, ma-1 are solutions of the Jacobi equations such 
that the determinant 
has rank 1 at t; but is not identically zero, then its zeros ts # t, determine the points 
on g conjugate to y(t). 
Corotiary. If y' = y(t, a, -+-,an1) (4 St S te) is aC family ff 
extremals such that 
y'(t, 0, ‘or , 0) = y7'(t) (t; Ss t <b) 
and 
y(t ~ Tere @n—1) = y'(t:), 


then either the determinant 
ay’, ---,y") 


O(ar, +++, On-1, t) ano 


A(t, ty) = 


vanishes identically or its zeros ts; ~ t, determine the points conjugate to y(t). 


13 See footnote 1. 
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For the first n — 1 columns of A are solutions of the Jacobi equations, by 
Jacobi’s theorem, and the last column is y'(t). The statement then follows 
from Theorem 10.2. 


11. As remarked in §3, we now have a Jacobi condition for the non-para- 
metric integral (2.18) in the form that the extremal g: y = y(x) (411 S t S 2%) 
must not have on it any points conjugate to y(x), conjugacy being defined 
in terms of the associated parametric integrand (2.19). All that remains is 
to reduce the criteria to terms of the integral (2.18) itself. 

Since on our extremal g, written in parametric form 


(11.1) y =2z=t, y = y(t) (1, St S x) 
we have 
(11.2) y = 1, 


we can choose p(t) to be the vector (1, 0,--- ,0). Conditions (5.1), (5.2) 
and (5.3) are satisfied. A function y(t) is p-normal if and only if 


(11.3) n(t) = 0. 
Therefore by Lemma 2.1 we have 


Lemma 11.1. The function (n°(t), --- , 7"(t)) is a p-normal solution of the 
Jacobi equations (2.17) for [F dt if and only if 4° = 0 and (n', --- , 9") is a 
solution of the Jacobi equations (2.24) for ff dz. 


So if we have a set of linearly independent solutions 7 , --- , 7, of the Jacobi 
equations (2.24), by prefixing a first component 0 to each we obtain n linearly 
independent p-normal solutions of (2.17). 

The definition of conjugacy thus becomes 

The points y(x3), y(xs) (41 S ts < 2% S 2%) are conjugate if there exists a solu- 
tion » of the (non-parametric) Jacobi equations (2.24) vanishing at x3 and x, and 
not identically zero. 

The preceding theorems yield 


THEOREM 11.1. Jf m,--- , m2 are solutions of the Jacobi equations (2.24) 
and the determinant 
| n(x) | ' 
O(x, xy ; (¢=1,---,n;k =1, ---, Qn) 
nk(21) 


is not identically zero, then its zeros x3 # x; determine the points on E conjugate 
to ¥(x). 
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The functions (0, n:, ---, 2) are solutions of the Jacobi equations (2.17). 
The determinant © of Theorem 10.1 takes the form (if we recall (11.2)) 
0 1 0 
in(z) v(x) 0 
0 0 1 


mi(ai) 0 ¥'(z1) 
By an obvious expansion, this is +6(z, 2), and the theorem follows from 
Theorem 10.1. 
THEOREM 11.2. If m,---,n are solutions of the Jacobi equations (2.24) 
vanishing at x; , and the determinant 


d(x, 21) = | nj(z) | 
is not identically zero, then its zeros x3 # x, determine points on g conjugate to y(2;). 


The determinant D(t, t,) of Theorem 10.2 takes the form (if we use (11.2)) 
0 1 | 
inj(z) ¥'(z) | 


which is clearly +d(z, 2). The theorem follows from Theorem 10.2. 
We now return to the problem in parametric form. 


12. There are three kinds of invariance which it is desirable (though not at 
all vital) to establish. We shall show that changing the vector function p(?) 
does not affect conjugacy, and that the family of p-normal solutions is invariant 
under change of parameter and of coérdinates. 


Lemma 12.1. Let p;(t) and x;(t) be two systems of vectors both satisfying (5.1) 
and (5.2). If y(ts) and y(t) are conjugate when p-normal solutions are used in 
the definition of conjugacy, they are conjugate when x-normal solutions are used. 
If there is a set of q linearly independent p-normal solutions vanishing at t; and 4, 
then there is a set of q linearly independent x-normal solutions vanishing at 


and at t,. 


We consider the second statement first. Let m(t), --- , n¢(¢) be linearly 
independent p-normal solutions of the Jacobi equations such that 
(12.1) ni(ts) = ne(ts) = 0 (Gj =1,---,n;k =1,---,9. 
By Lemma 9.1, there are functions p,(t) (k = 1, --- ,q) such that the fune- 


tions ni(t) — px(t)y'(t) are z-normal solutions of the Jacobi equations which 
vanish at ¢;and att. If they are not linearly independent, there exist numbers 
(1, -*-,¢, such that 


(12.2) cxlni(t) — pe(t)y'(t)] = 0. 
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Let these be multiplied by the p,(t) and added. Since the »,(¢) are p-normal, 
the first term vanishes, and by (5.2) we have cxp;(t) = 0. Substituting this in 
(12.2) yields 


(12.3) ceni(t) = 0, 


and this contradicts the linear independence of the 7,(¢). 

In the special case g = 1, the result just established takes the form that if 
there is a non-identically vanishing p-normal solution vanishing at ¢; and t, , 
then there is a non-identically vanishing 7-normal solution vanishing at ¢; and t, . 
This establishes the first statement in the lemma. 

By Jacobi’s theorem, if y = y(t, e) is a family of extremals containing y(t) 
fore = 0, then n(t) = y-(t, 0) satisfies the Jacobi equations. For our purposes 
we need to know that if properly represented, this family yields a p-normal 
solution. 


Lemma 12.2. Let y = G(r, e) be a family of curves [extremals| defined for r on 
an interval [T; , T2] containing [t, , te] in its interior and for all e near zero, and 
such that G(r, 0) = y(r) (4 Sr Ste). Let G(r, e) and G(r, e) be of class C’. It 
is then possible to introduce a new parameter t by a function r = r(t, e) in such a 
manner that 

(i) the functions r(t, e) are of class C’ for t in [t, , t] and e near zero, and 


(12.4) r(t, 0) =; 
(ii) the functions 
(12.5) y(t, e) - i(r{t, e), e) (t; st Ss ts) 


are of class C’ for e near zero, and the derivatives y,(t, 0) are of class C’; 
(iii) the derivatives y.(t, 0) are p-normal [solutions of the Jacobi equations}. 


We prove the theorem omitting the bracketed words; the theorem including 
the bracketed words is an immediate consequence, by Jacobi’s theorem. As 
before, we assume 


pi(t)y‘(t) = 1, 
and we define 
(12.6) r(t, e) = t — ep,(t)gi(t, 0) (4 St St) 


This is of class C’, and + is in [7 , T2] if e is near zero, so for such e the function 
y(t, e) is of class C’. Equation (12.4) clearly holds, so 


y(t, 0) = g-(t, 0), 


which is of class C’. Thus conclusions (i) and (ii) hold. 
Recalling that g(t, 0) = y(t) and using (12.4), (12.5) and (12.6), we obtain 


yi(t, 0) = gilt, 0)r-(t, 0) + g(t, 0) 
—7'(t)p;(t) g(t, 0) + g(t, 0). 
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Multiplying by p,(t) and summing on 7 yield 


pi(t)yc(t, 0) = 0. 
This completes the proof. 
An immediate corollary is 


Lemma 12.3. If in Lemma 12.2 the equations 

(12.7) pilt)ge(tr , 0) = pi(te)gi(t , 0) = 0 

hold, then r(t,, e) = thand r(t, ,e) = te. Inthis case we can take T; = t, , T2 = th. 
This follows at once from (12.6). 


It is clear that we can regard e as a multipartite parameter (e;, --- , e), 
the right member of (12.6) being replaced by 


t — expi(t)g:,(t, 0), 


summed for h = 1,---,k. Lemmas 12.2 and 12.3 are still valid. 
The invariance of the p-normal solutions under change of coérdinates is an 
») 14 . 
easy consequence of a theorem proved by Tucker.” However, we shall give 


an independent proof. 
Let n(t) be a p-normal solution of the Jacobi equations. Under a C* trans 


formation of coérdinates z = z(y) the vector n(¢) transforms into 


(12.8) “(t) = 4 n’'(t). 


os 

oy 

If p(t) transforms into q(t), from the invariance of p;n’ it follows that the equation 
a(t)s"@) = 0 

holds. It remains to show that ¢(é) is a solution of the (transformed) Jacobi 


equations. 
By known theorems on extremals, for every number e sufficiently near zero 


there is an extremal 
(12.9) y=y't¢ (T1 St <7), 
defined on an interval [7,, 72] larger than [t,, é&], such that the functions 
y(t, e) and y:(t, e) are of class C’, coincide with y(¢) for e = 0, and satisfy the 
initial conditions 

y(t, e) = y'(t) + en'(h), 

y'(t, e) = 7'(h) + en'(h). 
We suppose (as by Lemma 12.2 we may) that the parametric representation is 
such that 
(12.11) pi(t)yc(t, 0) = 0. 


4A. W. Tucker, On tensor invariance in the calculus of variations, Annals of Math., 
vol. 35(1934), pp. 341-350. 
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Then y-(t, 0) is a p-normal solution of the Jacobi equations and at ¢; coincides 
in value and derivative with n(t). By Lemma 7.2, 


(12.12) y(t, 0) = nd). 
After the transformation z = 2(y) let F(y, r) assume the form Q(z, s). Define 
(12.13) z(t, e) = z‘(y(t, e)). 


These functions are of class C’. Moreover, along each of them the first varia- 
tion of f Q dt with respect to any family of variations is zero, since the value 
of the integral remains unchanged by the transformation. Hence the curves 


(12.13) are extremals for the transformed integral. For e = 0 they contain 
the transform 
(12.14) zo(t) = z'(y(0)) 


of our extremal g. Therefore by Jacobi’s theorem the partial derivatives 
z(t, 0) satisfy the Jacobi equations corresponding to f Qdt. These deriva- 
tives are 


(12.15) z(t, 0) = % yi(t, 0). 
oy’ 


Comparing (12.15), (12.12) and (12.8), we see that ¢'(t) is a solution of the 
Jacobi equations, and the proof is complete. 

The invariance of p-normal solutions under change of parameter is easily 
established by computation. It can also be established as above. For in the 
family (12.9) let us introduce a new parameter 7 by the equation 


t = U(r) (n Sr S 7), 
where ¢(7) is of class C’ and t'(r) > 0. The family assumes the form 
(12.16) y' = Y‘(r, e) = y‘(t(7), &) (nS 
These are still extremals, so their partial derivatives 
(12.17) Yi(r, 0) = ye(t(r), 0) 
satisfy the Jacobi equations. But by (12.12) 

(12.18) yi(t(r), 0) = n'(t(r)). 


Hence 7‘(t(r)) satisfies the Jacobi equations. 
By (5.3), after the change of parameter the functions p,(¢) assume the form 
g(r), where 


IIA 


T2). 


qi(r) = k(r)p,(t(7)), k € 0. 


Hence 


II 


q(t) ¥'(r, 0) = k(r)pi(t(r))-¥'(t(7)) -t'(7) ¥ 0, 
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and (5.2) continues to hold. By (5.3), g(r) is of class C’. Also 
qi(r)n'(t(r)) = k(r)ps(t(r))n‘(X(r)) = 0, 


so the n‘(t(r)) are g-normal solutions of the transformed Jacobi equations. 
Next we take up the proof of Morse’s index theorem. 


13. We continue to assume that g is a non-singular extremal with (y(t), y(t) 
interior to R. Furthermore, we shall assume that the Legendre condition 
holds. In the presence of non-singularity, this is equivalent to assuming the 
strengthened Legendre condition: 

(III’) u'Fei,su? > O for all t in [t, , te] and all u not of the form u = ky'(t). 

Let 

t = & <a<--- < dp < Gpy1 = hh 


be a sequence of values of ¢ such that no two points in any one interval 


[a; , @j4:] are conjugate. For gq = 1, --- ,p let M, be an (nm — 1)-dimensicnal 
manifold defined by functions 

(13.1) y = yu’, ---,u"”) 

of class C*, such that 

(13.2) yi(0) = y‘(a,). 

We assume that each matrix 


ay; 
13.3 oe 
(13.3) (2%) 
has rank n — 1 at u = 0, and furthermore we assume that M, is not tangent 
to the extremal g at a,. That is, the vector y(a,) is not a linear combination 
of the columns of (13.3). Given a sequence of p (n — 1)-tuples of numbers, 
we write them consecutively in the form 
n—l 1 ae 


(13.4) +. FP") @ G8, +-> a 9 °t% Ug, eee, Uy 


We may thus consider a set z as defining (if near enough to 0) a point 


P, _ yi(us , es ia ,ur) 
on M,, a point P, on Mz, ete. 
Since y(a;4:) is not conjugate to y(a,) (¢ = 0, 1, --- , p), we know that for 
z near enough to 0 the points y(t), P:, Pz, ---, Pp», y(t) can be joined in 


that order by arcs of extremals. 
For each q let p, be a vector orthogonal to M,, that is, orthogonal to the 
columns of (13.3). Since y(a,) is not a linear combination of these columns, 


we have 
Dig'¥ (Gq) # 0, 
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not summed on g. By reversing p, if necessary we can obtain 


(13.5) Pia¥ (aq) > 0 (q =1,---,p). 
Also we choose vectors po , P41 Such that 
(13.6) Pio (ao) > 0, Dipr1¥ (Ap41) > 0. 
It is now easy to determine a function p(t) of class C’ such that 
fs pi(t)y"(t) > 0 (i St Sh), 
(13.7) 
Pi(4g) = Pig (q = 0,1,---,p +1). 
For each z, let E(z) be the broken extremal with vertices at the points y(t), 
P,,---, Pp, v(t) determined by z. Let us restrict our attention to a particu- 


lar interval [ax , ax4:]. There is no loss of generality in assuming that the arc 
of E(z) between P; and P;,; is represented by a function 


(13.8) y’ = y'(t, 2) (a, St S ayy) 
such that y(a, , z) is P, and y(ax41, 2) is Pex: ; that is, 


y' (ax ’ z) a og yi(ui Ber ae ur), 
(13.9) i i 1 n-1 
y (G41, z) = Yess (Uess s+ y Ukti)- 


Consequently, each of the derivatives 


dy‘(ax, 2) dy'(ae41, 2) 
oe ’ az" 


either is one of the derivatives 


Oye , OYe+1 (k not summed) 
dus Duk 

or else is 0, according as z" is one of the uj, or uj: or is not one of them. In any 

case, by hypothesis we have 


(13.10) 
dy"(dis1, 2) _ 0 


pi(ayys) Hoe 


’ 

not summed on k. Thus Lemmas 12.3 and 12.2 can be applied, and we may 
suppose that the parameter #, on the interval [a, , a:4:], is already the parameter 
whose existence is established in those lemmas. This yields 


Lemma 13.1. The broken extremals E(z) can be represented by functions 
y = y(t, z) (4 S t S te) such that y(a,, z) = P, (gq = 1,---,p). On each 
interval [a, , a441] these functions are of class C’. The functions 


(13.11) ai,(t) = a 
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define continuous curves with corners at the values a, of t and of class C’ between 
corners. Between corners, the functions (13.11) are p-normal solutions of the 
Jacobi equations. 

With the notation (13.11), the statements that matrix (13.3) has rank n — |] 
at u = 0 and that 7(a,) is not a linear combination of its columns can be written 
in the form 


| a,(a,) ¥'(a¢) | # 0 


(13.12) : 
(a = (n — 1I)q —- 1) +1,---, (nm — 1g; 7 = 1, --- ,m), 

14. In studying the index theorem we shall for brevity refer in large part to 
the proof given by Morse,” indicating changes required to bring them in the 
scope of our methods. We replace all references to the RJE (restricted Jacobi 
equations) of Morse by references to our equations (7.3). 

Tueorem’ 14.1. If @(t) is a determinant whose columns are n linearly inde- 
pendent solutions of (7.3) which vanish at t = t,, the order of vanishing of O(t) 
at any point t = a equals the nullity v of O(a). 

With Morse, we define the order of a as a conjugate point of 4 to be the 
order of vanishing of O(¢) at ¢ = a. 

The proof of Morse needs no change if we assume, as we may without loss 
of generality, that piy’ = 1. (This is needed in equation (2.19) of Morse.) 

Coro.itary. The maximum number of linearly independent p-normal solu- 
tions which vanish at t, and at a conjugate point a equals the order of a as a conju 
gate point of t, . 

This is Corollary 2.2 of Morse, except that we have “p-normal solutions” 
instead of “solutions of (7.3)”. Let m, --- , »» be solutions of (7.3) vanishing 
at &% and at a. By Lemma 7.1 the functions 


pi(t) ni(t) (k _ 1, of hic ¥) 


are linear int. They vanish at ¢; and at a + t, , so they vanish identically, and 
the m, are p-normal. 

It follows that the maximum order of the conjugate points is n — 1, since 
there are at most n — 1 p-normal solutions in an independent set vanishing at h. 

Let J(z) be the value of the integral J(C) along the broken extremal E(:) 
determined by z. Then we have 

THEOREM 14.2 (Index theorem). The point z = (0, --- , 0) ts a critical point 
of J(z) with an index equal to the number of conjugate points of t = t, on g pre 
ceding t = t,, and a nullity equal to the order of t = t, as a conjugate point of 
t= ton q. 


18 See footnote 4. 
16 Morse, loc. cit. (footnote 4), Theorem 22. 
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On the extremals H(z) we introduce the parameter of Lemma 13.1. Beginning 
with Morse’s equation (3.5), we proceed to the end of §3. The first paragraph 
of §4 is supplanted by our Lemma 13.1. 

In place of Morse’s Lemma 4.2 we have 


LemMa 14.3. A necessary and sufficient condition that a set z ~ 0 be a critical 
point of Q(z) is that the function 
n'(t) = 2°ai(t) 
(of. (13.11)) determined by z be a p-normal solution. 
The sufficiency is easy to establish. If y(t) is a p-normal solution, it is of 
class C’, so that 
Q,i(n(a, + 0), n(a, + 0)) _ Q,:(n(a, oe 0), n(a, 0)). 
Hence Morse’s equation (4.6)’ holds, and z is critical. Conversely, Morse 
shows in the proof of his Lemma 4.2 that if z is critical, the equations 
(14.1) 9 (a, + 0) — 9 (a, nas 0) ad cy'(a) 
hold for some c. By our Lemma 13.1 the function 7(¢) is p-normal, so that 
pn = 0. Differentiation yields 
pin'(a,) +> Dit (a, +0) = pin' (ae) + pit (a, — 0) = 90, 
whence 
(14.2) pi(a,)[4'(a, + 0) oe #' (aq a 0)) = 0. 


If we multiply by p;(a,) in (14.1) and sum, we find from (14.2) and (5.2) that 
c = 0, so that 7 has no corner at a, . 

Thus 7 is of class C’. Since it satisfies (7.3) on each interval [a, , q+], it 
has a continuous second derivative also and satisfies (7.3) on all of [t,, &J. 
Since it is p-normal by Lemma 13.1, the lemma is established. 

This lemma simplifies the proof of Morse’s Theorem 4.1, which is our 


THeorEM 14.4. The nullity of Q(z) equals the order of t = t, as a conjugate 
pont oft =t. 

The nullity of the form Q(z) is the nullity (order minus rank) of its matrix. 
If we temporarily write 


Q(z) 683 bya'z? (i, 9 = 1, tah: , p(n . 1)), 
then z is a critical point for Q if and only if 
bz’ = 0 (¢ = 1,---, p(n — 1)). 


The maximal number of linearly independent solutions of such a system of 
homogeneous equations is equal to the nullity of the matrix of coefficients, so 

(A) the nullity v of Q equals the maximal number of linearly independent sets 
%4,---,2, at each of which Q is critical. 
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By our Lemma 14.3 and Lemma 4.1 of Morse, 

(B) the maximal number v of linearly independent critical sets 2; , --- , 2, equals 
the maximal number of linearly independent p-normal solutions of the form za, (t), 

Next we shall establish the following statement. 

(C) All p-normal solutions y(t) which vanish at t, and at tz are of the form z“a‘,(t), 

Since the determinant (13.12) is not zero, there are numbers 2* (a = 
(n — 1)\(q — 1) + 1,---, (m — 1)q) and d, such that 


(14.3) n'(@q) = c*aa(aq) + dgy'(a,). 

If we multiply by p;(a,) and sum on 7, the left member vanishes because 1(t) 
is p-normal, and the first term on the right vanishes by (13.10) and (13.11). 
Therefore we have d, = 0. 


All the numbers a},(a,) are zero except those with a = (n — 1)(q — 1) +1, 
- , (n — 1)q, so by (14.3) the function 


n'(t) — c*a‘,(t) (a = 1,---,(n — l)p) 


vanishes at each a,. It is a p-normal solution on each interval (a, , a,41), 80 
it cannot be different from zero between these values; if it were, they would be 
conjugate, contrary to hypothesis. Therefore n'(t) = c*ai(t), as was to be 
proved. 

Comparing statements (A), (B) and (C) with the corollary to Theorem 14.1, 
our present theorem is established. 

Now we follow the proof of Morse from Theorem 4.2 to the end of the paper 


without change, at the end of which process the proof of the index theorem 
(our Theorem 14.2) is complete. 


15. The applications of p-normal variations discussed above are not ex- 
haustive. They can equally well be used in connection with natural isoperi- 
metric conditions,” and also in studying problems with variable end points. 
But it is not desirable to lengthen this paper further by going into greater 
detail. 

A possible alteration of the requirements on our functions p(¢) is to replace 
(5.3) by the condition that under change of parameter ¢ = ¢(r), the functions 
p(t) are replaced by functions q;(7) for which (5.2) remains valid. With this 
weakening of (5.3) it is not necessarily true that the class of p-normal variations 
is invariant under change of parameter, but as in proving Lemma 12.1 we can 
show that the location and order of conjugate points remains unchanged. This 
proof is of course not necessary, in view of the corollary to Theorem 10.2 (for 
location of conjugate points) and Theorem 14.4 (for location and order). 


UNIVERSITY OF VIRGINIA. 


7 Birkhoff and Hestenes, loc. cit. (footnote 3). 
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